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This study applies the ruin theory to the government’s fiscal problem of infrastructure protection against a
risk of destruction associated with reconstruction expenditure. In preparation for the possibility of large-scale
expenditure, the government will take out an excess-of-loss (XL) insurance policy as an insured party and, at
the same time, invest in physical disaster damage reduction facilities (i.e., “risk reduction”) in advance. The
government decides on the layers of risk to be covered by risk reduction, risk retention, and insurance, so as to
maximize the expected value of fiscal resources, subject to the constraint that the probability of financial collapse
(i.e., “ruin”) is kept below a certain level. Furthermore, the study clarifies the composition of the impacts of risk
reduction and insurance on ruin probability and numerically analyzes the optimization problem based on a
hypothetical setting constructed using data from Vanuatu. The numerical example demonstrates a case in which
the ruin probability rises sharply within specific short intervals of risk reduction and insurance attachment points,
surpassing the constraint threshold, suggesting the need for careful selection of countermeasure combinations.
It further clarifies that the lower the government’s initial financial reserves, the more extensive the insurance

coverage should be.

1. Introduction

This study applies the ruin theory, known as the Cramér-Lundberg
model, to analyze a problem of infrastructure management under risks
of destruction caused by catastrophic events such as disasters. The ruin
theory has targeted the optimal design of the excess-of-loss (XL) insur-
ance contract, which has been applied in the private sector to safeguard
businesses against catastrophic or extraordinary financial losses arising
from customer insolvency or default (e.g., Asmussen et al., 2000; Bai
etal., 2013; Li and Young, 2019; Liang et al., 2020). For example, direct-
writing insurance companies have made the XL contract as the insured
with reinsurance companies.

This research is unique in two respects in the research lineage of
the ruin theory. Firstly, in this model, the insured party in the XL in-
surance contract is the government. Traditionally, the government has
played the role of insurer, providing a final safety net for the private
sector. However, in this study, we target the risk of government fi-
nancial collapse and formulate an optimization problem for the gov-
ernment. In policy discussion, a government’s need for insurance has
been pointed out (e.g., Cebotari and Youssef, 2020; Ghesquiere, 2007;
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Mechler et al., 2006), although there has not been an optimization
model for designing layers that include the XL insurance contract for
a government. Secondly, we incorporate into the model what we call
“risk reduction”, which is a physical damage reduction measure. Such
risk reduction measures include embankments, dams, and drainage sys-
tems. These physical facilities are fundamentally different from finan-
cial vehicles in that their performance levels are identified by the upper
limit of external forces from which they can prevent damage, and in
that damages from smaller external forces are accordingly prevented.
For example, suppose that the banks of a river are designed to prevent
flooding in the event of a 50-year rainfall. In that case, it automatically
follows that they also prevent flooding in the event of a 20-year rain-
fall. In contrast, financial contracts can be designed to be more flexible
with respect to any range or interval of disaster magnitude, provided
that the magnitude of the disaster is measurable and the contract is
enforceable (e.g., Asimit et al., 2017). We take this asymmetry into ac-
count and analyse the optimal combination of risk reduction and the XL
insurance.

The rest of the paper is organized as follows: Section 2 formulates
the model; Section 3 derives several properties of ruin probability and

Received 17 May 2025; Received in revised form 31 January 2026; Accepted 13 May 2026

Available online 14 May 2026

0167-6687/© 2026 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/ime
https://www.elsevier.com/locate/ime
https://orcid.org/0009-0003-4233-4172

$\lambda _0$


$X$


$X$


$X$


$\mu $


$F(x)=1-\exp (- x/\mu )$


$x$


$X$


$X$


$\mu $


$x$


$s$


$s$


$K(s)$


$X$


$\bar {X}_s= \max (X-s,0)$


$K(s)$


$K(s)$


$K(s)$


$\bar {X}_s$


$\bar {X}_s$


$F(s)$


$\lambda _0$


$X$


$\mu $


$X_s$


$X$


$s$


$X_s$


$X$


$\mathbb {E} [X_s] = \mu $


$s$


$X$


$(s, a)$


$s$


$s$


$s$


$(s, a)$


$x^a_\iota $


$y_{s \iota }~(\iota =1,2)$


$X^a$


$Y_s$


$\iota $


$(s,a)$


$X$


$X_s$


$s$


$X$


$X$


$\lambda (s)$


$a$


$X$


$X_s$


$X^{Ia}=\max (X-a,0)$


$X^a=\min (X,a)$


$\pi (s,a)$


$\theta ~(\ge 0)$


$F(x)$


$X$


$X^a$


$a$


$X^{Ia}$


$X$


$\mu $


$\mathrm {Prob}\{ X^a = a\} = 1-F(a)= \exp (-a/\mu )$


$X^a$


$\mathbb {E}[X^{Ia}] = \mu \exp (-a/\mu )$


$\mathrm {Prob} \{ X^{Ia} = 0\}=F(a)=1-\exp (-a/\mu )$


$s$


$a$


$\pi (s,a)$


$Z_0$


$Z_0<0$


$(-Z_0)$


$(-Z_0)$


$(-z_0)$


$(-(Z_0 - z_0))$


$(-z_0)$


$Z_R~(<0)$


$(-Z_R)$


$Z-Z_R$


$Z~(\ge 0)$


$Z_R$


$M$


$M = -Z_R~ (>0)$


$M = Z_0 - Z_R~(>0)$


$M \ge 0$


$M < 0$


$V_s^a$


\begin {align}& V_s^a = -\{ w + r z_0 - K(s)-\pi (s,a) \} Y_s + X^a = -c(s,a) Y_s + X^a, \label {Vsa} \\ & \mathrm {where}~~ c(s,a)=w + r z_0 - K(s) - \pi (s,a). \label {csa_def}\end {align}


$w$


$r$


$r$


$z_0 >0$


$K(s)$


$\pi (s,a)$


$c(s,a)$


$Y_s$


$\lambda (s)$


$1/\lambda (s)$


$X^a$


$c(s,a)$


$c$


$c$


$s$


$a$


$\lambda (s)$


$\lambda $


$V_s^a$


$G_s^a(\cdot )$


$M~(\ge 0)$


$n$


$M-\sum _{\iota =1}^n v_{s \iota }^a$


$v_{s \iota }^a$


$\iota $


$V_s^a$


$\iota $


$M-\sum _{\iota =1}^{n'} v_{s \iota }^a \ge 0$


$n'=1,\cdots ,n-1$


$M-\sum _{\iota =1}^{n} v_{s \iota }^a <0$


$n$


$s$


$a$


$c(s, a)$


$X^a$


$c$


$c(s, a)$


$s^\ast $


$a^\ast $


$M$


$V_{s \iota }^a$


$\iota $


$V_{s \iota }^a$


$V_{s}^a$


$G_s^a(\cdot )$


$\iota $


$\Psi _s^a(M)$


$\Psi _s^a$


$\{ 1-G_s^a(M) \}$


$V_{s}^a >M$


$V_{s}^a \rightarrow X^a=\min (M,a)$


$Y_s \rightarrow 0$


$V_s^a$


$c(s, a)>0$


$Y_s$


$\Psi _s^a(M)$


$V_s^a$


$Y_s$


$X^a$


$G_s^a(v)$


$f_y(y)$


$f^a(x)$


$Y_s$


$X^a$


\begin {align}& f_y(y)= \lambda \exp (\lambda y), \label {fy} \\ & f^a(x)= \frac {dF^a(x)}{dx} = \frac {1}{\mu } \exp (-x/\mu ). \label {fa}\end {align}


$Y_s=(X^a-V_s^a)/c$


$Y_s \ge 0$


$X^a \ge V_s^a$


$-\infty < V_s^a <0$


$X^a$


$[0,a]$


$0 \le V_s^a \le a$


$X^a$


$V_s^a$


\begin {align}& \mathrm { \textbf {Case} }~ v <0 \nonumber \\ & g_s^a(v) = \int _0^a \left | \frac {1}{-c} \right | f_y \left ( \frac {x-v}{c} \right ) dF^a(x) + \left | \frac {1}{-c} \right | f_y \left ( \frac {a-v}{c} \right ) \cdot \mathrm {Prob} \{ X^a=a \} \nonumber \\ & \hspace {6mm} = \frac {\lambda }{\lambda \mu +c} \exp (\lambda v/c) \left \{ \frac { \lambda \mu }{ c} \exp ( - H a ) +1 \right \} , \label {gsa1} \\ & \mathrm { \textbf {Case} }~ v \in [ 0, a] \nonumber \\ & g_s^a(v) = \int _v^a \left | \frac {1}{-c} \right | f_y \left ( \frac {x-v}{c} \right ) dF^a(x) + \left | \frac {1}{-c} \right | f_y \left ( \frac {a-v}{c} \right ) \cdot \mathrm {Prob} \{ X^a=a \} \nonumber \\ & \hspace {6mm} = \frac {\lambda }{\lambda \mu +c} \left \{ \frac { \lambda \mu }{ c} \exp \left ( \frac { \lambda v }{ c} -Ha \right ) + \exp ( - v/ \mu ) \right \} , \label {gsa2} \\ & \mathrm {where}~~ H=\frac {\lambda }{c} + \frac {1}{\mu }. \label {Hdef}\end {align}


$G_s^a(v)$


$c=c(s,a)$


$\lambda =\lambda (s)$


$G_s^a(v)$


$v = 0$


$v = a$


$s=0$


$a=\infty $


$c=w+ r z_0$


$w+ r z_0$


$w'$


$G_s^a(v)$


$w' > \lambda \mu $


$(w'-\lambda \mu )/w' \mu $


$w' \le \lambda \mu $


$\Psi _s^a(M) =1$


$M$


$\Psi _s^a(\cdot )$


$a \le M$


$a$


$G_s^a(M)=1$


$a > M$


$(s,a)$


$\Omega $


$\Psi _s^{a \ast }(\cdot )$


$B[0,\infty )$


$\Psi _s^{a \ast }(\cdot )$


$\Psi _s^{a \ast }(M)$


$0 < \Psi _s^{a \ast }(M) < 1$


$M~ (\ge 0)$


$\Psi _s^{a \ast }(M)$


$M$


$(s,a) \in \Omega $


$\lim _{M \rightarrow \infty } \Psi _s^{a \ast }(M)=0$


$(s, a) \in \Omega $


$\Psi _s^{a\ast }(M)$


$s$


$a$


$T_{s,a}: B[0,\infty ) \rightarrow B[0,\infty )$


$B[0,\infty )$


$[0,\infty )$


$I$


$\mathcal {L}_{s,a}: B[0,\infty ) \rightarrow B[0,\infty )$


$s$


$a$


\begin {align}\frac {\partial T_{s,a}[\Psi _s^{a\ast }]}{\partial s}(M) &= \underbrace {-\frac {\partial G_s^a(M)}{\partial s}}_{\text {CPIR effect}} + \underbrace {\int _{-\infty }^{\min (M,a)} \Psi _s^{a\ast }(M-v) \frac {\partial g_s^a(v)}{\partial s} \, dv}_{\text {Distribution shift effect}}, \label {Prop3_direct_s} \\ \frac {\partial T_{s,a}[\Psi _s^{a\ast }]}{\partial a}(M) &= \underbrace {-\frac {\partial G_s^a(M)}{\partial a}}_{\text {CPIR effect}} + \underbrace {\int _{-\infty }^{\min (M,a)} \Psi _s^{a\ast }(M-v) \frac {\partial g_s^a(v)}{\partial a} \, dv}_{\text {Distribution shift effect}} \nonumber \\ & \quad + \underbrace {\one _{\{M > a\}} \cdot \Psi _s^{a\ast }(M-a) \cdot g_s^a(a)}_{\text {Boundary shift effect}}, \label {Prop3_direct_a}\end {align}


$\one _{\{ \cdot \}}$


$M$


$\mathcal {L}_{s,a}^1=\mathcal {L}_{s,a}$


$\mathcal {L}_{s,a}^n ~(n=1,2,\cdots )$


$n$


$s$


$a$


${\partial G_s^a(M)}/{\partial s} > 0$


${\partial G_s^a(M)}/{\partial a} > 0$


$V_s^a$


$s$


$a$


$g_s^a(v)$


$a$


$M > a$


$a$


$s$


$a$


$V_s^a$


$G_s^a$


$g_s^a$


$s$


$G_s^a$


$s$


$\lambda (s)$


$s$


$c(s,a)$


$K(s)$


$\pi (s, a)$


$s$


\begin {align}& \frac {\partial \lambda (s)}{\partial s} = -\frac {\lambda _0}{\mu } \exp {(-s/\mu )} ~<0, \label {MIs1} \\ &\frac {\partial c(s,a)}{\partial s} = -\frac {\partial K(s)}{\partial s} - \frac {\partial \pi (s,a)}{\partial s} = -2\alpha s + (1+\theta )\lambda _0 \exp \{-(s+a)/\mu \}, \label {MIs2}\end {align}


$s^{\circ }(a)$


$s < s^{\circ }(a)$


$\partial c/\partial s > 0$


$a$


$G_s^a$


$a$


$\pi (s,a)$


$c(s,a)$


$a$


$X^a = \min (X, a)$


$a$


$a$


$M$


$X^a$


$a$


$a$


$c(s, a)$


$\pi (s,a)$


$V_s^a$


$a$


$K(s)$


$\pi (s,a)$


$\lambda (s)$


$\mathbb {E}[X^a]$


$w$


$B_s^a$


$\Psi _s^a(M)$


$M$


$\Psi _0$


$(s^\ast , a^\ast )$


$\theta >0$


$0<s^\ast <\infty $


$a^\ast =\infty $


$s$


$\{ \Psi _s^a(M) | ~ \mbox {for all}~M \}$


$(s,a) \in \Omega $


$(s^\ast ,a^\ast )$


$\{ \Psi _s^a(M) \}$


$k~(=1,\cdots )$


$\Psi ^a_{s,k}(M)$


$\{ i ~|~ i=1,2,\cdots \}$


$\{ j ~|~ j=1,2,\cdots \}$


$M$


$v$


$\delta $


$n_1$


$n_2$


$L_1=(n_1-1)\delta $


$L_2=(n_2-1)\delta $


$(-L_1)$


$v=-\infty $


$L_2$


$M=\infty $


$\psi ^a_{s,k}(i)~ (i=1, \cdots , n_2)$


$\Psi _{s,k}^a(M) ~ (0 \le M <\infty )$


$k$


$J(i) = \lfloor n_1 + \min (i-1,a/\delta ) \rfloor $


$\psi _{s,1}^a=0$


$M$


$\{ \psi ^a_{s,k+1} \}$


$\{ \psi ^a_{s,k} \}$


$(s^\ast , a^\ast )$


$(s, a)$


$\mu $


$w$


$M$


$z_0$


$s$


$a$


$(s^\ast , a^\ast )=(6.0, 3.0)$


$a^\ast $


$a^\ast $


$s^\ast $


$\Psi _s^a(M)$


$\mathbb {E}[B_s^a]$


$\mu $


$\alpha $


$\theta $


$\psi $


$\Psi _0$


$M$


$M$


$M$


$M$


$s$


$a$


$M$


$\mathbb {E}[B_s^a]$


$M$


$a^\ast = \infty $


$a^\ast < \infty $


$a^\ast $


$\Psi _s^a(M) = \Psi _0$


$M$


$\Psi _0$


$(s^\ast ,a^\ast )$


$\Psi _{s^\ast }^{a^\ast }(M) \leq \Psi _0$


$(s^\ast ,a^\ast )$


$\Psi _{s^\ast }^{a^\ast +\Delta a}(M) > \Psi _0$


$\Psi _s^a(M)$


$M=5.32$


$a^\ast =3.5$


$\Psi _s^a(M)=0.024$


$a$


$\Psi _s^a(M)$


$\Psi _0~(=0.08)$


$\Psi _s^a(M)$


$(s, a)$


$(s^\ast , \mu )$


$(a^\ast , \mu )$


$\mu $


$(\mathbb {E}[B_s^a], \mu )$


$(s^\ast , \alpha )$


$(a^\ast , \alpha )$


$(s^\ast , \theta )$


$\Psi _0$


$(a, \Psi _0)$


$\Psi _s^a(M)$


$\Psi _0$


$(\Psi _s^a(M), \Psi _0)$


$\Psi _s^a(M)$


$\Psi _0$


$B[0,\infty )$


$f,g:[0,\infty ) \rightarrow [0,1]$


$\| f-g \| = \sup _{M \ge 0 } | f(M)-g(M) |$


$T:~ B[0,\infty ) \rightarrow B[0,\infty )$


$T$


$B[0,\infty )$


$\Psi _s^{a}(\cdot )$


$[0,1]$


$G_s^a(\cdot )$


$0 \leq T [ \Psi _s^{a}(\cdot ) ] \leq 1$


$\Psi _s^{a}(\cdot )$


$T [ \Psi _s^{a}(\cdot ) ]$


$T$


$B[0,\infty )$


$[0, \infty )$


$M \in [0,a)$


$M \in [a,\infty )$


$M \in [0,a)$


$M < a$


$T$


$\Psi _{s1}^{a}, \Psi _{s2}^{a} \in B[0,\infty )$


$M \in [0,a)$


$M \in [0,a)$


$M < a$


$\zeta _1 = \sup _{M \in [0,a)} G_s^a(M)$


$G_s^a(M) < 1$


$M \in [0,a)$


$G_s^a$


$\zeta _1 < 1$


$T$


$[0,a)$


$\zeta _1$


$\Psi _s^{a\ast }$


$[0,a)$


$T[\Psi _s^{a\ast }](M) = \Psi _s^{a\ast }(M)$


$M \in [0,a)$


$M \in [a,\infty )$


$M \geq a$


$T$


$G_s^a(M) = 1$


$M \geq a$


$G_s^a(a)=1$


$G_s^a(M)$


$\Psi _s^{a\ast }(M)$


$M \in [0,a)$


$[a,\infty )$


$\Psi _s^{a\ast }(M)$


$M \in [0,a)$


$n \geq 1$


$\Psi _s^{a\ast }(M)$


$M \in [0,na)$


$\Psi _s^{a\ast }(M)$


$M \in [na,(n+1)a)$


$M \in [na,(n+1)a)$


$M-v$


$M \in [na,(n+1)a)$


$v \in (-\infty ,a]$


$v > M-na$


$M-v < na$


$M \geq na$


$v \leq a$


$M-v \geq M-a \geq na-a = (n-1)a \geq 0$


$M-v \in [0,na)$


$\Psi _s^{a\ast }(M-v)$


$v \leq M-na$


$M-v \geq na$


$v \geq 0$


$M-v \leq M < (n+1)a$


$v < 0$


$M-v > M$


$M-v$


$(n+1)a$


$M-v$


$(n+1)a$


$\Psi _s^{a} \in B[na,(n+1)a)$


$\bar {\Psi }_s^{a}$


$\epsilon > 0$


$T_{n}: B[na,(n+1)a) \rightarrow B[na,(n+1)a)$


\begin {align}& T_{n}[\Psi _s^{a}](M) = \int _{-\infty }^{M-na} \bar {\Psi }_s^{a}(M-v) \;dG_s^a(v) + C_{Tn}(M), \label {TnPsisaM} \\ & \mbox {where}~ C_{Tn}(M) = \int _{M-na}^{a} \Psi _s^{a\ast }(M-v) \; dG_s^a(v) \label {CTnM}\end {align}


$\Psi _s^{a\ast }(M-v)$


$v \in (M-na, a]$


$M-v \in [0,na)$


$\Psi _{s1}^{a}, \Psi _{s2}^{a} \in B[na,(n+1)a)$


$M \in [na,(n+1)a)$


$M \in [na,(n+1)a)$


$M-na \in [0,a)$


$G_s^a(x) < 1$


$x \in [0,a)$


$M \in [na,(n+1)a)$


$T_n$


$B[na,(n+1)a)$


$\zeta _n = \sup _{M \in [na,(n+1)a)} G_s^a(M-na) < 1$


$\Psi _s^{a\ast } \in B[na,(n+1)a)$


$M \in [na,(n+1)a)$


$\Psi _s^{a\ast }$


$[0,na)$


$[0,(n+1)a)$


$\Psi _s^{a\ast } \in B[0,\infty )$


$\Psi ^{a \ast }_s(0) >0$


$G_s^a(0) < 1$


$\Psi _{s}^{a \ast }(M_1) > \Psi _{s}^{a \ast }(M_2)$


$0\le M_1 < M_2$


$\Psi ^a_{s,k}(M)$


$M~(\ge 0)$


$k~(=1,\cdots )$


$\Psi ^a_{s,k}(M)$


$M_1 < M_2 < a$


$\Psi ^a_{s,0}(M)=0$


$M \ge 0$


$G_s^a(M)$


$G_s^a(M_1) < G_s^a(M_2)$


$\Psi ^a_{s,1}(M_1) > \Psi ^a_{s,1}(M_2)$


$k \geq 1$


$\Psi ^a_{s,k}(M_1) > \Psi ^a_{s,k}(M_2)$


$0\le M_1 < M_2$


$\Psi ^a_{s, k+1}(M)$


$M$


$\Psi ^a_{s, k}(M)$


$M$


$k$


$k \rightarrow \infty $


$\varepsilon >0$


$k_\varepsilon $


$k \ge k_\varepsilon $


$| \Psi ^a_{s,k}(M_1) - \Psi ^{a \ast }_{s}(M_1) | < \varepsilon $


$| \Psi ^a_{s,k}(M_2) - \Psi ^{a \ast }_{s}(M_2) | < \varepsilon $


\begin {align}& -\varepsilon <\Psi ^a_{s,k}(M_1) - \Psi ^{a \ast }_{s}(M_1) < \varepsilon ~~ \Rightarrow ~~ \Psi ^a_{s,k}(M_1) < \Psi ^{a \ast }_{s}(M_1) + \varepsilon , \label {AppB02} \\ & -\varepsilon <\Psi ^a_{s,k}(M_2) - \Psi ^{a \ast }_{s}(M_2) < \varepsilon ~~ \Rightarrow ~~ - \Psi ^a_{s,k}(M_2) < - \Psi ^{a \ast }_{s}(M_2) + \varepsilon . \label {AppB03}\end {align}


$\Psi ^{a \ast }_{s}(M_1) = \Psi ^{a \ast }_{s}(M_2)$


$\Psi ^a_{s,k}(M_1) > \Psi ^{a}_{s,k}(M_2)$


$\varepsilon $


$\Psi ^{a \ast }_{s}(M_1) > \Psi ^{a \ast }_{s}(M_2)$


$\Psi ^{a \ast }_{s}(M)$


$M$


$(s,a) \in \Omega $


$\lim _{M \rightarrow \infty } \Psi ^a_{s}(M) =0$


$\varepsilon > 0$


$M_\varepsilon $


$M > M_\varepsilon $


$\Psi _s^{a \ast }(M) < \varepsilon $


$\varepsilon _0 > 0$


$\{M_j ~|~ j = 0, 1, \cdots \}$


$\Delta > 0$


$M_j$


$1 - G_s^a(M_j) < \varepsilon _0$


$j \geq 0$


$v \leq M_{j-1}$


$\Psi _s^{a \ast }(M_j - v) \leq \Psi _s^{a \ast }(M_{j-1} - v)$


\begin {align}& \int _{-\infty }^{M_{j-1}} \Psi _s^{a \ast }(M_j - v) \, dG_s^a(v) \le \int _{-\infty }^{M_{j-1}} \Psi _s^{a \ast }(M_{j-1} - v) \, dG_s^a(v) \nonumber \\ & = \Psi _s^{a \ast }(M_{j-1}) - (1 - G_s^a(M_{j-1})) = \gamma _j \Psi _s^{a \ast }(M_{j-1}), \label {AppB11a} \\ & \mathrm {where}~~ \gamma _j = 1 - \frac {1 - G_s^a(M_{j-1})}{\Psi _s^{a \ast }(M_{j-1})} < 1. \label {AppB11b}\end {align}


$\gamma _j$


$G_s^a(M_{j-1})$


$G_s^a(M_{j})$


$j$


$M_{j-1}$


$\eta _j$


$\gamma _j < \eta _j < 1$


$\eta = \sup \{\eta _j : j \geq 1\}$


$\eta _j < 1$


$j$


$\eta < 1$


$\eta < 1$


$\eta ^j \to 0$


$j \to \infty $


$j$


$\eta ^j < \varepsilon _0$


$M_\varepsilon = M_j$


$\eta < 1$


$(2-\eta )/(1-\eta )$


$\varepsilon _0$


$\varepsilon _0 = \varepsilon \cdot (1-\eta )/(2-\eta )$


$\lim _{M \to \infty } \Psi _s^{a\ast }(M) = 0$


$B[0,\infty )$


$f:[0,\infty ) \rightarrow [0,1]$


$\| f \| = \sup _{M \ge 0} |f(M)|$


$\Psi _s^{a\ast }$


$T_{s,a}: B[0,\infty ) \rightarrow B[0,\infty )$


$T_{s,a}$


$T$


$s,a$


$\mathcal {A}: \Bo \rightarrow \Bo $


$h$


$h \in B[0,\infty )$


$X$


$Y$


$F: X \rightarrow Y$


$F$


$x_0 \in X$


$DF(x_0): X \rightarrow Y$


$DF(x_0)$


$F$


$x_0$


$\mathcal {L}_{s,a}: B[0,\infty ) \rightarrow B[0,\infty )$


$\Lop : \Bo \rightarrow \Bo $


$\norm {\Lop } \leq 1$


$(I - \Lop )$


$I$


$h \in \Bo $


$M \ge 0$


$M \geq 0$


$I$


$\Lop $


$(I - \Lop )$


$(I - \mathcal {L}_{s,a}): B[0,\infty ) \to B[0,\infty )$


$(I - \Lop )$


$(I - \mathcal {L}_{s,a})$


$(I - \Lop ): \Bo \rightarrow \Bo $


$(s,a) \in \Omega $


$b \in \Bo $


$h \in \Bo $


$(I - \Lop )[h] = b$


$(I - \Lop )^{-1}$


$b \in \Bo $


$h \in \Bo $


$S: B[0,a) \to B[0,a)$


$M \in [0,a)$


$M < a$


$S$


$h_1, h_2 \in B[0,a)$


$M \in [0,a)$


$\zeta _0 = \sup _{M \in [0,a)} G_s^a(M) < 1$


$M \in [0,a)$


$\zeta _1 < 1$


$S$


$h^\ast \in B[0,a)$


$h^\ast = S[h^\ast ]$


$M \in [a,\infty )$


$M \geq a$


$S$


$G_s^a(a)=1$


$G_s^a(M)$


$h^\ast (M)$


$M \in [0,a)$


$n \geq 1$


$h^\ast (M)$


$M \in [0,na)$


$h^\ast (M)$


$M \in [na,(n+1)a)$


$h(M-v)$


$v \in (M-na, a]$


$M \geq na$


$v \leq a$


$M - v \geq na - a = (n-1)a \geq 0$


$M - v < M - (M - na) = na$


$M - v \in [0, na)$


$h^\ast (M-v)$


$v \in (-\infty , M-na]$


$M - v \geq na$


$v \geq 0$


$M - v \leq M < (n+1)a$


$M - v \in [na, (n+1)a)$


$v < 0$


$M - v > M$


$(n+1)a$


$M-v$


$(n+1)a$


$h \in B[na,(n+1)a)$


$\bar {h}$


$\epsilon > 0$


$S_n: B[na, (n+1)a) \to B[na, (n+1)a)$


\begin {align}& S_n[h](M) = \int _{-\infty }^{M-na} \bar {h}(M-v) \, dG_s^a(v) + C_{Sn}(M) , \label {SnhM1} \\ & \mbox {where}~~C_{Sn}(M) = b(M) + \int _{M-na}^{a} h^\ast (M-v) \, dG_s^a(v) \label {CSnM}\end {align}


$h^\ast (M-v)$


$v \in (M-na, a]$


$M-v \in [0,na)$


$M \in [na, (n+1)a)$


$M - na \in [0, a)$


$G_s^a(M - na) < 1$


$S_n$


$B[na,(n+1)a)$


$\zeta _n = \sup _{M \in [na,(n+1)a)} G_s^a(M-na) < 1$


$h^\ast \in B[na, (n+1)a)$


$h^\ast $


$[0, \infty )$


$b \in \Bo $


$h^\ast \in \Bo $


$(I - \Lop )[h^\ast ] = g$


$(I - \Lop )$


$(I - \Lop )^{-1}$


$(I - \Lop )^{-1}: \Bo \to \Bo $


$\mathcal {F}: \mathbb {R}_+ \times \mathbb {R}_+ \times B[0,\infty ) \rightarrow B[0,\infty )$


$\Psi _s^{a\ast } = T_{s,a}[\Psi _s^{a\ast }]$


$0$


$B[0,\infty )$


$\mathcal {F}$


$\Psi $


$\Psi $


$\Psi , h \in B[0,\infty )$


$h$


$h$


$\Psi $


$T_{s,a}$


$\Psi $


$(s, a) \in \Omega $


$\chi ~(=s,a)$


$D_\Psi \mathcal {F} = I - \mathcal {L}_{s,a}$


$h=d\Psi _s^{a\ast }/d \chi $


$(I - \mathcal {L}_{s,a})^{-1}$


$s$


$a$


$\Psi =\Psi _s^{a \ast }$


$T_{s,a}$


$(s,a)$


$G_s^a$


$g_s^a$


$(s,a,v)$


$D_\Psi \mathcal {F} = I - \mathcal {L}_{s,a}$


$(s,a) \in \Omega $


$(s,a) \in \Omega $


$c(s,a) = 0$


$\Psi _s^{a\ast }$


$(s,a)$


$s$


$a$


$\mathbb {E}[B_s^a]$


$s$


$a$


\begin {align}& \frac {\partial {\mathbb {E}[B_s^a]} }{ \partial s } = -\frac {\partial K(s)}{\partial s} - \frac {\partial \pi (s,a)}{\partial s} - \frac {\partial \lambda (s)}{\partial s} \mathbb {E}[X^a] \nonumber \\ & \hspace {9.2mm} = -2 \alpha s + \lambda _0 \exp (-s/\mu ) \left \{ 1+\theta \exp (-a/ \mu ) \right \}, \label {MarginalEB_s1} \\ & \frac {\partial ^2 {\mathbb {E}[B_s^a]} }{ \partial s^2 } = -2 \alpha - \frac {\lambda _0}{\mu } \exp (-s/\mu ) \left \{ 1+\theta \exp (-a/ \mu ) \right \} ~< 0, \label {MarginalEB_s2} \\ & \frac {\partial {\mathbb {E}[B_s^a]} }{ \partial a } = -\frac {\partial \pi (s,a)}{\partial a} -\lambda (s) \frac {\partial \mathbb {E}[X^a]}{\partial a} = \theta \lambda _0 \exp \{-(s+a)/\mu \} ~> 0, \label {MarginalEB_a1} \\ & \frac {\partial ^2 {\mathbb {E}[B_s^a]} }{ \partial a^2 } = - \frac {\theta \lambda _0}{\mu } \exp \{-(s+a)/\mu \} ~< 0. \label {MarginalEB_a2}\end {align}


$\mathbb {E}[B_s^a]$


$s$


$\partial {\mathbb {E}[B_s^a]}/ \partial s$


$s^{\circ \circ }(a)$


$s < s^{\circ \circ }(a)$


$\mathbb {E}[B_s^a]$


$s$


$s > s^{\circ \circ }(a)$


$\mathbb {E}[B_s^a]$


$s$


$\mathbb {E}[B_s^a]$


$s$


$s^{\circ \circ }(a)$


$s$


$a=\infty $


$a=\infty $


$\theta ~(\ge 0)$


$a < \infty $


$\theta =0$


$\mathbb {E}[B_s^a]$

mailto:yoko@iiasa.ac.at
https://doi.org/10.1016/j.insmatheco.2026.103265
https://doi.org/10.1016/j.insmatheco.2026.103265
http://creativecommons.org/licenses/by/4.0/

M. Yokomatsu and G. Pflug

sets up the decision-making problem; Section 4 illustrates the numerical
example; and Section 5 concludes the study.

2. Model
2.1. Catastrophic event

We assume that a country is subject to catastrophic events, which
may destroy part of infrastructure managed by the government. The
government has limited funds and seeks to determine the most effective
strategy for financing infrastructure protection and recovery.

The times of the catastrophic events are assumed to follow a Poisson
process with intensity A,. The time unit is defined by a year. If an event
happens, it causes damage of X, where X is a random variable. We
assume that X follows an exponential distribution with expectation u,
i.e., the cumulative distribution function (CDF) is given by F(x) =1 -
exp(—x/u), where x represents a realized value of X, and we call this “X
is exponentially () distributed.” Note that the lowercase letter x is used
hereafter to denote the realized value of a random variable in several
different CDFs or density functions.

2.2. Risk reduction

A risk reduction measure absorbs possible damages up to a size of s.
s is a policy variable decided by the government, and is measured by the
unit of damage. It comes at annual costs of K(s) and has the effect that
the damage caused by an event changes from X to X, = max(X — s,0).
We specify the cost function K(s) by

K(s) = as>. (¢

The form of the cost function K (s) is specified to ensure that the marginal
cost of preventing damage at each disaster increases. The quadratic
form was chosen because it is one of the simplest convex functions.
The risk reduction policies include the construction of durable disaster-
prevention facilities such as levees. In such cases, K(s) represents the
average cost per period, including maintenance expenses. The random
variable X has a CDF as follows:

0 for x < 0,

F(x+s) for x > 0. @

Fy(x) =Prob{ X, <x} = {
Notice that the distribution of X, has a probability mass of F(s) at zero.
Since events with a damage of zero are not counted, the intensity of the
counting Poisson process changes from A, to

As) = Ay - Prob{X; > 0} = A - Prob{ X > s} = Ao(1 — F(s)). 3

In the special case that X follows the exponential (x) distribution, we
have

A(s) = Ay exp(—s/ ). @

Let X, be the damage size given that X exceeds s, X, has a CDF as
follows:

Prob{X, < x} =Prob{X, <x | X, >0} =Prob{X <x+s| X > s}

= Fx+9-F©) =1-exp(—x/u) = F(x) (for x > 0), 5)
- F(s)

which is the same as the distribution of the original X. This is due to the
memoryless property of the exponential distribution. Hence, E[X] = u.
By a slight abuse of notation, we will therefore drop the index s and
denote the damage distribution after the risk reduction measures were
put in place also by X, bearing in mind that the introduction of these
interventions has changed the intensity of the event process. Fig. la
illustrates the relationship between the original damage X and the re-
duced damage X, caused by policy s, referred to as the “New X”. In the
figure, the origin of the vertical axis shifts upward for the “New X”, and
the damage frequency decreases accordingly due to the lower arrival
rate A(s).
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(a) Damage and policies
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(b) Process of capital level change

In Fig. 1a, the black coordinate axes indicate times and damage magnitudes
without a policy. The blue coordinate axes show times and damage
magnitudes when the policy (s, ) is implemented. The origin of the axes shifts
upward by s due to the risk reduction policy s.

In Fig. 1a, the black-shaded portion of the damage represents the amount
prevented by the risk reduction policy s. The first and third disasters are
completely prevented and thus are not counted as disasters after the policy is
introduced.

In Fig. 1a, the blue shaded portion of the damage represents the amount
covered by insurance. Therefore, it is removed from the damage the
government incurs at the disaster time. Only the remaining white portion
constitutes the government’s loss at the disaster times.

In Fig. 1b, the black dashed line represents the change in the capital level
without a policy. The fourth disaster causes the capital level to turn negative,
leading to ruin. The blue solid line represents the change in the capital level
after the introduction of the policy (s, a).

x? and y,, (1 = 1,2) represent the realized values of X“ and Y, respectively, at
the time of the i-th disaster, in the case with the policy (s, a).

Fig. 1. Damage, policies, and capital level change.

2.3. XL insurance contract

Let a be the attachment point of the insurance contract. If an event
causes damage of X (defined by X,), the insurer pays X/¢ = max(X —
a,0) to the policyholder, who is then left with the uninsured damage of
X? = min(X, a).

The annual premium z(s, a) is calculated according to some premium
principle. For simplicity, we take

7(s,a) = (1 +0)A(s) - E[LXT%] = (1 + 0)A(s) - E[X — X“], (6)

where 6 (> 0) is a markup factor.
Having F(x) as the CDF of X, the CDF of X“ is identified as

F(x) for x < a,
1 for x > a.

F“(x):Prob{X“ Sx} = { (7)
On the other hand, the insurer has to take the losses exceeding q, i.e.,
X'e whose CDF is given by

for x < 0,
for x > 0.

F'%x) = Prob{X'? < x} = {O (8)

F(a+ x)

For the case that X is exponentially (x) distributed, we have for Eq. (7)

9

arn _ J1—exp(=x/u) for x < a,
F(x)_{l for x > a.
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Considering that Prob{X“ = a} = 1 — F(a) = exp(—a/u), the expectation
of X4 is

E[X“] = / %xexp(—x/m dx+a-exp(=a/u) = u(1 - exp(—a/w)), (10)
0

and therefore, E[X /%] = yexp(—a/u) is the expected claim of insurance
that the insurer will pay for a single event. Note further that Prob{ X /¢ =
0} = F(a) = 1 —exp(—a/p) is the probability of an event occurring that
does not result in a claim against the insurer. Therefore, the simple pro-
portional annual premium is derived as

7(s,a) = (1 + O A(s)uexp(—a/pu) = (1 + N Aguexp{—(s +a)/u}. (11

It can be seen that s and a symmetrically affect z(s, a).
2.4. Government financial process

Government financial assets are formed by an initial asset stock and
subsequent cash flows. A positive sign in the financial asset position rep-
resents savings. We denote the assets at the time the government prob-
lem is set, i.e., the initial assets, by Z,. When Z;, < 0, the government
has liabilities of (—Z). In this model, we focus on the dual structure
of sovereign debt observed particularly in developing countries. We as-
sume that the liability (—Z)) consists of interest-bearing debt (-z;) and
concessional debt (—(Z;, — z;)). Additionally, we assume that the gov-
ernment will continue to make interest payments only on the initial
interest-bearing debt (—z;). In other words, all debt that changes after
the initial point in time is concessional debt and does not involve inter-
est payments. This assumption simplifies the model while also reflecting
empirical facts: For many governments in developing countries today,
concessional debt has become dominant in new borrowing (e.g., Diwan
et al., 2023; World Bank, 2024), and market-rate debt is sticky (e.g.,
Cordella and Powell, 2021; Amegashie, 2023).

We assume “ruin” occurs when the government’s financial asset stock
falls below a threshold Z (< 0) (i.e., when the government’s debt stock
exceeds (—Zy)). Therefore, there is a distance of Z — Z, between any
asset position Z (> 0) and the ruin threshold. Thus, we shift the axis
measuring the asset stock to the left, setting Z; as the new origin. Let
M denote the level of the asset stock measured on the new axis. The
original axis’s origin transforms to M = —Z (> 0), and the initial asset
position transforms to M = Z, — Z (> 0). The fiscal policy continues
when M > 0, and the ruin occurs when M < 0. This axis shift does not
compromise the generality of the discussion.

The net expenditure flow from the initial time to the time of the first
event is represented by V%, which is given as
V= —{w+rzy— K(s)—n(s,a)}Y, + X9 = —c(s,a)Y, + X°,

s

(12a)

where c(s,a) = w +rzg — K(s) — n(s, a). (12b)

w is a constant income per unit of time. r is the interest rate. We as-
sume that r is constant and that interest is simple interest. If z, > 0, the
government earns interest income. K(s) and z(s, a) are the costs for risk
reduction and insurance premiums, respectively. c(s, a) is the net rev-
enue per unit of time. Y, is the inter-event time of a Poisson process
with intensity A(s), which has an exponential distribution with expecta-
tion 1/A(s) and which is independent of X“. In the following, we will
denote c(s, a) simply as ¢, bearing in mind that ¢ is dependent on s and
a. Similarly, we denote A(s) as 4. We will represent the CDF of V¢ by
GA().

2.5. Recursive equation

The government has the assets M (> 0) at the initial point in time.
As mentioned above, we define ruin as a financial state in which the
sum of the initial assets and the flow of net income (i.e., minus net ex-
penditure) at subsequent points in time falls into negative territory. The
financial position (hereinafter often referred to as “capital” for simplic-
ity, unless confusion arises) at the time of the n-th disaster is represented
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by M — Y v, where v9 is the net expenditure flow of the i-th inter-
val, namely, the realized value of V¢ for the i-th interval, as shown in

Fig. 1b. 1 M — ¥ 08 > 0forn’ = 1,--,n— 1 and M — ¥ v° <0, the
government ruins at the n-th disaster. This case involves the fact that
ruin does not occur at a non-disaster time, which is supported by the
government’s rational policy, where the combination of s and « in the
range where c(s, a) is positive. Accordingly, capital increases during non-
disaster times and then jumps downward by X at the time of disaster.
If, instead, ¢ were non-positive, capital would monotonically decrease
and eventually reach zero, namely, the ruin threshold, with probability
1. Therefore, as a necessary condition for obtaining a ruin probability
less than 1, ¢(s, a) needs to be positive. Namely,

(s*,a") € Q={(s,a) | K(s)+ n(s,a) < w+rzy}, 13)

where s* and a* refer to the optimal combination of the policy.

We are interested in the ruin probability. Under Eq. (13), ruin could
happen only at disaster times. The ruin probability that is evaluated at
the time that the level of capital is M is defined as

\Pg(M):Prob{inf{M—ZV;j} <0 } a4
=1

where V¢ is the random variable of the net expenditure flow of the -
th interval. V¢ follows the same CDF as V', namely G¢(-), for any &
With the probability ¥¢(M) defined on the infinite time horizon (e.g.,
Embrechts et al., 1999; Bazyari, 2023), namely, the probability of the
ultimate ruin, we analyze the fiscal sustainability of the government.
The probability of ruin, ¥, satisfies the following recursive equa-
tion:
min(M ,a)

YIM) = 1 - GY“(M) + / YI(M — v) dG4(v). @15)

—00

This equation corresponds to the equation shown in Corollary 3.3 of
Asmussen and Albrecher (2010), but the form is slightly different. The
recursive Eq. (15) focuses on the period from the present moment until
the first disaster occurs. The term {1 — G¢(M)} represents the probabil-
ity of immediate ruin, which is caused by V¢ > M at the time of the
first disaster. The integral term represents the probability of ruin at a
time of a subsequent disaster, given no immediate ruin. The upper limit
of the integral above reflects the limit ¥ — X* = min(M, a) as Y; — 0,
while the lower limit reflects that V¢ can take arbitrary negative values,
considering c(s, a) > 0 and that Y, is unbounded.

2.6. Distribution of the net expenditure flow for one interval

Before analyzing W¢(M) numerically on Eq. (15), we explore the
distribution of the net expenditure flow for one interval, V¢. Recall
Eq. (12a), where Y; and X¢ are independent, the density of G¢(v) is
derived by convolution:

£ = (f, * f)0) = / ‘_ic

fy<x = U)dF”(x), (16)

where f,(y) and f“(x) represent the probability density functions of Y,
and X“, respectively:

fy(») = Aexp(dy), (17a)
70 =10 = Loy (17b)
x ou

Y, =X -V/c and Y; > 0 imply X > V. Hence, in the case where
-0 < V7 <0, all values of X in its domain [0, a] contribute to the in-
tegral in Eq. (16). However, in the case where 0 < V¢ < a, only values
of X greater than V¢ can contribute, restricting the lower integration
limit. We have the case split as follows:

Case v <0

gi() = /
0

X =0

£(

L
—C

)dF“(x) + ‘_ic

fy(azv)~Prob{X“=a}
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Ap
c

(18a)

— exp(/lu/c){

-H 1p,
Tt exp(—Ha) + }

Case v € [0,a]

g5 () =/

/N (T
Au+c | ¢ P

where H = i+l
c H

Calculating the CDF, G¢(v), by integration, we obtain

L
—C

1322 ) +| L

fy(“:”) - Prob{ X* = a}

(18b)

(22 ma) wespcom ).

(18¢)

{ Aﬂc+ - + /1:,-:— p eXp(—Ha)} exp(Av/c) for v <0,

Gl =11 _ /1:/_:_ . {exp(—v/y) —exp (% - Ha)} for v € [0, a],(lg)

1 for v > a,

where ¢ = ¢(s,a) and A = A(s) as defined by Egs. (12b) and (4), respec-
tively. We can confirm that G¢(v) is continuous at v = 0 and v = a and
takes the following values:

c
Au+c

G0) = exp(—-Ha), G%a)=1. (20)

U
Au+c

Notice that setting s = 0 and a = o corresponds to the case with no
risk reduction and no insurance, where ¢ = w + rz;. Denoting w + rz, as
w', G4(v) takes the well-known form:

w
— exp(Av/w') for v <0,

Gi(v) =
exp(—v/u) for v > 0.

_ H
Ap+uw!

In this case, the integral Eq. (15) has the well-known explicit solution

(e.g., Corollary 3.2 of Asmussen and Albrecher (2010)). If w'" > A,

‘I’?(M):%exp{—M(u/_/w)}, (22)

w'u

where (w' — Au)/w'p is the Lundberg exponent. If w' < Au, then
Y4(M) =1 for all M.

In the case with risk reduction and XL insurance, the ruin probability
function ¥¢(-) is obtained by solving Eq. (15) numerically.

3. Properties of ruin probability and decision-making problem
3.1. Properties of ruin probability

The problem represented by Eq. (15) can be classified into the fol-
lowing two cases. In the case where a < M, the maximum possible net
expenditure in the current interval is capped at a that is smaller than
the capital. Hence, G¢(M) = 1, and the government is free from the risk
of immediate ruin. Eq. (15) reduces to

a

Ya(M) = / YIM — v) dGO(v). (23)
—00

In the case where a > M, immediate ruin can occur. The full equation

of Eq. (15) applies, namely

M

M) =1 - G“(M) +/ YAM — v) dG(v). (24

—00

Ruin probability has the following properties.

Property 1 (Existence and uniqueness). If (s,a) is in the set Q, there
exists a unique function W¢*(-) in the space of bounded functions B[0, )
such that W¢*(-) satisfies the fixed-point equation:

min(M ,a)

Y&(M) =1-GH(M) +/ Y&*(M —v) dG§(v) for all M > 0.(25)

—o0

Proof. See Appendix A. O
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Property 2. Ruin probability ¥¢*(M) established as the fixed point by
Egq. (25) has the following properties:

1. (Interior solution). 0 < ¥¢*(M) < 1 for all M (> 0).
2. (Monotonicity). W¢* (M) is strictly decreasing in M.
3. (Limit). If (s,a) € Q, then limy, _, o, ¥4*(M) = 0.

Proof. See Appendix B. O

Property 3 (Sensitivity to policy parameters). For (s,a) € Q, the ruin
probability ¥¢*(M) is differentiable with respect to the policy parameters s
and a. The sensitivity satisfies

M gyt | Dol
dy Sa oy

for y =s,a, (26)

Feedback multipli
cedback muitipier Direct effect

where T, , : B[0, c0) — B[O, o) is the operator defined by

min(M ,a)

T, [PU(M) = 1 = G(M) + / YI(M — 0) dG(v). 27

—00
B[0, ) is the Banach space of bounded functions on [0, co) with the supre-
mum norm. I denotes the identity operator, and L, , : B[0, c0) — B[0, o)
is the linear operator defined by
min(M ,a)

L, [h(M) = / h(M —v)dG{(v) for any h € B[O, c0). (28)

—00

The direct effects are broken down as follows for s and a, respectively:

oT [\Pa*] 0G4 (M) min(M ,a) ag%(v)
a3y 96 +/ v -2 gy, (29a)
as as o $ as
—_—
CPIR effect Distribution shift effect
oT. [ya* 0GY(M min(M ,a) d2% v
ol ](M)_— i« )+/ Y&*(M - v) B¢ )dv
da da o $ a
7
CPIR effect Distribution shift effect
+ 1(M>a} : W?*(M —a)- g;'(a), (29b)

Boundary shift effect

where “CPIR” stands for “Change-in-Probability-of-Immediate-Ruin”, and
1., refers to the indicator function.

Proof. See Appendix C. O

The sensitivity formula (26) has the following interpretation. The
“direct effect” measures how a marginal change in the parameter af-
fects the ruin probability at the respective M, while holding the ruin
probabilities at other capital levels constant. The “feedback multiplier”
captures how changes propagate over time through the problem’s recur-
sive structure. The feedback multiplier exists and is bounded, as shown
by Lemma 5 in Appendix C. Applying the Neumann series expansion,
the multiplier is expressed as follows:

-1 1 2 3
=L, =1+ Ew + £M + £M + e, (30)

where£! =r,,,and£" (n=1,2,)represents the effects propagated
during the period initiated by the n-th disaster.

The direct effects are decomposed into several effects as shown by
Egs. (29a) and (29b). The “Change-in-Probability-of-Immediate-Ruin
(CPIR) effect” measures how s (or a) affects the probability of surviv-
ing the first disaster. If 0G¢(M)/ds > 0 (or 0G¢(M)/da > 0), namely, the
distribution shifts toward lower net expenditure V¢, this term is nega-
tive, reducing ruin probability. The “distribution shift effect” captures
how s (or a) affects the weighting of future ruin probabilities through
changes in the density g¢(v). In addition, for the attachment point a
and in the case of M > a, the direct effect includes the “boundary shift
effect”, which captures how changing a affects the boundary of the in-
tegration region.
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Impacts of s and a on the distribution of V7, equivalently on the CDF
G? and the density g¢, are not one-directional. The parameter s affects
the distribution G¢ through two channels: 1) the frequency channel,
where a higher s reduces disaster frequency A(s), and 2) the net revenue
channel, where higher s affects net revenue c(s, a) through an increased
risk reduction cost K(s) and a reduced insurance premium z(s,a). The
marginal impacts of s in both channels are represented by

U _ 20 e (—s/m) <0, (31a)
das u
Je(s, a) =- IK(s) _ 9n(s,a) = —2as+ (1 + 0)Agexp{—(s +a)/u}, (31b)
ds as ds

respectively. The net revenue effect changes sign at s°(a), determined
by the following equation:

_ (L+0)Agexp{—(s° +a)/u}
- 2a '
When s < 5°(a), the savings in insurance premiums exceed the increase
in the risk reduction costs, so dc/ds > 0. The opposite holds for the re-
verse case.

The parameter a affects the distribution G¢ through two channels:
1) the premium channel, where a higher a reduces insurance premium
7(s, a), increasing net revenue c(s, a), and 2) the retained loss channel,
where a higher « increases the maximum retained loss X“ = min(X, a),
exposing the government to larger potential expenditures. The marginal
impact of a on the premium is represented by

s°(a) (32)

dc(s,a) _ on(s,a)

P o = (1 +60)Agexp{—(s+a)/u} >0. 33)

3.2. Government’s problem

At first glance, it may seem nonsensical to set the attachment point
a above M because the government has already been ruined when X*
reaches a. However, an increase in a increases c(s, a) by decreasing the
premium payment z(s, ) and makes the distribution of V* more nega-
tive. Policies that increase a will be effective if, as a result, a disaster
does not occur for a long period of time.

In general, governments do not focus solely on the risk of ruin, i.e.,
the possibility that their fiscal assets will fall below a certain threshold.
Rather, governments have a greater objective of maximizing the benefits
they provide to their citizens through the provision of various public
goods and services. The expected amount of fiscal resources per unit
time for such an objective is represented by

E[B{] = —ASE[V] = w + rzy — K(s) — 7(s, a) — A()E[X“], (34)

where K(s), z(s,a), A(s), and E[X“] are given by Egs. (1), (11), (3), and

(10), respectively. Note that, in this model, funds already committed
for specific purposes have already been deducted from government rev-
enue. Therefore, w represents revenue for which allocation has not yet
been committed, and its use is subject to future decision. The expected
discretionary annual budget B¢ is determined after deducting all (ex-
pected) costs, taking into account the ruin probability ¥¢(M), where M
is the initial capital relative to the actual borrowing limit.

The decision-making problem is formulated as follows:

max E[B?] subject to WI(M) < ¥, (35)
(s,0)EQ h
where ¥, is the threshold that is set to constrain the ruin probability.
This is a nonconvex optimization problem due to the constraint on ruin
probability. Therefore, the optimal policy (s*, a*) must be solved numer-
ically, while the following relationship can be derived analytically.

Property 4 (Inequality constraint and optimal solutions). In cases where
0 > 0, when the ruin probability constraint is non-binding, the government
opts for a risk reduction policy at a positive finite level, i.e., 0 < s* < oo,
and does not apply the XL insurance, i.e., a* = co. When the ruin probability
constraint becomes binding, the government may select a positive finite level
for each policy.
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Proof. See Appendix D. [

Property 4 suggests that XL insurance is used only to lower the ruin
probability. This is because the optimization aims to maximize the ex-
pected resources, and since the insurance premium includes a positive
markup, it is higher than the expected insurance benefit. On the other
hand, when the ruin probability constraint becomes binding, the ef-
fects described in Property 3 are incorporated into the policy’s cost-
effectiveness evaluation. When the marginal effect shown by Eq. (26)
is positive, a finite attachment point may be selected. Regarding risk
reduction, its cost does not include fixed costs, and the marginal costs
increase continuously from zero. On the other hand, marginal benefits
decrease continuously due to the exponential distribution of damages.
The objective function is single-peaked with respect to s and has its max-
imum value. When the ruin probability constraint is binding, the effect
by Eq. (26) is additionally considered.

4. Numerical analysis
4.1. Calculation method for ruin probability

First, we calculate a set of the ruin probabilities {¥%(M)| for all M}
for all (s,a) € Q, and then solve the problem (35) to find the optimal
combination (s*, a*). To obtain {¥¢(M)}, we solve the integral Eq. (15)
through iteration and discretization. We incorporate the iteration as fol-
lows:
min(M ,a)

W, (M) =1-GI(M) +/ ¥ (M —v) dGY(v), (36)

—00
where k (= 1, ---) indicates the iteration. Appendix A aims to prove Prop-
erty 1, but also provides a proof showing that the iterative calculations
converge by the contraction mapping theorem.

The function ‘I"S’ (M) is discretized. We define a discrete and
bounded grids, {i | i =1,2,---}and {j | j = 1,2, -}, for M and v, respec-
tively. The length of unit interval is defined by &6 for both grids. We set
large integers, n; and n,, and define L, = (n; — 1)é and L, = (n, — 1)é.
(—L,) corresponds to v = —o0, and L, corresponds to M = co.

Now, define W.?,k(i) (i =1, ,n,) as the approximation of ‘P? (MO <
M < o0) at iteration k. The approximant for Eq. (36) is

J(@i)-1
Yo =1=GU( =D&+ Y, wi(m +i=))gl(—L;+( —1)8) -5,
j=1
37)

where J (i) = |n; + min(i — 1,a/6)]. The iteration may start with y/ﬁ =0
for all M. The iterative process terminates when the change between
wi) and {lwg, ) is minimal. In the next step, we find the optimal
combination (s*, a*) in the discretized (s, a)-space for the problem (35).

4.2. Numerical example

We apply the model to a hypothetical setting using data from Vanu-
atu, an island nation in the South Pacific. Vanuatu is highly vulnerable
to numerous natural hazards due to its location within the Pacific Ring
of Fire. It faces risks primarily from frequent tropical cyclones, earth-
quakes, and volcanic eruptions, along with tsunamis, floods, landslides,
and droughts, making it one of the world’s most disaster-prone coun-
tries (UNDRR, 2022). Table 1 lists the parameter values used in the cal-
culations. In this numerical analysis, due to insufficient data, multiple
assumptions were introduced in determining these values.

Fig. 2 shows the ruin probability surface. The ruin probability rises
sharply within specific intervals of s and a, reaching 1. The ruin prob-
ability exceeds the threshold if at least one of the following conditions
applies: The risk reduction is less than 0.67, or the insurance attach-
ment point is greater than 4.0, implying that the government should
implement both risk reduction and insurance measures. Fig. 3 shows
the surface of the expected fiscal resources for policy combinations that
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Table 1
Values of parameters.

Poisson intensity Ao 0.57
Mean damage u 5.75
Initial capital M 2.66
Annual income w 4.93
Interest rate r 0.08
Interest-bearing debt -z 11.21
Premium markup [4 0.50
Risk reduction cost a 0.02
Ruin probability limit ¥, 0.08

The units for 4, w, M, and z, are given as percent-
ages relative to GDP.

The values of the parameters regarding the fiscal
condition are determined by combining data mainly
from IMF (2024,b), CEIC Data (2018) and assump-
tions.

The values of the parameters regarding hazards and
disaster finance are determined by combining data
mainly from CFE-DM (2023), World Bank, GFDRR
(2017), UNDRR (2021), Nishizawa et al. (2019) and
assumptions.
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Fig. 2. Ruin probability (Basic Case).
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Fig. 3. Expected fiscal resources (Basic Case).
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satisfy the ruin probability constraint. The optimal policy is determined
as (s*,a*) = (6.0,3.0). The value of a* also represents the thickness of the
risk-retention layer.

Figs. 4 and 5 show how optimal policies change with parameter
variations. When interpreting these changes, note that for risk reduc-
tion, larger values indicate greater investment, while for the attach-
ment point, smaller values indicate broader insurance coverage. Fig. 4
shows changes in the optimal policies and the objective function val-
ues when the initial capital M varies. The optimal risk reduction is
not so sensitive to changes in M (the left panel). The optimal attach-
ment point is an increasing function of M (the second panel from the
left). When the initial capital increases, the government becomes less
dependent on insurance, reduces premium payments, and thereby in-
creases the expected fiscal resources. Conversely, when the initial cap-
ital is small, the government needs to lower the attachment point and
increase the thickness of the insurance layer. This numerical example
suggests that when the initial capital is zero, the government should
reduce the size of the risk-retention layer to 0.5% of GDP. The graph
shape of the expected fiscal resources (the right panel) resembles that
of attachment points because the amount of expected fiscal resources
is strongly influenced by increases or decreases in insurance premium
expenditures.

The response curve of ruin probability to M is non-monotonic and
has been obtained as a bumpy curve (the third panel from the left).
To interpret this result, we must bear in mind the following two points.
First, this does not contradict the second property of Property 2, namely
“Monotonicity”. While s and a were fixed when the monotonicity was
derived for Property 2, they are now chosen endogenously for each
value of M to maximize the objective function E[B{], taking different
values for each M. Second, the bumpy curve results from our use of
discrete optimization. Property 4 states that, if the ruin-probability con-
straint is non-binding, then a* = co. The contraposition indicates that,
if a* < o0, then the constraint is binding. Observing that a* is far be-
low the upper bound of its grid in this example case, we find that the
ruin-probability constraint is binding. Therefore, if the problem were
continuous optimization, ¥¢(M) = ¥, would hold across the entire test
interval of M, illustrating the flat line in the figure. However, for the
discrete optimization, “¥ is binding at (s*, a*)” means “‘IJ?: M) <Y,
(i.e., (s*,a*) is feasible) and ‘I’?:J“A"(M) > ¥, (i.e., the next grid point
is infeasible)”. The W¢(M)-curve is obtained by meeting this condition.
Let’s take the case where M = 5.32 (the right endpoint of the test in-
terval) as an example. At this point, a* = 3.5 and ¥{(M) = 0.024 (the
second and third panels from the left). However, if a takes the next-grid
value of 4.0, P¢(M) becomes 0.28, significantly exceeding ¥, (= 0.08).
While this result from discrete optimization may be problematic because
the values of W¢(M) diverges significantly from those of continuous op-
timization, it provides insight into how steep the gradient of the ruin
probability surface is around the optimal solution. Furthermore, this re-
sult suggests that the grid of policy variables (s, a) should be carefully
designed.

Fig. 5 shows the responses of the four endogenous variables to in-
creases and decreases in the four parameters. As the expected damage
to the government increases, the government must expand the scale of
both risk reduction and insurance (Panels (s*, 4) and (a*, u)). The ex-
pected fiscal resources decrease with y (Panel (E[B?], u)), but this re-
duction would be even larger without the optimal policy. Lower costs
for risk reduction increase the optimal risk reduction and decrease the
optimal insurance coverage (Panels (s*, «) and (a*, «)). Higher insurance
costs lead to a higher optimal risk reduction (Panel (s*, #)). Finally, if the
ruin probability constraint ¥,, becomes stricter, the government needs
to lower the attachment point of insurance (Panel (a, ¥;)). The endoge-
nous ruin probability ¥¢(M) also decreases as the constraint ¥, becomes
stricter (Panel (W¢(M), ¥()). In this analysis example, ¥¢(M) does not
strictly coincide with ¥, (the panels in the third row) for the reason
stated in the previous paragraph. However, this result demonstrates that
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e The figure shows how the values of the four endogenous variables, a*, s*, ¥¢(M), and E[B?], change when the values of the parameters, 4, a, 6, and y are each

decreased or increased.

“Base” and “B” denote the basic case. “Low (-25%)” and “L” (“High (-25%)” and “H”) indicate cases where the parameter value is decreased (increased) by 25%
from the basic case. The analysis for ¥, uses a rate of 50% for the changes in the parameter.

Fig. 5. Sensitivity of optimal policy to parameters.

the ruin probability constraint exerts a constraining effect on the prob-
lem of maximizing expected financial resources.

5. Concluding remark

This paper proposed to apply the ruin theory to the problem of man-
aging infrastructure exposed to damage risks. In the model, the gov-
ernment chooses the optimal combination of measures to prevent a
part of disaster damage through disaster prevention investment, namely,
risk reduction, and measures to secure post-disaster reconstruction costs

through its own funds and insurance contracts. While the ruin theory has
a vast body of research, this study is unique in that it considers the gov-
ernment as the insured party and examines the optimal XL insurance
while taking risk reduction into account. By leveraging the memory-
less property of the exponential distribution and so on, we were able to
extend the model while maintaining the possibility of analytical treat-
ment and to derive several properties, including one that clarified the
composition of the policy effects.

This model is a useful tool for quantitatively discussing disaster pre-
vention policies. The set of parameters used in the numerical example
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was determined based on the hypothetical scenarios, but at the rough
scale, these parameters, such as those for fiscal and disaster damage
sizes, reflect situations that actual developing country governments may
face. The example demonstrated a case in which the ruin probability
rises sharply within a specific short interval for both the level of risk re-
duction and the attachment point of insurance, surpassing the constraint
threshold. This implies that, in general, governments need to be careful
when determining a set of countermeasures. Additionally, it is impor-
tant to recognize that, even when the government’s objective function is
based on the expected value of fiscal resources, it can be effective to use
insurance that is not actuarially fair, when considering the ruin probabil-
ity constraint. Moreover, the smaller the initial capital, meaning the less
financial reserve the government has, the more extensive the insurance
coverage should be, and the more limited the risk retention needs to be.
In the real world, it is often observed that developing country govern-
ments do not implement sufficient disaster management measures due
to their strained fiscal circumstances. However, this result suggests that
such governments would be better off avoiding risk and covering poten-
tial risks through risk reduction and insurance, as this is more effective
for fiscal sustainability. Without doubt, different strategies will be sug-
gested in other parameter environments. This model has the potential
to provide meaningful insights for practical disaster policy discussions.
Going forward, it will be important to refine the parameter values and
improve statistical validity.

This study offers many avenues for future research. The model in this
study assumed that all debts incurred after the initial point in time were
concessional. This assumption reflects reality to some extent, while it is
theoretically interesting to develop a model in which interest rates are
endogenously determined by the ruin probability. Additionally, it is a
future topic to consider the case where ruin is more closely linked to
sovereign default and to examine fiscal management after the default.
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Appendix A. Proof of Property 1

Consider the Banach space B[0,0) of bounded func-
tions f,g :[0,00) — [0,1], equipped with the supremum norm:
Ilf — gll = suppsso | S (M) — g(M)|. This is a complete metric space.

Define the operator 7' : B[0, o) — B[0, o) by

min(M ,a)

TI¥(M)] = 1 - GY(M) + / WM — 0) dG(v). (A1)

—o0

We first verify that T maps B[0, ) into itself. Since P¢(-) takes values
in [0, 1], and G¢(-) is a CDF, we have 0 < T[¥¢(-)] < 1. Moreover, if ¥¢(-)
is measurable, then T[¥4(-)] is also measurable due to the properties of
the Lebesgue integral. Hence, T maps B[0, co) into itself. We proceed by
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partitioning the domain [0, o) into two regions: Region 1, defined by
M € [0, a), and Region 2 defined by M € [a, ).

Region 1: M € [0, qa)
For M < a, the operator T becomes
M

TI¥4(M)] = 1 — G(M) + / YI(M — v) dGO(v). (A.2)

For any ¥4, %9, € B[0, c0) and any M € [0, a), we have

s1’?

M
ITT¥5,1(M) — TI¥E,1(M)] = '/ (¥ (M = v) = ¥(,(M = 0)] dG{(v)

M
< [ wean -0 - v - o) G

< [1W9, - W Il - GO(M). (A.3)
From Eq. (19), we have for M € [0, a)
ag gy — Ap M
Gi(M) =1 A”J’_c{exp( M /) exp( c Ha)}<1, (A.4)

since the term in braces is strictly positive for M < a.

Let §; = suppepo.q) GS(M). Since G¢(M) < 1 for all M €[0,a) and
G¢ is continuous, we have {; < 1. Therefore, T is a strict contraction
on functions restricted to [0,a) with contraction factor ¢;. By the Ba-
nach fixed-point theorem (e.g., Salgado and Wise, 2022), there exists a
unique function ¥¢* on [0, a) that satisfies T[¥¢*[(M) = ¥¢*(M) for all
M € [0, a).

Region 2: M € [a, )
For M > a, the operator T' becomes
a
T[P9(M)] = 1 - G“(M) + / YIUM - v) dG(v). (A5)
—0o0
Since G¢(M) = 1 for M > a, this simplifies to
a
T[¥4(M)] = / YIM — v) dGO(v). (A.6)
—0co
Because G¢(a) = 1, which can not take the role of the contraction
factor as G¢(M) worked for Region 1, we prove by mathematical induc-
tion that given the unique solution ¥¢*(M) for M € [0, a), there exists a
unique extension to [a, oo) satisfying the fixed-point equation.

Base Case: We have established that there exists a unique solution
o+ (M) for M € [0, a).

Inductive Hypothesis: Assume that for some integer n > 1, we have
uniquely determined ¥¢*(M) for M € [0, na).

Inductive Step: We need to show that ¥¢*(M) can be uniquely extended
to M € [na,(n + 1)a).

For any M € [na, (n + 1)a), we can decompose the integral based on
the values of M — v. For M € [na,(n + 1)a) and v € (-0, al,

e When v>M —na, M —v<na. Since M >na and v<a, we
have M —v>M —a>na—a=(n—1)a>0. Thus, M — v € [0, na),
so W (M — v) is known by the inductive hypothesis.

e When v < M —na, M — v > na. Moreover, if v >0, then M —v <
M < (n+1)a. If v<0,then M —v> M, so M — v may exceed (n+
1a.

Therefore, we can write

M—na a

nwww/

—oo

WAUM - v) dG(v) + /
M —na

Y (M — v) dGO(v).
A7)

To handle the case where M — v may exceed (n + 1)a, we define ex-
tended functions. For any function ¥¢ € B(na, (n + 1)a), define its exten-
sion ¢ by

o) Wa(x) if x € [na, (n + 1)a), (A.8)
x) = ’ .
s Yi(n+ a—e) if x> (n+ Da,
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where ¢ > 0 is arbitrarily small.
Define the operator T, : Blna,(n + 1)a) —» B[na,(n+ 1)a) by

M—na
T,[¥ (M) = / PIUM - v) dG°(v) + Cp, (M), (A.92)
where Cr, (M) = /a Y& (M —v) dG(v) (A.9b)
M—na

is a known function since ¥¢*(M — v) for v € (M — na,a] implies M —
v € [0, na).
For any V¢, ¥, € Blna,(n+ 1)a) and any M € [na,(n+ 1)a),

M —na
IT,[%4,1(M) = T,[%%,1(M)| = ' / (99 (M - v) - ¥%(M - v)] dG*(v)

M —na B _
a a a
< /_oc |‘I’S1(M —0)—¥Y5L,(M - v)| dG§(v)
<Y =Y | Bragutyay - GE(M — na). (A.10)

Since M € [na, (n + 1)a), we have M — na € [0, a). We know that G¢(x) <
1 for all x € [0, a). Therefore, for any M € [na, (n + 1)a),

GY(M — na) < G%(a) = 1. (A11)

This shows that 7, is a contraction on B[na, (n+ 1)a) with the con-
traction factor §, = sUp yre(ug,n+1)e) G4(M — na) < 1. By the Banach fixed-
point theorem, there exists a unique fixed point ¥¢* € B[na, (n + 1)a)
such that

M—na
(M) = T,[¥ (M) = / P4 (M - v) dG(v) + Cr,(M).  (A.12)
This unique fixed point satisfies
W (M) = / W (M~ v) dGY(v) (A.13)

forall M € [na, (n+ 1)a). This completes the inductive step, showing that
P¢* can be uniquely extended from [0, na) to [0, (n + 1)a).

Therefore, by the principle of mathematical induction, there exists a
unique function ¥¢* € B[0, o) satisfying the fixed-point Eq. (25).

Appendix B. Proof of Property 2

We will first derive three lemmas, and then, by combining them,
prove the three properties of Property 2.

Lemma 1 (Non-triviality). ¥*(0) > 0.
Proof. From Eq. (25) and G¢(0) < 1 from Eq. (19),

0

Pe0) = 1 - G(0) +/ Y0 —v) dGi(v) > 1 - G{(0) > 0. (B.1)

—00

|
Lemma 2 (Monotonicity). W& (M;) > ¥%*(M;) for all0 < M| < M,.

Proof. The contraction mapping theorem used in the proof of Prop-
erty 1 guarantees that the following iteration for ¥ (M) converges for
all M (> 0):
min(M ,a)

¥ (M = v) dG°(v),

W (M) =1 - GH(M) +/ (B.2)

—00
where k (= 1, ---) indicates the iteration cycle. To prove the lemma, we
first prove the monotonicity of e (M) by applying mathematical in-
duction as follows. Note that, in what follows, we will only deal with
formulas that focus only on the case M, < M, < a, such as Eq. (B.4),
but the other cases can be treated in the same manner to prove that the
lemma holds.

Base Case: Assume ‘PZO(M ) =0 for all M > 0. Then,

M
PO (M) =1-GUM) + / W (M = v) dGo(v) = 1 = G4(M). (B.3)
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Since G¢(M) is a CDF and strictly increasing as shown by Eq. (19),
G4(M)) < G%(M,), thus ¥¢ (M) > P (M,).

Inductive Hypothesis: Assume that for some integer k > 1, we have
shown ¥¢, (M) > ¥¢, (M,) for all 0 < M, < M,.

S,

Inductive Step: The inductive hypothesis implies

M

‘P‘;,k+l(M2) =1-G{(My) + / ’ ‘P?,k(Mz -0) dG{(v)
v,

<1- Gg(M2)+/ ¥4 (M, — v) dG(v)
"

=1-Gi{(My) +/ ‘P?,k(Ml - 0) dG§(v)

M2 a X a
+/Wl ‘Ils,k(Ml -0v) dG{(v)

M,

< 1—G;’(M2)+/ ¥4 (M, — v) dG(v)
—00

+{GU(My) - GA(M)))

M,
1 -G{(M))+ / e (M) —v) dG{(v)
= ¥ (M)).

0

(B.4)

This shows that ¥¢, | (M) is monotonically decreasing with respect to
M. The induction has shown that ¥¢, (M) is monotonically decreasing
in M for all k.

Now, we take the limit as k — oo:
Jim (4, (M) =W, (Mp)} = lim W2, (M)~ lim W<, (M)
= WO(M,) = W (M) 2 0. (®.5)

We cannot immediately conclude that the limit is strictly positive. To
obtain a strict inequality, we will examine the limit more carefully. For
any € > 0, there exists k, such that for all k > k,, |‘P§"k(M1) =P (M))| <
e and |‘P;”k(M2) — Y% (M,)| < e. From them, we have

—e<W, (M) -¥ (M) <e = W (M) <YM +e, (B.6a)
—e< ‘P?,k(Mz) -Y*(My) <e = _W?,k(Mﬂ < =¥¢"(M,) +¢€. (B.6b)
Adding the two inequalities,

W L(M)) =W (M) < P9(M,) = PO (M) + 2¢. (B.7)

Now, we find that, if ¥2*(M,) = ¥¢*(M,), Eq. (B.7) would contradict the
fact that W¢,(M,) > ¥¢,(M,) by choosing & small enough. Therefore,
we conclude W% (M) > W% (M,), namely W¢* (M) is strictly decreasing
inM. O

The following lemma concerns the limit of the ruin probability.
Lemma 3 (Limit). For (s,a) € Q, then lim,,_, , ¥¢(M) = 0.

Proof. For any ¢ > 0, we will show that there exists M, such that for all
M > M, ¥ (M) <e.
First, for any g, > 0, we define a sequence of capital levels {M; | j =

0,1, ---} such that
1 - Gi(M,) <¢g, and M;=M;_+A for j>1, (B.8)

where A > 0 is a fixed increment. For any capital level M;, we have from
the fixed-point Eq. (25)

M,
P(M) = 1 —G?(Mj)+/ (M, - 0) dG*(v). (B.9)
By Eq. (B.8), I = GI(M,) < g, holds for all j > 0, so we have
M/
Yo (M) < £0+/ Y (M — 0) dG(v). (B.10)

We can decompose the integral as follows:

M!
/ ‘P;‘*(Mj - 0)dG{(v)

)
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/ N
—0o0

For v < M;_,, the monotonicity, stated by Lemma 2, implies
Y&(M; —v) <P (M;_, —v), giving

M;
P (M — u)ng(u)+/ ¥ (M — 0) dGY(v).

M

(B.11)

Mj71 ax a M17] ax a
/ Y (M — 0) dG(v) 5/ (M, — 0)dG(v)
—00 -0

=W (M_p) — (1 = GY(M,_)) = 7, (M_)), (B.12a)
1-GYM,_,)
s J
where ]/J =1- \I/g*(—j_l) (B.12b)

The equation between the first and second lines is obtained from the
fixed-point Eq. (25). We see that Y works as a contraction factor. For
the second integral of Eq. (B.11),

M;
/ (M — 0)dG(v) < GU(M) — GY(M,_)). (B.13)

M

Therefore, from Egs. (B.11), (B.12a), and (B.13), we have

M;
/ WO (M — 0) dGO(0) < 7, W (M_p) + (GY(M)) = G*(M,_)). (B.14)

(o]
G4(M;_;) and G¢(M;) converge to 1 as j increases. Hence, for suffi-
ciently large M;_,, we can find a value #; such that

7P (M_ ) + (GE(M) = GU(M_y) < ;99" (M), (B.15)
where v; <n; < 1. From Egs. (B.10), (B.14), and (B.15), we have
lI’;“‘(Mj) <60+r/j‘1‘?*(Mj71). (B.16)
Iterating the right-hand side of the above inequality,
lIl?*(]\lj) < &+ ']jly?*(Mj—l)

< g+ (50 + nj_l‘I‘?*(MJ-_2)) =gy +ne+ njnj_l‘P‘S’*(Mj_z)

< e

<eo(L+m +mm_y + -+ mn_y oomp) g oy T (M)

(B.17)
Let n = sup{n; : j = 1}. Since n; < 1 for all j, we have n < 1. Therefore,
Y (M) < g1+ 417+ o+l + W (M)
1-n

) 1 )
=€y +ﬂ/Tg*(M0)<£0'm+V]J.

T=n (B.18)

Since n < 1, n/ — 0 as j — co. For j sufficiently large such that #/ < ¢,
and defining M, = M,

2-1
1-7
For any fixed n < 1, the term (2 — 1)/(1 — ) is a positive constant. Since
€y was arbitrary, by choosing a sufficiently small e, = ¢ - (1 —#)/(2 —n),
Eq. (B.19) ensures

Y*(M,) < e for any € (> 0),

which implies lim,,_,, ¥¢*(M) =0. O

1
VM) <eo T e = €0 (B.19)

(B.20)

The first property (Interior solution) of Property 2 follows from com-
bining Lemmas 1-3. The second (Monotonicity) and third (Limit) prop-
erties are identical to Lemmas 2 and 3, respectively.

Appendix C. Proof of Property 3

We employ the Fréchet derivative framework and the implicit func-
tion theorem in Banach spaces B[0, ) of bounded measurable func-
tions f : [0,00) — [0,1], equipped with the supremum norm | f]| =
sup 50 | F(M)].

Preliminaries: Recall that the ruin probability W¢* is characterized as
the unique fixed point of the operator T, : B[0, ) — B[0, o) defined
by Eq. (27). (T, is identical to T defined by Eq. (A.1) in Appendix A. In
this section, the subscript “s,a” is added for convenience in sensitivity
analysis.)
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Definition 1 (Operator norm). For a linear operator A : B[0, ) —
B[0, c0), the operator norm is defined as

Alh
1Al =§;gu = sup [LALA]]

C.1
[IAll IRll=1 €D

where h denotes any function with 2 € B[0, o).

Definition 2 (Fréchet derivative). Let X and Y be Banach spaces and
let F : X - Y be an operator. F is Fréchet differentiable at x, € X if
there exists a bounded linear operator DF(x,) : X — Y such that
IIF(xg + h) — F(xo) = DF (xo)[Alll _
Al -

The operator DF(x,) is called the Fréchet derivative of F at x,.

0. c2

i
lAl—0

In addition, we define the linear operator L, : B[0, ) — B[0, c0)
as formulated by Eq. (28).

Lemma 4. The linear operator L, : B[0, ) — B[0, o) is bounded with
£, .1l < 1. The operator (I — L, ), where I denotes the identity operator,
is also a bounded linear operator.

Proof. For any h € B[0, ) and any M > 0,

min(M ,a)

|£5alRI(M)] = ’/ h(M — v)dG(v)

—o0

min(M ,a)
</
—0o0

min(M ,a)
< Il / 4G4 (0)

|h(M = v)| dG“(v)

= [|All - G§(min(M, @)) < ||All. c3
Taking the supremum over all M > 0,
1£5 o[l = sup L, [A1(M)] < ||A]|. (Cc.4)
M0
By Definition 1, the operator norm is obtained as
1£;,LA]Il 2|l
1L, )l =sup——— <sup— =1 (C.5)
sl =08 TR 050 Il

Furthermore, since both I and L, , are linear operators, their differ-
ence (I — L, ,) is also linear. In addition,

=Ll MM+ L I <1+ 1=2. (C.6)

s,al

Therefore, (I —L;,) : B[0,0) — B[0,c0) is a bounded linear opera-
tor. O

Note that Lemma 4 does not directly imply that (I — £; ) is invert-
ible. The invertibility will be established separately below, using a con-
structive argument.

Invertibility of (I — L, ,):

Lemma 5. The operator (I — L, ) : B[0, 00) — B[0, o) is invertible for all
(s,a) € Q. That is, for any b € B[0, ), there exists a unique h € B[0, )
such that (I — L, ,)[h] = b. Moreover, the inverse (I — Cm)’1 is bounded.

Proof. We establish invertibility by verifying injectivity and surjectiv-
ity and applying the bounded inverse theorem. We use a constructive
approach analogous to the proof of Property 1 in Appendix A.

Given b € B[0, ), we seek h € B0, oo) satisfying

min(M ,a)
h(M) — / h(M —v)dG{(v) = b(M) forall M >0. (C.7)
Rearranging, this is equivalent to
min(M ,a)
h(M) =b(M)+ / h(M —v) dG?(U). (C.8)
Define the operator S : B[0,a) — B[0,a) by
min(M ,a)
S[hI(M) = b(M) + / h(M — v) dG(v). (C.9)
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Region 1: M € [0,q)
For M < a, the operator .S becomes

SIAIM) = b(M) + /M h(M - v) dG(v). (C.10)
For any hy, hy € B[O,_:; and any M € [0,a), we have
ST 1(M) — SThy (M) = ‘/M[hlw —0) = hy(M — )] dGA(v)
i
< / I (M = 0) = hy(M = )] dG*(v)
< Iy — hall gt - GEOM). €11

From Eq. (A.4), we can identify the contraction factor as
o = SUPprejo,q GS(M) < 1. Taking the supremum over M € [0,a)
in Eq. (C.11),

1STh] = STholl go,ay < CillRy = ol po.a)-
Since {; < 1, the operator .S is a strict contraction. By the Banach fixed-
point theorem, there exists a unique A* € B[0, a) satisfying h* = S[h*],
namely, satisfying Eq. (C.7).

(C.12)

Region 2: M € [a, )
For M > a, the operator, the operator .S becomes

a

S[hl(M) = b(M) + / h(M - v) dG(v). (C.13)

Because of G¢(a) = 1, which can not take the role of the contraction fac-
tor as G¢(M) worked for Region 1, we apply the mathematical induction
structured as follows.

Base Case: We have established that there exists a unique solution
h*(M) for M € [0, a).

Inductive Hypothesis: Assume that for some integer n > 1, we have
uniquely determined 4*(M) for M € [0, na).

Inductive Step: We need to show that 2*(M) can be uniquely extended
to M € [na,(n+ 1)a).

We partition the integral based on whether A(M — v) is known or
unknown as follows:

e For v € (M —na,al, since M > na and v < a, we have M — v > na —
a=m-1)a>0. Also, M —v< M — (M —na)=na. Thus M —-v e
[0, na), and therefore, h*(M — v) is known by the inductive hypothe-
sis.

e For v € (—c0, M — na], we have M — v > na. If additionally v > 0,
then M —v<M < (n+ 1)a, so M —v € [na,(n+ 1)a). If v <0, then
M — v > M, which may exceed (n+ 1)a.

Therefore, we can write
M —na a

S[hl(M) =b(M) + / h*(M = 0)dG¢(v).

—00

h(M — v)de(U)+/

M—na
(C.14)

To handle the case where M — v may exceed (n + 1)a, we define ex-
tended functions. For any h € B[na, (n + 1)a), define its extension & by

- h(x)
h(x) =

h((n+ Da—e¢)
where ¢ > 0 is arbitrarily small. Define the operator S, : Blna,(n +
1)a) — B[na, (n+ 1)a) by

if x € [na, (n+ 1)a),

(C.15)
if x>+ Da,

M—na
S, [hl(M) = / M —v) dGi(v) + Cg,(M), (C.16a)
where Cg, (M) =b(M) + /a h*(M —v)dGi(v) (C.16b)
M—na

is the known function since h*(M — v) for v € (M — na, a] implies M —
v € [0, na).

M —na
|S,[h J(M) = S, [AJ(M)] = '/ A (M = v) = hy(M = v)] dG(v)
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M —na
S /
-0

< Ay = holl Biana1ya) - G5 (M — na).

|7y (M = v) = hy(M — 0)| dG*(v)
(C.17)

Since M € [na, (n+ 1)a), we have M — na € [0, a), so Gi(M —na)< 1. 1t
follows that S, is a contraction on B[na, (n + 1)a) with the contraction
factor {, = supyrepna nt1ya) G5(M — na) < 1. Hence, by the Banach fixed-
point theorem, there exists a unique fixed point 2* € B[na, (n + 1)a).

By induction, A* is uniquely determined on all of [0, o).

Verification of invertibility conditions: By the above construction,
for any b € B[0, ), we have found a unique h* € B[0, o) such that
(I - L, ,)[h*] = g. Combined with the findings obtained as Lemma 4,
we see that (I — £; ) is continuous, injective (i.e., one-to-one), and sur-
jective (i.e., onto). Furthermore, by applying the bounded inverse the-
orem (e.g., Corollary 2.12 in Rudin (1991)), it is guaranteed that the
inverse operator (I — CM)’l is also continuous and bounded. Hence,
(I —-L,,)7" : B[0,00) - B[0, ) exists. [

Implicit function formulation: Define the residual operator F : R, X
R, X B[0, ) — B[0, ) by

F(s,a,¥) =¥ — T, ,[¥]. (C.18)
The fixed-point condition ¥¢* = T} ,['¥?*] is equivalent to
F(s,a,¥) =0, (C.19)
where 0 denotes the zero function in B[0, o).
Lemma 6. The Fréchet derivative of F with respect to ¥ is
DyF(s,a, ¥)lhl = (I — L, )[h], (C.20)
which is independent of .
Proof. For any ¥, h € B[0, o),
F(s,a,¥+h) = (¥ +h) =T, ,[¥ +hl
=W"+h)
min(M ,a)
—<1 - GY(M) + / (¥ +h)(M - u)dej(u))

00

min(M ,a)

= ‘{’—Tm[‘}’]+h—/ h(M - v)dG(v)

= F(s,a,P)+ h— Es’a_[‘;zo]
= F(s,a, V) + U - L, )l (C.21)
From the definition Eq. (C.2), and due to no higher-order terms in A,
(C.22)

From Egs. (C.21) and (C.22), we obtain (C.20). Note that this is linear in
h and independent of ¥, reflecting the affine structure of T, , in ¥. O

F(s,a,¥Y + h) =F(s,a,¥) + DyF(s,a,¥)[h].

As Eq. (C.19) holds for all (s,a) € Q, we differentiate this identity
with respect to y (= s, a) to have

d\Pa*
I 4 DyF |2 ] 0. (€.23)
ox dy
From Eq. (C.18), we have
oT, [P
oF _ ITsal¥] ], (C.24)

ax ox
By Lemma 6, DyF = I — L, , holds for 4 = d¥¢* /d y. Substituting into
Eq. (C.23), we have
oT, ,[P¢*]
ax

+(I - [,m)[ s ] =0. (C.25)

dy
By Lemma 5, (I — £,,)”! exists and is bounded. Applying it to both
terms, we obtain

ax

s ) oT ,[P¢]
e =Ly | ——
X

ox

] for y = s,a, (C.26)
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which is identical to Eq. (26). In addition, Egs. (31a) and (31b) are
obtained difectly by partially differentiating Eq. (27) with respect to s
and q, respectively, and evaluating at ¥ = ¥¢*.

To summarize, the application of the implicit function theorem re-
quires the following three conditions, which we verified hold in our
setting. 1) Continuity: The operator T} , and its partial derivatives with
respect to (s, a) are continuous in all arguments. This follows from the
smoothness of G¢ and g¢ as functions of (s, a, v). 2) Invertibility: The op-
erator DyF =1 — L, is invertible for all (s, a) € Q. This is guaranteed
by Lemma 5. 3) Interior domain: We require (s,a) € Q to ensure dif-
ferentiability. At boundary points where c(s, a) = 0, the analysis breaks
down as the ruin probability approaches 1. Under these conditions, the
implicit function theorem in Banach spaces (e.g., Theorem 15.1 of Deim-
ling (1985)) guarantees that ¥¢* is continuously differentiable in (s, a),
with derivatives given by Egs. (31a) and (31b).

Appendix D. Proof of Property 4

We examine the shape of the objective function of the maximization
problem (35). In cases where s and « are continuous variables, the
first and second partial derivatives of E[B¢] with respect to s and a are
derived as follows:

OE[B{] _0K(s) 9n(s,a) a/l(s)[E[Xa]
ds as as as
= —2as + Agexp(—s/u){1 + O exp(—a/u)}, (D.1a)
J*E[B*
# =2a— @ exp(—s/u) {1+ 0exp(—a/u)} <O, (D.1b)
0s? u
oE[B? a
[B,] _ _on(sa) _ A XD _ g expi=(s + a)/u) >0, (D.10)
da da da
d’E[B?
A =—%exp{—(s+a)/ﬂ} <0. (D.1d)
0a? u

Eq. (D.1b) shows that E[B¢] is a concave function of s. dE[B¢]/ds
changes sign at 5°°(a), determined by the following equation:

Ao exp(=s°° /{1 + O exp(—a/u)}

2a ’
When s < 5°°(a), E[B?] increases with s because the marginal benefits,
indicated by the second term in the second line of Eq. (D.1a), exceed
the marginal costs, indicated by the first term in the same line. When
s > 5°°(a), E[BY] decreases with s for the opposite reason. It is found
that E[B{] is a single-peaked function of s and has its maximum value at
5°°(a). When the ruin probability constraint is binding, the effect shown
by Eq. (26) is additionally considered to determine the optimal point of
S.

$°°(a) = (D.2)

Eq. (D.1c) suggests that @ = oo should be chosen if the constraint con-
dition is not binding. a = o represents the policy without an insurance
contract. This solution is caused by 6 (> 0) that makes the insurance
premium larger than (or equal to) the expected insurance benefit. How-
ever, when the ruin probability constraint becomes binding, the effects
described in Property 3 are taken into account. When the marginal ef-
fect shown by Eq. (26) is positive, the insurance contract with a < o
may be selected. If the insurance is fair, namely 6 = 0, the insurance is
neutral to the level of E[B?].
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