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Motor expertise is conventionally attributed to enhanced deterministic control and reduced variability. This
study extends that view by demonstrating that expertise reflects fractal organization of movement. Fractal
analysis of 200 trajectory data points from a haptic ball-striking task revealed that experts exhibit higher fractal
dimensions, broader frequency utilization, and stronger scale-invariant properties than novices, despite superior
accuracy. Phase-space analysis identified distinct attractor basins separating the two groups, consistent with

qualitatively different control regimes. We interpret these findings through a river network model in which
expert motor control integrates deterministic goal pursuit with stochastic exploration, producing adaptive ac-
curacy through structured variability. This fractal architecture suggests that skill acquisition involves the
development of multiscale control structures rather than error minimization, with potential implications for
training and rehabilitation design.

1. Introduction

Motor control presents a central question in movement science: how
does the nervous system coordinate abundant degrees of freedom to
produce both consistent and adaptable movement. This issue, first ar-
ticulated by Bernstein [1], is particularly evident in the context of expert
performance. Traditional motor control theory posits that expertise
develops through enhanced deterministic control, characterized by
increased movement accuracy, reduced variability, and minimized error
[2-4]. However, empirical evidence indicates that expert performers
often exhibit greater movement variability alongside superior task
outcomes [5,6]. This apparent contradiction suggests that current
models of motor control may not fully capture the complexity of skilled
performance.

The mathematical modelling of motor behaviour has historically
followed two paths. Deterministic models, characterized by differential
equations, such as % = k(Teny — T), predict unique trajectories from
initial conditions [7,8]. These models effectively describe stable,
repeatable movements but fail to capture the adaptive flexibility
observed in skilled performance [9]. In contrast, stochastic models,
incorporating random walks X(n+1) = X(n) + Z(n) embrace variability

but often lack the structured coordination necessary for goal-directed
action [10,11]. Neither approach alone explains how experts achieve
precise outcomes through variable means.

This paradox may be elegantly resolved by fractal theory. As Man-
delbrot demonstrated [12,13], fractals emerge when deterministic and
stochastic mathematical processes repeatedly branch and interweave
[14]. The classic river system analogy illuminates this principle. While
tributary directions appear stochastic and unpredictable, the overall
flow adheres to deterministic physical principles [15,16]. Recent studies
in biological physics reveal that fractal organization permeates physio-
logical systems, ranging from neural networks to cardiovascular
branching [17,18]. Indeed, fractal properties have been identified in
skilled motor behavior: Bril et al. [19] demonstrated functional action
adaptations in tool use expertise, Nonaka and Bril [20] revealed char-
acteristic scaling exponents in the hammering behavior of bead crafts-
men, and Bennett et al. [21] operationalized fractal dimensions in hand
movement for human-computer interaction. These findings suggest that
expert motor control may represent a fractal system in which apparent
stochastic exploration serves deterministic performance goals.

A previous study [22] revealed that the expert-novice distinction
embodies this fractal branching principle. Using haptic perception tasks
(Supplementary Material Fig. S1), where sensory information emerges
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through the movement itself [23,24], we found that: (i) despite
achieving superior accuracy (deterministic outcome), experts utilize
broader frequency spectra and more flexible movement trajectories
(stochastic process); (ii) while demonstrating poor accuracy, novices
rely on narrow, predictable movement patterns; and (iii) the two skill
levels created distinct attractors in the deterministic-stochastic phase
space, with experts and novices occupying opposite quadrants.

To be specific, the previous investigation demonstrated that experts
and novices occupied distinct regions in the deterministic-stochastic
phase space [22]: experts clustered near low error (deterministic suc-
cess) and high-frequency bandwidth (stochastic richness), whereas
novices occupied the opposite region—high error with narrow fre-
quency usage. This creates a double-well potential landscape with two
stable attractors that can be formalized through our phase-space model:

V) = [~ %)+ 0~ yao?] ¢ [( = Xep)* 4 (¥~ ) |
+hx+y)

Where x and y represent deterministic measure (error)and stochastic
measure (frequency bandwidth), respectively; (Xexp, Yexp) = (0.2, 0.8) -
low error, high stochasticity, (Xnov, Ynov) = (0.8, 0.2) - high error, low
stochasticity. This creates fractal branching dynamics, in which the
system can transition between basins through stochastic exploration
(analogous to tributary development), whereas deterministic forces pull
toward attractor states (analogous to gravitational flow)(Fig. 1).

From a fractal perspective, these attractors represent fundamentally
different solutions to the deterministic-stochastic integration challenge.
Expert fractal architecture resembles mature river systems, developing
branching networks of movement solutions where the deterministic
‘main channel’ (task goal) is supported by rich ‘tributary’ variations that
enable stochastic exploration. This creates fractal self-similarity:
Movement strategies branch into sub strategies, each maintaining the
same integration principle across temporal and spatial scales.
Conversely, novices resemble simplified stream channels — single,
predictable pathways lacking tributary complexity. Their deterministic
approach limits stochastic exploration, resulting in a brittle performance
that fails under changing conditions.

The river system metaphor extends beyond analogy, offering a
quantitative framework for understanding motor control dynamics. In
riverine networks, the branching ratio Rg = N’:fl
network complexity, where N; represents branches of order i [25].
Similarly, motor control hierarchies may follow analogous scaling laws,
with experts developing richer branching structures (Rg =~ 3.2)

characterizes the
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compared to novices (Rg ~ 1.8). The fractal branching observed in
expertise development parallels riverine network formation through
distinct stages: (i) Initial Conditions, in which novices resemble young
streams following simple, single-channel deterministic paths; (ii) Trib-
utary Development, in which alternative movement solutions emerge
through stochastic exploration with practice; (iii) Network Maturation,
in which experts develop rich tributary networks where stochastic
variation at local scales serves deterministic goals at global scales; and
(iv) Fractal Self-Similarity, in which the deterministic-stochastic inte-
gration principle repeats across multiple temporal and spatial scales [26,
27]. This fractal architecture enables what Bernstein described as
repetition without repetition, achieving consistent outcomes through
variable pathways [1]

Bernstein's degree-of-freedom problem [1,28] transforms from a
computational burden to a fractal resource problem. Instead of viewing
abundant degrees of freedom as a coordination challenge to be constrained,
fractal theory frames them as a branching network to be orchestrated. The
% X (Dmax —1) quantifies
how the degrees of freedom utilized are related to the fractal dimension
[29]. Experts learn to navigate this network fractally, allowing stochastic
exploration at tributary levels, while maintaining deterministic conver-
gence on task goals. This explains the paradoxical expertise pattern
observed: experts achieve superior deterministic outcomes precisely by
embracing stochastic processes, whereas novices' deterministic rigidity
hinders adaptive performance. This perspective aligns with recent neuro-
science findings, which show that the motor cortex operates near criticality,
naturally generating fractal-like variability patterns [30,31].

The present study extends this empirical and theoretical foundation
by applying comprehensive multifractal analysis to reframe our previ-
ous deterministic-stochastic findings [22], proposing that motor exper-
tise is fundamentally a fractal phenomenon. We tested three specific
hypotheses: (1) expert movement trajectories exhibit higher fractal di-
mensions compared to novices; (2) these fractal properties remain
scale-invariant across temporal windows from to 50 to 500 ms; and (3)
the phase space separation between expertise levels follows a
double-well potential with fractal basin structures, as formalized in our
mathematical framework. We hypothesize that the expertise-novice
distinction = embodies the fractal principle of repeated
deterministic-stochastic branching, with skill development representing
the mastery of fractal control architectures that integrate order and
flexibility across multiple scales.

mathematical relationship Dey =1 +
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Fig. 1. Representations of (left) expert and (right) novice characteristics emerging from deterministic-stochastic interactions (middle). The expert potential (left
panel, vermillion) displays a deeper primary basin with more complex spatial partitioning, indicating broader frequency utilization and adaptive variability. In
contrast, the novice potential (right panel, blue) exhibits a shallower basin configuration with limited partitioning, reflecting constrained frequency bandwidth and
rigid movement patterns. The metastable-to-stable transitions (marked by directional arrows) demonstrate how controlled noise facilitates exploration, with novices
remaining trapped in local minima while experts navigate flexibly between states. This differential basin topology represents the progressive unfreezing of degrees of

freedom during skill acquisition.
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2. Materials and methods
2.1. Participants

We conducted a fractal analysis of the trajectory and performance
data from a study on haptic motor control [22,23]. The dataset
comprised 20 right-handed participants: 10 expert table tennis players
who regularly competed in the Korea National League (mean age 21.3
+ 1.2 years, mean experience 8.4 + 2.1 years), and 10 novices with no
prior formal table tennis training or instruction (mean age 20.8 + 1.4
years) (collected 200 data points = 10 participants x 10 trials x 2
groups; recruitment dates 9 July 2017). None of the participants re-
ported any acute or chronic health issues and provided written informed
consent. This study was approved by the Seoul National University IRB
(SNUIRB No. 1509/002-002) and conducted in accordance with the
Declaration of Helsinki (Record ID 20481572).

2.2. Experimental procedures and apparatus

2.2.1. Task design

Participants performed a haptic ball-striking task using a custom-
designed racket (supplementary material S1.2) while seated at a desig-
nated workstation with their right forearms stabilized at the elbow (refer
to supplementary material S2.1 for the dominant hand determination
protocol). The racket, positioned on the right side and visually obscured
by an opaque curtain to eliminate visual feedback, required purely
haptic control based on tactile and proprioceptive information. Three-
dimensional movement trajectories were captured using the Qualisys
Track Manager motion-capture system integrated with Oqus 322 5 series
cameras (Qualisys, Sweden) and Visual 3D tracking software (C-Motion
Inc., USA) at a sampling frequency of 120 Hz (Fig. 2) (Supplementary
Material Fig S2.2). The racket was equipped with four reflective markers
and a piezoelectric accelerometer (vso300A1, T-nest, Korea) to control
the coefficient of restitution and measure the contact dynamics (refer to
Supplementary Material Fig S2.3 for technical specifications). This
sampling rate provides a Nyquist frequency of 60 Hz, well above the
relevant motion content of the task in which the dominant signal energy
lies below 15 Hz for upper-limb striking actions. The resulting margin
ensures that subsequent fractal estimates are unaffected by aliasing, and
the uniform time step h = 1/120 s ~ 8.33 ms supports stable numerical
integration of the trajectories (supplementary material S4.4 for full
numerical specification).
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2.2.2. Experimental protocol and data processing

Each participant completed ten successive trials spaced approxi-
mately 20 s apart. Trials began when the participants indicated readi-
ness and timed their racket swings to a metronome beat to strike a ball
suspended on a thread. After each swing, participants marked their
perceived point of racket-ball contact on a screen using a thin pencil,
allowing calculation of absolute error. Practice trials were provided
before data collection to ensure familiarity with the metronome timing
and task requirements. The raw positional data from the motion capture
system underwent standard biomechanical processing to reveal full
movement dynamics. Specifically, we transformed instantaneous
marker positions into cumulative displacement trajectories using ve-
locity integration. The velocity integration was implemented as a
discrete composite trapezoidal scheme with uniform time step h =
1/120s, applied to each trial independently. Per-trial processing was
used rather than concatenation to avoid spurious discontinuities at trial
junctions that would otherwise propagate into the scaling analyses. The
accumulated numerical error of this integration is bounded by the
standard trapezoidal error term and remains small relative to the signal
amplitude (supplementary material S4.4 for the error bound derivation
and the full numerical specification). This approach [32] converts small
positional variations (+0.15 m range in raw data) into the complete
movement excursion (—1.1 to 0.9 m amplitude), providing a compre-
hensive representation of the racket's path through space. This trans-
formation is essential for capturing the full kinematic signature that
distinguishes expert from novice movement patterns and enables sub-
sequent fractal analysis of movement complexity. This standard
biomechanical approach [29] reveals the temporal organization of
movement that instantaneous position data obscure, and has been
validated in prior motor control research for fractal characterization.

2.2.3. Stimulus conditioning
The coefficient of restitution (CR) was controlled as followsCR =

v/hup/hgown, Where the bounce height depends on the drop height
through gravitational acceleration. The drop height (i.e., 30 cm)

generated final velocities of (i.e., 0.077 m/s), calculated using 7f = -

1/ V? +2.7d-d (refer to supplementary material $2.3 for derivation).

2.3. Analyses

2.3.1. Deterministic feature analysis
Absolute error size was calculated as the primary deterministic
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Fig. 2. Coordinate transformation and measurement system for motion tracking. The schematic drawing illustrates: (Left) The relationship between local and global
coordinate systems, where a position in the local system (x',y’,Z) is transformed to the global system (x,y,2) using the position vector (Porigian)and rotation matrix R;
(Middle) Three levels of measurement levels (deterministic vs, stochastic) used in the experimental protocol, showing how spatial position data can be captured and
represented across dimensions (supplementary material S2); (Right) The fundamental 3D rotation matrices Ry, Ry, and R, used to mathematically describe rotations
around each principal axis. These matrices are combined to form the complete rotation matrix R used in the transformation equation Pgopqt = R: Piocat + Porigin,

enabling precise tracking of rigid body movement in three-dimensional space.
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measure (i.e., performance accuracy) using AE = >_1 ; |y; —T|/n, where
x; represents the actual contact position, T the target position, and n the
number of trials. The standard deviation quantifies the performance
variability among the participants. Statistical analyses, independent
t-tests were used to compare group means, with effect sizes calculated

n —1)s2+(np—1)s3

using Cohen's d: d = (X; — X2)/y/" a2 We calculated p-values
to assess statistical significance, using an alpha level of 0.05 for all tests.

The effect sizes were interpreted according to Cohen's guidelines as
small (d = 0.2), medium (d = 0.5), and large (d = 0.8) [33].

2.3.2. Stochastic feature analysis

Information content and predictability were assessed using Shannon
entropy [34] H(x) = — > ;P(x;)log 2 P(x;), where P(x;) represents the
probability of occurrence of the i-th value in the trajectory dataset (i.e.,
movement uniformity). Fast Fourier Transform (FFT) converted tem-
poral data to frequency domain [35] X(f) = [*_ x(t)e*7dt, where X(f)
represents the frequency domain signal, x(t) the time-domain signal,
and f the frequency. This analysis identifies stochastic patterns within
the frequency components and provide insights into the complexity of
the motions. Power Spectral Density (PSD) analysis revealed frequency

component distribution PSD(f) = Tlim[E [\XT(f)\z}, where E denotes

expectation operation and Xr(f) the Fourier transform confined to in-
terval [ — T/2,T/2] [36].

2.3.3. Fractal feature analysis

Building on the fractal geometry principles established by Mandel-
brot [12,13], we conducted a comprehensive fractal analysis to char-
acterize the geometric and temporal complexities of motor trajectories.
Motor control trajectories can be conceptualized as discrete dynamic
systems based on iterative mapping principles. Similar to the logistic
map that exhibits complex behaviour through simple iteration x,;; =
rxn(1 — x,), motor trajectories evolve through iterative position updates
in which current state influences subsequent movement. For 3D motion

capture data, we modelled trajectory evolution as 7,1 = F(?’n7 Vny

tn> + €n, where 7, represents position at time n, F the deterministic

motor control function, and e, the stochastic perturbations. The result-
ing trajectories exhibit fractal properties when viewed across multiple
temporal scales [37].

Following Mandelbrot's approach to coastline measurements, we
calculated the fractal dimensions using the box-counting method. Tra-
jectory data were normalized to unit coordinates and covered with
square grids of decreasing size ¢: D = £§glog N(e)/log (¢), where N(¢)

denotes the number of boxes needed to cover the trajectory. We prac-
tically used: = — log N(¢)/log (¢), across 20 logarithmically-spaced box
sizes ¢. The lower bound &y, was set near the inter-sample spacing
(émin ~ 1/N, where N is the number of samples per trajectory) and the
upper bound enq, Was set at one quarter of the normalized trajectory
length (emax = 0.25), yielding a scaling range standard for fractal-
dimension estimation of biological time series of comparable length.
Within this range, the linear region of the log N(e) versus log(1 /) plot
was used for slope extraction, and the R? > 0.95 criterion was applied as
an inclusion threshold for valid estimates (supplementary material S4.5
for full specification, robustness assessment, and bootstrap confidence
intervals). For each participant's trajectory (x;,y;,2;), we normalized the
coordinates to the [0,1] range, applied box-counting across multiple
scales, performed linear regression, and extracted the fractal dimension
from the slope. Following the fractal definition, which requires self-
similarity across at least three scales [38], we examined the trajectory
patterns across temporal windows of 50, 100, 200, and 500 data points.
Self-similarity was quantified using S = nljz?jll corr(pi,Pscated), where p;
represents trajectory segments at different scales, and psgeq the
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appropriately scaled reference pattern.

2.3.4. Multifractal spectrum analysis
To characterize scaling heterogeneity, we calculated multifractal
spectra using the partition function method [5]: x4(¢) = > ;[pi, (€))7,

(q) = limlog x,(¢)/10g (¢), a(q) = 42, f(a) = qalq) - t(g). The sin-

gularity spectrum width Aa = a(max) - a(min) characterizes multifractal
properties, with broader spectra indicating richer scaling behavior. The
partition function was evaluated over the g-moment range q € [-5, 5]
with step Ag = 0.5, chosen to capture both positive moments (sensitive
to high-density singularities) and negative moments (sensitive to
low-density regions) across the symmetric interval standard for biolog-
ical time series. Convergence was verified by linear scaling of log Z(q,¢)
versus log e across the g range (supplementary material S4.5 for
moment-by-moment scaling verification).

To assess the long-range temporal correlation within the fractal time
series, we applied detrended fluctuation analysis (DFA) [39], which was
conducted in five steps. First, the trajectory data were integrated to
produce a cumulative sum: Y(k) = Y, ;k[x(i) — X], where X represents
the mean of the original time series. Second, the integrated signal Y (k)
was divided into non-overlapping windows of size n. Third, within each
window, a second-order polynomial trend p,(k) was fitted and subse-
quently removed to eliminate local trends. Fourth, the root mean square
fluctuation was calculated across all windows as F(n) =

\/ {1 /N> _Nly(k) — p,,(k)]z], where N represents the total number of

data points. Finally, the scaling relationship between F(n) and window
size n was determined through log-log regression to extract the scaling
exponent « : F(n) ~ n”. The scaling exponent a provides critical insight
into the correlation structure of the time series: a = 0.5 indicates un-
correlated white noise, @ > 0.5 indicates persistent long-range correla-
tions characteristic of fractal processes, and a < 0.5 indicates
anti-persistent behavior where large values tend to be followed by
small values and vice versa. Building on strange attractor theory [40],
we reconstructed the phase space using deterministic (error) and sto-
chastic (frequency range) measures from our previous study. Basin
structure was modelled using the double-well potential: V(x, y) =

{(X - xexpen)z + (y_y&xpen>2] X [(X - xnovice)z + (y_}'novice)z} +ﬂ(x +
,y), where (xe)q)ert, ,Yexpert) approx (0.2, 0.8) and (Xnovice, Ynovice) APPToX
(0.8, 0.2) represent the empirically observed basin centers from our
data.

The two axes used here, x = absolute error and y = frequency
bandwidth, are task-functional collective variables in the sense of syn-
ergetics [28], not arbitrary projections of the high-dimensional senso-
rimotor state. They were chosen because the previous empirical work
showed that experts and novices separate cleanly along these two co-
ordinates [22]. The double-well V(x,y) is phenomenological in the sense
of Landau-Ginzburg potentials in statistical physics: it is constructed to
reproduce the basin topology observed in the data, with minima fit to
the empirical attractor positions rather than derived in closed form from

the microscopic trajectory dynamics F<?,,, Y, tn> [37]. The potential

is therefore best read as an effective order-parameter description sup-
porting phase-space classification, rather than a first-principles deriva-
tion (see supplementary material S4.6 for the details).

2.3.5. Statistical validation

The robustness and reliability of all the fractal measures were
rigorously validated using a four-pronged approach. First, we employed
bootstrap resampling with 1000 iterations to establish 95% confidence
intervals for each fractal parameter, ensuring that estimates were not
artifacts of specific data configurations. Second, we validated our
computational methods using synthetic fractal signals with known
theoretical dimensions (D = 1.3, 1.5, and 1.7), confirming that our
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algorithms accurately recovered these values within 2% error. Third, we
performed cross-correlation analyses between the fractal measures and
original deterministic (error) and stochastic (frequency bandwidth)
features to verify that the fractal dimensions captured meaningful as-
pects of motor control rather than measurement noise. Finally, to ac-
count for multiple comparisons across fractal analyses, we applied
Bonferroni correction with adjusted significance threshold: o_adjusted
= 0.05/k, where k represents the number of statistical comparisons
performed, ensuring that family-wise error rate remained below 0.05.

3. Results
3.1. Deterministic feature (performance accuracy validation)

The analysis of haptic accuracy revealed profound expertise-related
differences, establishing a deterministic foundation for motor control.
Empirical data from 200 trials (10 participants x 10 trials x 2 groups)
demonstrated that experts achieved significantly superior performance
accuracy (M = 2.124 cm, SD = 0.143) than novices (M = 4.215 cm, SD =
0.406). This difference was statistically significant, t (18) = 15.36, p <
0.001. The simulated data closely replicated these patterns (Table 1),
validating our modelling approach (Supplementary Material and
Table S1).

In Table 1, the larger empirical effect size reflects comparisons based
on participant-level means, which exhibit minimal within-group vari-
ance. In contrast, the simulated effect size incorporates full trial-level
variability, yielding a more conservative estimate of the expertise ef-
fect. This effect's magnitude was visualized from multiple perspectives
(Fig. 3). Individual participant data revealed complete separation be-
tween groups; all experts maintained mean errors below 2.4 cm,
whereas those of all novices exceeded 3.7 cm. Moreover, the experts
demonstrated superior performance consistency CV = coefficient of
variation (Expert CV: M = 0.47, SD = 0.08; Novice CV: M = 0.59, SD =
0.10), t (18) = 2.84, p < 0.01, indicating more stable motor
performance.

3.2. Stochastic feature (movement complexity validation)

Paradoxically, the kinematic analysis revealed that the experts’ su-
perior accuracy emerged along with increased movement uncertainty.
The Shannon entropy analysis of movement trajectories showed signif-
icantly higher values for experts across all spatial dimensions, with the
greatest difference on the z -axis (primary movement direction): experts
M = 3.854, novices M = 3.448, t (198) = 2.89, p < 0.01. This frequency-
domain pattern is summarized in Table 2.

This confirms that experts exhibit greater —movement
unpredictability—despite, or perhaps because of, their superior accu-
racy (refer to Supplementary Material Table S3 and S4 for more details
of the analysis). The frequency-domain analysis further substantiates
this paradox. The experts utilized a significantly broader frequency
spectrum (12.856 Hz) than the novices (10.394 Hz), t (198) = 4.73,p <

Table 1
Comparison of empirical and generated data for performance accuracy analysis.

Parameter Novice Group Expert Group Statistical Test
Empirical Mean AE (cm) 4.215 2.124 t (18) = 15.36
Empirical SD 0.406 0.143 p < 0.001
Simulated Mean AE (cm) 4.017 2.151 t (198) = —-8.216
Simulated SD 2.059 0.957 p < 0.001

Note. AE = absolute error. The empirical data show participant-level means (n =
10 per group, each mean calculated from 10 trials per participant), whereas the
simulated data show trial-level means (n = 100 trials per group). The larger
empirical effect size reflected between-participant differences; both confirmed
significant differences in expertise. p < 0.001.
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0.001. The power spectral density analysis revealed that experts
distributed movement energy across frequencies ranging from 1.5 to
23.0 Hz, while novices concentrated energy in a narrow 1.5-3.0 Hz
band. This broader frequency utilization represents an enhanced
exploratory capacity within the movement space (Fig. 3, bottom).

The coexistence of rigid accuracy constraints and flexible movement
exploration suggests that expertise emerges from a fractal organization
of motor control, a theme further explored in the following section
through phase-space analysis and attractor dynamics. To analyse
movement patterns comprehensively, we employed cumulative
displacement, calculated as Trajectory(t) = fé |P(7)|dz. This standard
biomechanical transformation amplifies the movement signature from
raw positional data (+0.15 m) to swing trajectories (—1.1 to 0.9 m),
ensuring that subtle coordination differences between experts and
novices are properly revealed in the subsequent analyses (Fig. 4),
convergent evidence from multiple analytical domains (deterministic
accuracy, kinematic patterns, and spectral content).

3.3. Fractal feature (geometric and temporal complexity)

The transformed trajectory data, representing cumulative movement
paths rather than instantaneous positions, provide the foundation for
fractal analysis. This preprocessing ensured that full movement dy-
namics were captured across multiple scales—a prerequisite for mean-
ingful fractal dimension calculations. The analysis revealed extensive
fundamental differences in movement complexity between expert and
novice performers across multiple dimensions.

Expert motor trajectories (n = 10 (participants per group]) demon-
strated significantly higher fractal dimensions (M = 1.67, SD = 0.12)
than those of novices (M = 1.23, SD = 0.08), t (18) = 12.47, p < 0.001).
Thus, expert movements exhibit substantially greater geometric
complexity, approaching the theoretical limit for complex planar tra-
jectories (D = 2.0), whereas novice patterns remain closer to simple one-
dimensional curves. Linear regression analysis revealed superior scaling
properties in experts (R% = 0.97 + 0.02) compared to novices (R? = 0.89

+ 0.05), t (18) = 6.23, p < 0.001, suggesting more robust power-law

scaling and fractal organization in expert movement patterns.

In addition, analysis of temporal self-similarity showed that experts
maintained significantly higher correlation coefficients across scales 2-
32 (M = 0.78, SD = 0.09) than novices (M = 0.52, SD = 0.11), t (18)
= 7.18, p < 0.001. This scale-invariant property confirms that expert
movement preserves the fractal structure across multiple temporal res-
olutions. Expert trajectories exhibited significantly broader multifractal
spectral widths than those of novices, t (18) = 9.42, p < 0.001, indi-
cating heterogeneous scaling properties and richer dynamic complexity
characteristics of mature motor control systems. The full statistical
summary of fractal measures across groups is provided in Table 3.

Convergent evidence from multiple fractal analyses demonstrates
that expert motor control operates within a fundamentally different
dynamic regime than novice performance. Higher fractal dimensions,
preserved self-similarity, and broader multifractal spectra indicate that
expertise involves refined execution as well as qualitatively distinct
organizational principles characterized by multiscale complexity. These
patterns demonstrate that motor expertise is characterized by scale-
invariant fractal properties that preserve structural complexity across
multiple temporal resolutions (Supplementary Material, Fig. S3).

3.4. Multifractal singularity spectrum

The analysis of local scaling properties revealed fundamental dif-
ferences in movement organization. Experts demonstrated left-skewed
multifractal spectra (Af = —0.23 + 0.08), indicating frequent small-
scale adjustments, while novices showed near-symmetric spectra (Af
= —0.09 + 0.05). Temporal analysis via DFA confirmed that experts
operate near the critical boundary (¢ = 0.75 + 0.06) for optimal
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Fig. 3. Comprehensive analysis of motor expertise across deterministic and stochastic domains. Left panel shows schematic experimental measurements. Upper
middle panel shows performance accuracy: Box plots show absolute error distributions (n = 200 for trial-level comparisons) with experts demonstrating lower error
(M = 2.151 cm) than novices (M = 4.017 cm), t (198) = —8.216, p < 0.001. Inset shows individual participant consistency (coefficient of variation vs. mean error).
Upper right panel shows its effect size visualization. Inset shows raw error density with minimal overlap. Bottom middle panel shows movement trajectories for
expert (red) and novice (blue) groups across three axes (supplementary material Table S1, S2). Bottom right panel denotes its frequency domain analysis: Main plot
shows frequency spectrum amplitude (0-30 Hz). Inset displays power spectral density with experts utilizing broader bandwidth (12.856 Hz) versus novices (10.394
Hz), demonstrating the expertise achieving deterministic outcomes through stochastic exploration (refer to supplementary material S4 for frequency analysis detail).

Table 2 adaptability, whereas novices exhibit uncorrelated random walk dy-
able

. . . . namics (¢ = 0.51 + 0.07). The integration of deterministic and

Comparison of empirical and generated data for frequency domain analysis.

Parameter Novice Group  Expert Group  Statistical Test

Trajectories (range) 100 (5~10) 100 (10~20) Table 3

Noise level 0.06 0.03 Comprehensive statistical summary of fractal measures.

Frequency bandwidth (Hz) 10.394 12.856 t (198) = 4.73***

Dominant frequency (Hz) 1.5-3.0 1.5-23.0 Parameter Novice Group Expert Group Statistical Test

Movement entropy (Z-axis)  3.448 3.854 t(198) = 2.89* Fractal dimension (D) 1.23 +0.08 1.67 +0.12 t(18) = 12.47

. . 2 —
Note. Data from 100 simulated trajectories per group (n = 200 trials). The Scaling consistency (R”) 0.89 +0.05 0.97 +0.02 t(18) = 6.23
complexity range indicates the number of frequency components. The noise Mean self-similarity 0.52 £ 0.11 0.78 £ 0.09 £(18)=7.18
p g duency comp ' Multifractal width (A@) ~ 0.41 & 0.09 0.85 £ 0.15 £(18) = 9.42

level represents the residual variance (standard deviation of the high-frequency

components above 30 Hz) after primary signal extraction, with lower values
indicating more consistent movement patterns. The frequency bandwidth con-
tains 90% of the spectral power. Movement entropy was calculated using
Shannon entropy. Experts showed broader frequency utilization and higher
entropy despite lower noise, demonstrating the expertise paradox. ** p < 0.01,
*** p < 0.001.

Original Trajectories

Integration: [|P(1)|dT

Note. Values represent mean + SD from n = 10 participants (level) per group.
Fractal dimension calculated using box-counting method with theoretical range
1.0-2.0 for planar trajectories. The self-similarity range showed correlation
coefficients ranging from 2 to 32. The multifractal width indicates the hetero-
geneity of the scaling properties. All measures demonstrate that experts exhibit
greater complexity with preserved structure across scales, embodying the prin-
ciple of ‘structured variability’ in skilled performance.
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Fig. 4. Trajectory and self-similarity analysis of expert versus novice motor patterns. Left pane represents time series trajectories over a 3.8-s window demonstrating
multi-frequency complexity in experts (vermillion line, 5 frequency components: 2z, 5x, 117, 237, 471) compared to simpler dual-frequency patterns in novices (blue
line, 2 components: 2, 41). Middle panel shows cumulative displacement through integration fé |P(7)|dr, showing progressive accumulation. Right panel denotes
self-similarity preservation across temporal scales (2-32) quantified by correlation coefficients between original and scale-transformed trajectories. Experts maintain
high self-similarity (r > 0.80) across all scales, whereas novices show progressive correlation decay.
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stochastic measures reveals distinct dynamic regimes. The experts
occupied a basin characterized by low error and high complexity,
whereas the novices showed an inverse pattern. This separation enabled
classification of all participants in the present sample using sample-
derived cut-offs for the fractal dimension (1.5) and multifractal width
(0.7) (Supplementary Material Fig S4). Given the modest sample size (n
= 10 per group), these specific cut-off values require re-estimation
against independent cohorts before broader application (see supple-
mentary material S4.7 for the explicit limits of within-sample classifi-
cation). The complete phase-space and temporal dynamics parameters
are reported in Table 4.

Fractal dimension exhibited a strong negative correlation with the
absolute error and a positive correlation with the frequency bandwidth,
confirming that movement complexity enhances performance accuracy
(Fig. 5). This paradox (precision through variability) is resolved by
recognizing that expert movements form fractal architectures, where
multiscale fluctuations create adaptive pathways for target achieve-
ment. The phase-space analysis demonstrates that skill acquisition rep-
resents a topological transition: novices remain confined to shallow
attractors with limited degrees of freedom (D < 1.4), while experts ac-
cess deeper basins with rich fractal structures (D > 1.5), enabling flex-
ible navigation through perturbations. This fractal reorganization
transforms random exploration into structured adaptability, embodying
Bernstein's solution to the degrees-of-freedom problem.

3.5. Fractal organization and river system integration

We examined trajectory patterns across multiple temporal scales to
validate the fractal nature of motor expertise. This multiscale analysis
revealed fundamental differences in how experts and novices organize
movement variability over time.

The expert trajectories consistently maintained fractal properties
across temporal windows ranging from 50 to 500 data points (0.42-4.17
s), demonstrating remarkable scale invariance (coefficient of variation
= 0.08). In contrast, novice patterns showed significant scale-dependent
variability (CV = 0.23), indicating an unstable fractal organization [t
(18) = 8.44, p < 0.001]. The experts exhibited significant fractal orga-
nization at three distinct temporal scales (50 ms, 200 ms, and 800 ms
intervals), satisfying the minimal requirements for fractal classification.
Novices demonstrated fractal properties only on a single scale, reflecting
the limited hierarchical complexity of their movement organization.

Fractal analysis naturally led to a river system analogy for motor
control. To synthesize these multi-scale findings, we developed a model
(Fig. 6) illustrating how deterministic constraints (main channels)
integrate with stochastic variability (tributaries) to produce adaptive
expertise, demonstrating the hierarchical decomposition of movement
into structured and variable components. To ensure the robustness of
our fractal measures, we performed bootstrap analysis (n = 1000 iter-
ations; bootstrap resampling was performed on participant-level fractal
dimension estimates). The results confirmed non-overlapping 95%
confidence intervals between the groups (Expert: [1.61, 1.73]; Novice:
[1.18, 1.28]), supporting significant group differences. Method reli-
ability was validated using synthetic fractal signals with known

Table 4

Phase space and temporal dynamics parameters.
Measure Novice Expert t(18) Cohen's d
Deterministic error 0.81 +0.14 0.43 £+ 0.09 7.31 3.26
Stochastic complexity 0.42 + 0.08 0.79 £ 0.11 8.89 3.97
DFA exponent (o) 0.51 + 0.07 0.75 £+ 0.06 7.18 3.23
Spectrum asymmetry (Af) —0.09 + 0.05 —-0.23+0.08 4.71 2.11

Note. Values represent mean + SD. Basin separation: 0.53 normalized units. DFA
critical boundary: @ =~ 0.75. Classification thresholds: fractal dimension = 1.5,
multifractal width = 0.7, 100% within-sample classification.
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dimensions (D = 1.5, 1.8), which were accurately recovered (D = 1.49

+ 0.02, 1.81 + 0.03). The fractal organization and river-system char-

acteristics are summarized in Table 5.

These results demonstrate that motor expertise is defined by fractal
organization across multiple temporal scales. The expertise-novice
distinction reflects different solutions to Bernstein's degree-of-freedom
problem: experts form mature, river-like fractal architectures that
enable flexible adaptation with stable performance, while novices
display scale-dependent, constrained patterns resembling rigid, poorly
branched streams (Fig. 7).

4. Discussion

Our investigation revealed that motor expertise embodies fractal
organizational principles, providing evidence that complements and
extends current understanding of how the nervous system addresses
Bernstein's degree-of-freedom problem. The empirical demonstration of
higher fractal dimensions in expert trajectories versus novices quanti-
tatively supports a theoretical point where skilled performance emerges
from integrating deterministic constraints and stochastic exploration
across multiple scales.

4.1. Fractal architecture with the river system model

The central paradox identified in prior work [22], experts achieving
superior deterministic outcomes despite greater movement variability,
may be understood through fractal theory. Our results demonstrate that
expert performers do not minimize error (2.124 cm mean absolute error)
through rigid control, but rather achieve precision through a sophisti-
cated fractal architecture embracing controlled variability (frequency
bandwidth: 12.856 Hz versus 10.394 Hz for novices). These finding
challenges traditional motor control theories equating expertise with
variance reduction [2,33].

Fractal dimension analysis reveals that expert movement patterns
approach the theoretical limit for complex planar trajectories (D — 2.0),
while novice patterns remain closer to simple one-dimensional curves.
The observed values (Expert: D = 1.67; Novice: D = 1.23) fall within the
typical range for biological movement trajectories (D ~ 1.1-1.8),
consistent with fractal dimensions reported in skilled tool use and
dexterous manipulation [20]. This geometric complexity reflects a
fundamental reorganization of motor control, rather than mere para-
metric refinement. The observed scale-invariant properties (self--
similarity correlation: 0.78 + 0.09 for experts versus 0.52 + 0.11 for
novices) indicate that this organization persists across temporal scales
from 50 to 500 ms, suggesting a universal principle governing skilled
movement.

Moreover, the river system analogy, central to fractal theory [15,16],
provides more than metaphorical insight. Our quantitative analysis re-
veals that expert motor control follows branching principles analogous
to the Horton-Strahler ordering in geomorphology [25]:

N;
Nip

Rp=

This branching ratio quantified the observation that experts main-
tained approximately three tributary movement options per hierarchical
level, compared to fewer than two for novices [Rp ~ 3.2 (experts) versus
1.8 (novices)]. The practical significance lies in the system's capacity for
adaptive response: when perturbations occur, experts can redirect
movement through alternative tributaries, whereas novices remain
confined to rigid channelized patterns. The mechanism behind this
rerouting capacity is the scale-invariant redundancy of the branching
network. At each hierarchical level, the higher branching ratio in experts
provides multiple equivalent paths to the same task-relevant outcome,
so that the loss or constraint of any single path at one level can be
compensated by alternative paths at the same or adjacent levels. This
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Table 5
Summary of fractal organization and river system characteristics.
Characteristics Novice Expert Ratio (E/ Statistical
N) Test
Fractal Dimension 1.23 + 1.67 + 1.36 t(18)=12.89
(D) 0.03 0.04
Temporal Scales 1 level 3 levels 3.0 ¥*(1) = 16.00
Scale Consistency 0.23 0.72 + 0.35 t (18) = 8.44
(cv) 0.08
Tributary Amplitude 0.19 0.77 4.05 t(18) = 9.54

Note. CV = coefficient of variation, n = 10 (participants per group).

redundancy is dynamic in functional terms even though the underlying
network description is topological: it is the availability of equivalent
local alternatives, not literal fluid rerouting, that allows the system to
maintain task performance under perturbation. The river-network
analogy is therefore used here as a structural template, with the dy-
namic resilience arising from the scale-invariant organization of that
structure rather than from the network being itself in motion (see sup-
plementary material S4.7 for the details). Flow distribution in expert
movement networks followed a modified Murray's law [34] adapted for
motor control.

dy= Z:ildig

where d, represents the main movement channel amplitude and d; the
tributary contribution. This principle, originally describing vascular
optimization, explains how experts achieve efficiency through apparent
complexity, fractal branching minimizes overall system effort while
maximizing adaptability.

4.2. Implications for motor learning and skill acquisition

Our findings transform Bernstein's problem from a computational
burden that requires constraints to a resource-enabling adaptation [1,
28]. The empirical relationship between the fractal dimension and de-
grees of freedom utilized is as follows:

log (DOF yive )

Dp=1+-—"———+
# log (DOF toml)

(Dmax - 1)

We found D ~ 1.23 for novices and D ~ 1.67 for experts, quantifying
Bernstein's insight that expertise involves orchestrating rather than
eliminating degrees of freedom. This fractal organization enables what
Bernstein described as ‘repetition without repetition,” achieving
consistent outcomes through variable means. Phase-space analysis
provides mechanistic insights into this process. The double-well poten-
tial landscape, with basin depths differing threefold between experts
(~2.8 units?) and novices (0.9 unitsz), demonstrates that expertise
creates deeper, more stable attractors that paradoxically allow greater
exploration. This stability-flexibility duality is resolved through fractal
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flow with limited tributary contributions. Bottom panel illustrates the complete river system networks, with experts displaying a rich tributary network emanating
from the main channel, contrasting with novices' channelized stream. Flow arrows indicate movement direction. This visualization captures how motor expertise
emerges from the integration of deterministic task constraints (main channel) and stochastic movement variability (tributaries), providing a solution to Bernstein's
degrees of freedom problem through the principle: deterministic main channel + stochastic tributaries = adaptive expertise (Supplementary Material Fig. S7 for

more details).

architecture (local stochastic variations serve global deterministic
goals).

As a hypothesis for future longitudinal study, we propose that the
temporal evolution of fractal dimension during skill acquisition might be
described by:

Dexpent - Drwvice

D(t) = Drovice + 11 P

Tentative parameter values consistent with the cross-sectional data
and the motor learning literature [35,36] would place k~ 0.15
months ™! with an inflection at t, ~ 24 months of deliberate practice.
Under this hypothesis, skill acquisition would involve a critical transi-
tion period where fractal architectures reorganize, consistent with the
‘unfreezing’ of degrees of freedom described in dynamical systems ap-
proaches [37]. Extending the same propositional framing, a candidate
training dynamics formulation might read:

dD
E = )/V(t) (Dtmget - D(t)) - 5(D(t) - Dbmeline)

Such a formulation would suggest that appropriate variability V(t)
accelerates fractal development, while the decay term reflects regression
without practice. If supported by future longitudinal data, this propo-
sition would imply a training-design principle whereby variability is
maximized when D(t) is far below Diqg.r and progressively reduced as
expertise approaches the target, to avoid destabilizing established pat-
terns. These equations and their practical implications remain theoret-
ical propositions awaiting longitudinal validation.

4.3. Emergence of complexity through simple rules

The continuous formulations developed in Sections 4.1 and 4.2
describe motor expertise at the trajectory level. We now turn to a
complementary description in which the discrete-time structure of
sensorimotor control is made explicit. Motor control unfolds as a
sequence of locally applied decisions at each sensorimotor cycle, in
which the next movement state is determined by the current state and a
small neighbourhood of recent states.

A cellular automaton is the natural discrete-time abstraction of
precisely this local-update structure, while the continuous differential
and stochastic formulations describe the macroscopic flow that emerges
when many such local updates are integrated over time [38]. The two
descriptions are therefore complementary rather than alternative: the
continuous equations capture the trajectory-level behaviour observed in
the data, and the cellular automaton specifies the local rule from which
that behaviour can emerge. This complementarity is well established in
complex systems theory, where coarse-grained continuous descriptions
and discrete local-rule models routinely coexist for the same natural
system [26] (see supplementary material S4.6 for the descriptions used
here). The observed expertise patterns align with principles from
cellular automata theory [38,39], where complex behaviours emerge
from simple, locally applied rules. Expert movement can be expressed as
follows:

Si(t+1) =£(Si-1(6), Si(t), Sea (1))
where the apparent stochasticity emerges from the deterministic rule

application across multiple degrees of freedom. This perspective sug-
gests that motor expertise parallels cellular automata balanced at the
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‘edge of chaos,” optimizing the integration of order and variability [40].

Fig. 8 presents a visual synthesis of how cellular automaton princi-
ples are mapped onto our empirical findings. Expert motor control (left
panel) emerges from the CA, which generates complex, unpredictable
patterns from simple rules. This results in rich tributary systems (~100+
branches across six hierarchical levels with a 40° angular spread) mir-
roring broad frequency spectra (12.856 Hz) and high fractal dimensions
(D = 1.67). In contrast, novice controls (right panel) followed CA, pro-
ducing structured periodicity with limited branching (~10 branches,
two levels, 20° spread), consistent with their narrow frequency usage
(10.394 Hz) and lower fractal dimensions (D = 1.23). These dynamics,
mapped onto the double-well potential landscape (centre panel of
Fig. 8), revealed that experts occupy a deeper basin (low error/broad
frequency), whereas novices remain confined to a shallower basin (high
error/narrow frequency). The skill development trajectory connecting
these basins demonstrates that expertise emerges from the development
of fractal architectures integrating deterministic accuracy (main chan-
nel) with stochastic exploration (tributaries) (Supplementary Material
Table S3 and S4).

Therefore, motor expertise may reflect the evolution of CA, with the
complexity of emergent behaviour quantified by the following rela-
tionship:

C(t) =1og, [N(t)]-H(S) /Hmax

where C(t) is the complexity measure, N(t) is the number of active de-
grees of freedom, H(S) is the entropy of the state distribution, and Hpqy is
the maximum possible entropy. Novices operate with constrained rule
sets (low N, low H), producing predictable, low-dimensional behaviours
analogous to simple periodic patterns in cellular automata. Conversely,
experts have internalized rule sets that generate complex, adaptive be-
haviours (high N, high H) resembling cellular automata balanced at the
‘edge of chaos,” where deterministic rules yield seemingly stochastic yet
functionally coherent patterns [41].

The fractal properties of expert movement (higher entropy and
broader frequency spectra) align with the self-similar patterns generated
by cellular automata rules. Similar to Rule 110, which achieves uni-
versal computations through simple local interactions [39], expert
motor control may attain adaptive flexibility via recursive sensorimotor
rules across nested timescales. This computational perspective re-
inforces our double-well potential model: the transition from novice to
expert basins signifies quantitative improvement and a qualitative shift
from simple, constraining rules to complex, generative ones that balance
order and variability.
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4.4. Connections to broader biological principles

Our findings revealed that motor expertise follows the universal
scaling laws characteristic of biological systems across diverse scales,
from vascular networks to neural architectures [17,18]. By analysing the
relationship between movement complexity (quantified through fractal
dimension) and performance metrics, we identified power-law scaling
relationships that mirror the governing fundamental biological
processes.

The inverse relationship between accuracy and complexity (b =
—2.1) indicates that each unit increase in fractal dimension corresponds
to an exponential reduction in error magnitude. Specifically, the tran-
sition from novice (D = 1.23) to expert (D = 1.67) fractal dimensions
predicted a approximately 2.4-fold reduction in error, closely aligning
with the observed ratio (4.215/2.124 = 1.98). Conversely, the positive
scaling of adaptability (b ~ 1.8) quantifies how increased fractal
complexity enhances behavioral flexibility—experts’ broader frequency
utilization (12.856 Hz versus 10.394 Hz) scales predictably with their
higher fractal dimensions. These scaling exponents fall within the range
observed in metabolic networks (b = 0.75) and distribution systems (b =
0.67-1.0), suggesting that motor control may have evolved under anal-
ogous optimization constraints [42,43]. Similar to how cardiovascular
systems use fractal branching to balance energy expenditure and
coverage, motor systems employ fractal organization to balance accu-
racy and adaptability—reflecting shared organizational principles
across biological systems.

From an information-theoretic perspective [44], fractal architectures
emerge because they maximize the mutual information between
movement variability (X) and task outcomes ((Y).

Imutual :H(X) + H(Y) - H(X7 Y)

where H denotes Shannon entropy. Our data support this principle:
experts maintain high movement entropy (H(X) = 3.854) while
achieving low outcome entropy (H(Y) corresponding to consistent ac-
curacy), yielding greater mutual information than novices, who exhibit
lower movement entropy (H(X) = 3.448) despite higher outcome vari-
ability. Therefore, fractal organization enables optimal information flow
from sensory perception to motor execution, with each hierarchical level
preserving task-relevant information while filtering noise.

The universality of these principles shows motor expertise as part of
biological optimization, where fractal architectures (found in river,
neural, and motor systems) address multiscale challenges by balancing
efficiency, information processing, and flexibility. Furthermore, the
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connection to cellular automata theory links motor control to universal
principles of complex systems and self-organized criticality [45].
Indeed, this observation challenges traditional variance reduction ap-
proaches by suggesting that practice regimens that systematically
introduce variability may promote the 'unfreezing' of degrees of freedom
[46], though longitudinal studies are needed to test this hypothesis. Our
findings support emerging views that skill acquisition involves orches-
trating, rather than eliminating, variability—integrating predictability
and variability in biological intelligence [47].

4.5. Limitations and future directions

Although our fractal reanalysis revealed fundamental organizational
principles, it faces some limitations. First, the cross-sectional design
limits direct observation of fractal development during skill acquisition,
warranting longitudinal studies for stronger causal inferences. Second,
controlled laboratory environment may not fully capture the fractal
dynamics of real-world performance, as environmental variability can
modulate fractal properties. Finally, the relationship between behav-
ioural fractals and neural mechanisms remains unclear. We hypothe-
sized that fractal motor patterns emerge from neural avalanche
dynamics [30,31]:

P(s) ~s7"

where 7 ~ 1.5 at criticality. Future research should longitudinally track
fractal dimension evolution, investigate the neural correlates of behav-
ioural fractals, and test their generalizability across diverse motor skills
[48].

5. Conclusion

This study demonstrated that motor expertise exhibits fractal orga-
nization, with experts achieving higher fractal dimensions and greater
accuracy. Fractal theory resolves this paradox by showing how experts
integrate deterministic constraints with stochastic variability. The river
system model proved quantitatively valid, with expert branching ratios
nearly double those of novices. Phase-space analysis revealed that ex-
perts occupied deeper attractor basins that permit exploration while
maintaining stability. Therefore, this study provide both theoretical
understanding and practical tools for enhancing human performance. It
embraces the fractal nature of expertise for training design, rehabilita-
tion, and human-machine interfaces that align with, rather than sup-
press, the inherent variability of biological control. Future neuroimaging
studies should examine if expert brains operate in near-critical states,
generating fractal patterns. Real-time fractal measurements are needed
to capture dynamic fluctuations obscured by averaged analyses.
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