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A Bayesian Approach to Portfolio Selection and Revision* 

Robert L. ~inkler** and Christopher B. ~arr? * *  

I. Introduction 

In portfolio analysis, the basic setting is that of an 

individual or a group of individuals making inferences and 

decisions in the face of uncertainty about future security 

prices and related variables. Formal models for decision 

making under uncertainty require inputs such as probability 

distributions to reflect a decision maker's uncert,ainty about 

future events and utility functions to reflect a decision 

maker1 s preferences among possible consequences GO] . More- 

over, when a series of interrelated decisions is to be made 

over time, the decision maker should 1) revise his probability 

distributions as new information is obtained and 2) take into 

account the effect of the current decision on future decisions. 

In terms of formal models of the decision-making process, 

probability revision can be accomplished by using Bayesf 

theorem and the interrelationships among the decisions can be 

taken into consideration by using dynamic programming to de- 

termine optimal decisions. Since portfolio selection and 

revision involves a series of interrelated decisions made over 

time, formal portfolio models should, insofar as possible, 

- 
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incorporate these features. A search of the extensive 

literature concerning portfolio models indicates, however, 

that such models have ignored one or both of these features. 

Since Markowitz [lq developed his original model of 

portfolio selection, a considerable amount of work has been 

conducted in the area of mathematical portfolio analysis, and 

much of this work is summarized by Sharpe [31] and Smith [33). 

Although the emphasis in portfolio analysis has been primarily 

on single-period models and portfolio selection, multiperiod 

models and portfolio revision are investigated by Tobin [35], 

Smith C32], Mossin [21], o g u e  [22], Chen, Jen, and Zionts [3], 

a.nd Aakansson [13,14] . In addition, general multiperiod models 

of consumption-investment decisions are developed by Hakansson 

[10,11,12], Merton [19], Samuelson [29], Fama [GI, and Meyer [20]. 

However, it is generally assumed that the probability distri- 

butions of interest are completely specified and that they are 

unaffected by new information, implying that the portfolio 

revision models do not involve probability revision over time. 

Bayesian models have received virtually no attention in the 

portfolio literature. Mao and S2irndal [17] present a simple, 

discrete, single-period Bayesian model in which the returns 

from securities are related to the level of general business 

activity and information is obtained concerning business 

conditions. Kalymon [lc] develops a model that is similar to 

the inferential model presented in Winkler [37] and discussed 

in Section I1 of this paper, but his paper is primarily con- 

cerned with measuring "risk" in terms of the variance of returns; 



the implications of changes in the relevant distributions 

over time with respect to multiperiod portfolio models are 

not investigated. 

The purpose of this paper is to present general models 

for portfolio selection and revision that utilize Bayesian 

inferential procedures to formally update probability distri- 

butions as new information is obtained. Both single-period 

(myopic) models and multiperiod models are considered. In 

Section I1 a Bayesian inferential model is discussed, and in 

Section I11 the portfolio selection and revision models are 

presented. Section IV illustrates the models with examples 

involving linear and quadratic utility, and a brief summary 

and discussion is presented in Section V. 

11. A Bayesian Model for Forecasting Future Security Prices 

Suppose that a particular security is under consideration, 

and let Gi represent the price of that security at time i, 
where i = 0 corresponds to the current time. The objective 

in developing a model to forecast a future price such as xt 
is to include restrictions that simplify the analysis without 

gre2tly limiting the realism of the model. As a starting 

point, a very simple model will be presented. The model deals - - - 
with price differences, di = x - x i i-1' and assumes tk,at the 

price differences are independent and identically distributed 
- 

and that the distribution of di belongs to a certain family 

of distributions which may be indexed by the parameter (or 
- 

vector of parameters) 0. Given a prior distribution, f(0), 



the marginal distribution at time 0 of xt, which is called 

a predictive distribution in Bayesian terminology, can be 

found . - 
For example, suppose that di is normally distributed with 

unknown niean and known variance u2 and that the prior distri- 

bution of is a normal distribution with mean mo and variance - 
2 u /no. Then at time 0, the marginal distribution of di 

is a normal distribution with mean mo and variance 

2 (no + l)u /no, and the predictive distribution f(xt)xo) is a 
2 

normal distribution with mean xo + tmo and variance (n + t)u /no. 0 

Note that the particular choice of distributions greatly - 
simplifies matters. Since di is normally distributed for each 

i, the sum of price differences dj = Gt - xo is normally 
j=1 

distributed. Given that is also normally distributed, the 

derivation of f(xtlxo) is quite simple. 
- 

Eayes' theorem is used to revise the distributions of 0 
- 

and of xt as new informati.on in the form of observed prices 

becomes available. To simplify matters, it is assumed that 

the only relevant information available in the ith time period 

(the period -from time i-1 to time i) is xi. For the example 

utilizing normality assumptions, the distribution of at time 

i(i = 1, ..., t - 11, f(p(xo, ..., xi), is normal with mean 
2 2 m = (nomo + xi - xO)/(nO + i) and variance u /ni = 0 /(no + i) i 

The predictive distribution of xt at time i is normal with 
2 mean x + (t - i)mi and variance (n + t - i)u /ni. i i 



Perhaps the most important aspect of the implementation 

of a model of this nature is the determination of the neces- 

sary inputs, which include the length of the time intervals, 

the definition of price, the measure of price shifts, the 

statistical model for the data-generating process, and the 

prior distribution. As in any modelling situation, the in- 

puts must be chosen to provide a suitable balance between 

realism and manageability. 

From a decision theoretic standpoint, the average, high, 

and low prices of a security during a period may be of greater 

interest than the closing price at the end of the period. 

The model in this paper can be formulated in terms of closing 

price,;, average prices, high prices, low prices, or possibly 

yet other definitions of price. The definition of price may 

affect other details of the model (e.g. the variance of an 

average price might be expected to be smaller than that of 

a closing price), so it is necessary to carefully specify 

which definition is to be used (see [36] ) .  

In the literature concerning probability distributions 

relating to security prices, the variable of interest is 

frequently the difference in the natural logarithms of prices. 
-- - 

Replacing di with Ai = log xi - log Xi-l would be a convenient 
modification of the model if the process that generates 

differences in log prices can be represented by a reasonably 

tractable family of distributions. For instance, the 

normal family of distributions, which is relatively easy to 

work with, may provide a closer fit to differences in log 



prices than to straight differences in prices. Furthermore, 

a difference in log prices is the logarithm of 1 + ? where i ' - - - - 
r. = (xi - Xi-l)/~i-l. If the time periods are short enough 
1 

that values of ri far from zero are very unlikely, then Ai is 
approximately equal to ri, which is a convenient variable to 

consider in portfolio problems. 

The model is flexible in terms of the choice of a statis- 

tical model to represent the data-generating process as well 

as in terms of the choice of variables. The example assumed 

a normal data-generating process, but empirical evidence 

(e.g. see [4])  suggests that the distribution of price changes 

of securities is non-Gaussian and can be represented most 

generally in terms of the family of stable distributions 

(which includes the normal distribution as a special case). 

Unfortunately, the family of stable distributions is more 

di.fficu1.t to work with than the normal distribution [5,7,8] . 
Of course, statistical models other than the normal and 

stable models might also be considered [23,25,26]. An impor- 

tant question in the choice of a family of distributions for 
- 
d. is the sensitivity of the inferences and decisions produced 
1 - 

by the model to variations in the distribution of d If such 
i' 

inferences and decisions tend to be somewhat insensitive to 

moderate deviations from normality, then the normal family - 
might be a useful approximation to the distribution of di. 

The model is also flexible in terms of the choice of 

a prior distribution. For the sake of tractability in the 

application of Bayes' theorem, it is convenient if this 



d i s t r i b u t i o n  is  c o n j u g a t e  w i t h  r e s p e c t  t o  t h e  f a m i l y  o f  d i s -  

t r i b u t i o n s  c h o s e n  t o  r e p r e s e n t  t h e  d a t , a - g e n e r a t i n g  p r o c e s s  

( s e e  r 2 8 ] ) .  O t h e r w i s e ,  i t  may b e  n e c e s s a r y  t o  u s e  n u m e r i c a l  

methods  t o  r e v i s e  t h e  d i s t r i b u t i o n s  o f  i n t e r e s t .  I n  t h e  

example  p r e s e n t e d  e a r l i e r  i n  t h i s  s e c t i o n ,  t h e  normal  d i s t r i -  

b u t i o n  f o r  i s  a c o n j u g a t e  d i s t r i b u t i o n .  I f  t h e  c o n j u g a t e  

f a m i l y  i s  c o n s i d e r e d  t o o  r e s t r i c t i v e ,  i t  c a n  b e  b r o a d e n e d  

c o n s i d e r a b l y  w i t h o u t  much l o s s  i n  t r a c t a b i l i t y  by a l l o w i n g  

m i x t u r e s  o f  c o n j u g a t e  d i s t r i b u t i o n s .  F o r  i n s t a n c e ,  i f  t h e  

c o n j u g a t e  f a m i l y  i s  t h e  f a m i l y  o f  normal  d i s t r i b u t i o n s ,  o n l y  

s y m m e t r i c ,  un imoda l  c o n j u g a t e  p r i o r  d i s t r i b u t i o n s  a r e  a v a i l -  

a b l e ;  m i x t u r e s  o f  normal  d i s t r i b u t i o n s ,  on t h e  o t h e r  hand ,  

i n c l u d e  asymmet r ic  and  m u l t i m o d a l  d i s t r i b u t i o n s .  I n  a  s t u d y  

by B a r t o s  [21, d i s t r i b u t i o n s  f o r  f u t u r e  s e c u r i t y  p r i c e s  

a s s e s s e d  s u b j e c t i v e l y  by s e c u r i t y  a n a l y s t s  f r e q u e n t l y  were  

m u l t i m o d a l ,  s u g g e s t i n g  t h a t  m i x t u r e s  o f  c o n j u g a t e  d i s t r i b u t i o n s  

may p r o v i d e  good r e p r e s e n t a t i o n s  o f  s u b j e c t i v e  p r i o r  o p i n i o n s .  

O f  c o u r s e ,  even  w i t h i n  a f a m i l y  o f  c o n j u g a t e  d i s t r i b u t i o n s  

o r  m i x t u r e s  o f  c o n j u g a t e  d i s t r i b u t i o n s ,  t h e  p r o b l e m  o f  c h o o s i n g  

a s p e c i f i c  d i s t r i b u t i o n  r e m a i n s .  V a r i o u s  a s p e c t s  o f  t h e  

a s s e s s m e n t  o f  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  f u t u r e  s e c u r i t y  

p r i c e s  a r e  d i s c u s s e d  by B a r t o s  [2], F r i e d  [g] , 

S t g e l  von H o l s t e i n  [34], and  W i n k l e r  [ 3 q .  

The g e n e r a l  model  p r e s e n t e d  i n  t h i s  s e c t i o n  i s  r e a s o n a b l y  

f l e x i b l e ,  a n d  v a r i o u s  e x t e n s i o n s  make i t  e v e n  more f l e x i b l e .  

F o r  example ,  i t  c a n  be  e x t e n d e d  t o  t h e  s i t u a t i o n  i n  w h i c h  



s e v e r a l  s e c u r i t i e s  a r e  o f  i n t e r e s t  a n d  v a r i a b l e s  o t h e r  t h a n  

s i m p l y  t h e  s e c u r i t y  p r i c e s  a r e  c o n s i d e r e d .  S u c h  v a r i a b l e s  

m i g h t  i n c l u d e  economic i n d i c a t o r s ,  v a r i a b l e s  r e l a t e d  t o  p a r t i -  

c u l a r  i n d u s t r i e s ,  v a r i a b l e s  r e l a t e d  t o  i n d i v i d u a l  s e c u r i t i e s  

( e . g .  e a r n i n g s  p e r  s h a r e ) ,  o r  e v e n  f o r e c a s t s  o f  f u t u r e  v a l u e s  

o f  c e r t a i n  v a r i a b l e s .  F o r  d e t a i l s  c o n c e r n i n g  s u c h  e x t e n s i o n s ,  

s e e  [37] . 

111. P o r t f o l i o  S e l e c t i o n  and  R e v i s i o n  

The model  d e s c r i b e d  i n  S e c t l o n  I1 i s  o f  some i n t e r e s t  i n  

a p u r e l y  i n f e r e n t i a l  s e n s e ,  b u t  t h a t  a s p e c t  i s  overshadowed  

by t h e  p o t e n t i a l  i n t e r e s t  i n  t h e  model a s  a  b a s i s  f o r  mak ing  

d e c i s i o n s .  A p o r t f o l i o  s e l e c t i o n  and  r e v i s i o n  p r o c e d u r e  

u t i l i z i n g  a  B a y e s i a n  model  o f  s e c u r i t y  p r i c e  movements h a s  

t h e  d e s i r a b l e  f e a t u r e  o f  u p d a t i n g  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  

o f  i n t e r e s t  a s  new i n f o r m a t i o n  i s  o b t a i n e d .  I n  t h i s  s e c t i o n  

b o t h  a  s i n g l e - p e r i o d  p o r t f o l i o  model  and  a  m u l t i p e r i o d  model  

a r e  p r e s e n t e d .  

Assume t h a t  a  d e c i s i o n  maker  ( e . g .  a p o r t f o l i o  m a n a g e r )  

h a s  w e a l t h  Wo ( w h i c h  may b e  i n  t h e  fo rm o f  c a s h  o r  i n  t h e  fo rm 

o f  a n  e x i s t i n g  p o r t f o l i o  o f  s e c u r i t i e s )  a t  t i m e  0 and  t h a t  h e  

w a n t s  t o  d e t e r m i n e  a n  o p t i m a l  p o r t f o l i o  t o  h o l d  d u r i n g  t h e  

f i r s t  t i m e  p e r i o d .  I f  W c o n s i s t s  o f  c a s h ,  t h i s  i s  a p o r t f o l i o  
0 

s e l e c t i o n  p r o b l e m ;  i f  Wo c o n s i s t s  o f  a  p o r t f o l i o ,  i t  i s  a  

p o r t f o l i o  r e v i s i o n  p r o b l e m .  I n  e i t h e r  c a s e ,  o f  c o u r s e ,  t h e  

d e c i s i o n  making  p r o b l e m  f o r  s u b s e q u e n t  p e r i o d s  w i l l  b e  a  

p o r t f o l i o  r e v i s i o n  p r o b l e m .  



It is assumed that the portfolio will be chosen from 

M risky securities (securities with uncertain rates of return) 

and one risk-free security (a security with a positive rate 

of return that is known but may vary from period to period). 

The risk-free security is labelled security 0, and the risky 

securities are securities 1 through M. Wi represents the 

k decision ma.kerls wealth at time i (i = 0,1, . . .  ) ,  and ai 

denotes the total amount invested in security k (k = 0, ..., M) 
at the end of period i - 1 (i.e. at time i) before the 

portfolio is revised at time i. Thus, 

and the portfolio before revision at time i can be represented 

0 1 M by the 1 x (M + 1) vector ai = (ai,ai,.. . ,ai). Furthermore, 
4 

py and qy represent the amount of security k that is purchased 

and the total wealth at time i + 1 is simply I 

and sold, respectively, at time i. After revision, then, the 

k k k  total amount invested in security k at time i is ai + pi - qi. 
The rate of return on security k during period i + 1 is de- 

k noted by ritlJ SO the amount invested in security k at time 

i + 1 before revision is 

M k k k k  
Witi = ,! (1 + ritl)(ai + pi - qi) . 

k=O 

' 

The decision variables at time i are the vectors 

0 1 M 0 1 M 
Pi (pi,pi,. . . ,pi) and qi = (qiyqi,.. . ,qi) and the uncertainty - 
facing the decision maker involves future rates of return, 
- 0 -1 - M r = (rjyrj, ..., r.), for j = i + l,i + 2, .... (The uncertainty - j J 



u 
only involves the last M elements of r since r the return 

,j ' j ' 
on the risk-free security during period j, is known.) 

Inferential models such as the model presented in Section I1 

can be used to update the probability distribution of r . - j 
The details of such models are not required for the purposes 

of this section, but the examples in Section IV will illustrate 

the use of a specific Bayesian inferential model in portfolio 

selection and revision. 

A Single-Period Model 

The distinguishing feature of a single-period portfolio 

model, as opposed to a multiperiod model, is that the decision 

maker behaves myopically in the sense that he never looks 

more than one period into the future. At time i, he chooses - 
a portfolio to maximize EiU(Witl), the expected utility of 

his wealth at time i + 1, where the subscript on the expecta- 

tion operator indicates that expectations are taken with 

respect to the decision maker's joint probability distribution 

at time i. 

First,consider the case in which there are no transactions 

costs. Then at time i the decision maker wants to choose pi - 
and qi to - 



subject to the following constraints: 

and 

The first constraint states that the total amount of securities 

purchased must equal the total amount sold, the next 2M + 2 

constraints require that all amounts purchased and sold be 

nonnegative and that the amount sold of any security cannot 

exceed the amount currently invested in that security (i.e. 

short sales are not allowed), and the final M + 1 constraints 

are included to preclude the possibility of simultaneously 

purchasing and selling positive amounts of the same security. 

Because there are no transactions costs, simultaneously 

purchasing 20 shares and selling 10 shares of a security is 

equivalent to purchasing 10 shares and selling none. If the 

final M + 1 constraints were not included, the decision making 

problem as stated above would have an infinite number of 

solutions corresponding to a single optimal portfolio; 

precluding simultaneous purchasing and selling results in a 

one-to-one correspondence between a choice of (pi,qi) and the - - 
resulting portfolio, ai + pi - qi. - - - 

As stated above, the decision making problem is one of 

portfolio revision. If the decision maker's initial wealth Wo 



k is in the form of cash, then a. = qE = 0 for all m, and the 

problem is one of portfolio selection 

M 
Max E ~ U C I  (1 t r:) P ~ I  , 

k=O 

subject to 

and 

Next, suppose that there are transacti~ns costs, repre- 

sented by the positive, increasing functions ck and C k 
P 9 

k where C (z) is the transactions cost associated with purchasing 
P 

k an amount z of security k and C (z) is the transactions cost 
9 

associated with selling an amount z of security k. At time i, 

the decision maker wants to choose p and q to - i - i 
M k k  Max E ~ U  [ 1 (1 t ;ttl)(ai t pi - q r ) l  , 
k=O 

subject to the constraint set 

and Pi k > O  = , k = 0 ,  ..., MI . 

The first constraint reflects the fact that transactions costs 

reduce the total amount of securities that can be purchased 



k 
as a result of selling other securities. In selling q. of 1 

k k  
security k, the decision maker only recsives qk - C (qi) ,and i q 

in order to purchase pk of security k, he must spend 
1 

k. k pk + C (pi). Note that if ck ck z 0, the first constraint 
i P P 9 

i s  identical to the first constraint in the zero-transactions- 

k k  k k  cost case. Also, if C (pi) = cp: and C (qi) = cq! (i-e. if 
P 9 

there is a constant per-unit transactions cost of c for both 

purchasing and selling), the first constraint can be written 

in the form 

in which case the total amount of securities purchased can 

only be (1 - c)/(l + c) times as great as the total amount 

of securities sold. Obviously, since c > 0, (1 - c)/(l + c) 

< 1. Also, unless c < 1, the transactions costs would be 

confiscatory. 

The constraints included in the first model in this 

section to prevent simultaneous purchasing and selling of the 

same security (pkqk = 0, k = O,.. .,MI are not needed when 
1 1  

transactions costs are always positive. If p:qF > 0, reducing 

k k k  both pr and qi by z = min{pi,qi} yields the same amount of 

security k in the portfolio but changes the transactions 

k k  k k  costs associated with security k from C (pi) + C (qi) 
P 9 

k k  to C (pi - Z) + cE(~F - z ) .  This change is a reduction 
P 

because ck and ck are increasing functions. The amount thus 
P 9 

saved could always be invested in the risk-free security to 

yleld a certain return of r0 > 0, thereby increasing i+l 



- 
EiU(Wi+l), assuming of  cou r se  t h a t  U i s  monotone i n c r e a s i n g .  

T h e r e f o r e ,  t h e  op t ima l  s o l u t i o n  t o  t h e  p o r t f o l i o  r e v i s i o n  

problem i n  t h e  ca se  o f  p o s i t i v e  t r a n s a c t i o n s  c o s t s  w i l l  

n e v e r  i n v o l v e  s imu l t aneous  pu rchas ing  and s e l l i n g  o f  t h e  same 

s e c u r i t y .  

I f  t h e  d e c i s i o n  make r ' s  i n i t i a l  wea l th  Wo i s  i n  t h e  form 

o f  ca sh ,  t h e  p o r t f o l i o  s e l e c t i o n  problem w i t h  p o s i t i v e  t r a n s -  

a c t i o n s  c o s t s  i s  t o  

s u b j e c t  t o  

and 

To a v o i d  t h e  p o s s i b i l i t y  of h o l d i n g  ca sh ,  i t  i s  assumed t h a t  

t h e  expec t ed  r e t u r n  from a t  l e a s t  one s e c u r i t y  i s  l a r g e  enough 

t o  a s s u r e  t h a t  t h e  d e c i s i o n  maker w i l l  be f u l l y  i n v e s t e d .  

T h i s  can  be gua ran t eed ,  f o r  i n s t a n c e ,  by r e q u i r i n g  t h a t  

0  z r O  > c O ( z )  + C ( z )  f o r  a l l  i and z, imply ing  t h a t  h o l d i n g  
i P 9  

t h e  r i s k - f r e e  s e c u r i t y  i s  always b e t t e r  t h a n  h o l d i n g  c a s h .  

Although t h e  s i n g l e - p e r i o d  p o r t f o l i o  models p r e s e n t e d  

i n  t h i s  s e c t i o n  a r e  myopic by d e f i n i t i o n ,  t h e y  do p r o v i d e  

f o r  p o r t f o l i o  r e v i s i o n  on t h e  b a s i s  of  new i n f o r m a t i o n .  T h i s  

i n f o r m a t i o n  i n c l u d e s  t h e  p a s t  r e t u r n s  on s e c u r i t i e s  and any 

o t h e r  i n f o r m a t i o n  t h a t  i s  i n c l u d e d  i n  t h e  i n f e r e n t i a l  model 

used  t o  upda te  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  f u t u r e  r e t u r n s .  



B. A Multiperiod Model 

Single-period models ignore the dynamic nature of the 

portfolio selection and portfolio revision problems. Mossin 

[21, p.2151 states, "In a multiperiod theory the development 

through time of total wealth becomes crucial and must be 

taken into account." The most general multiperiod model 

involves an infinite horizon, but the model presented in this 

section assumes a finite horizon of t periods (t = 1 corresponds 

to the single-period model). That is, at time 0, the decision 
... 

maker wants to maximize the expected utility of W the wealth t ' 
at the end of the finite horizon, taking into consideration 

the uncertainties involving future returns and the possibility 

of revising the portfolio at times 1,2, ..., t - 1. This 

requires a dynamic programming formulation whereby the optimal 

solution is determined through backward induction, starting 

with the decision at time t - 1 and working backward to the 
decision at time 0. 

At time t - 1, there is only one period remaining until 

time t, so the single-pericd model is applicable. Assuming 

positive transactions costs, the decision maker should 

choose pt-l and qt-l to ... ... 

subject to the constraint set Gt-l. The solution of this 

problem for any given a yields the optimal portfolio - t-1 
revision at time t - 1. 



B e f o r e  t i m e  t - 1, o f  c o u r s e ,  a  i s  n o t  known, b u t  
,t-1 

p r e v i o u s  d e c i s i o n s  must  be r e l a t e d  t o  t h e  d e c i s i o n  a t  t i m e  

t - 1. D e f i n e  U g - l ( ~ t - )  t o  be t h e  e x p e c t e d  u t i l i t y  c o r r e s -  

p o n d i n g  t o  t h e  o p t i m a l  s o l u t i o n  t o  t h e  p o r t f o l i o  r e v i s i o n  

p r o b l e m  a t  t i m e  t - 1, g i v e n  a -t-1. 

where  t h e  m a x i m i z a t i o n  i s  s u b j e c t  t o  t h e  c o n s t r a i n t  s e t  G 
t-1' 

o f  c o u r s e .  The d e c i s i o n  m a k e r ' s  o b j e c t i v e  a t  t i m e  t - 2 ,  

t h e n ,  s h o u l d  be  t o  c h o o s e  pt -2  and qt-2  t o  maximize - - 

s o  t h e  p o r t f o l i o  r e v i s i o n  p rob lem a t  t i m e  t - 2  c a n  b e  w r i t t e n  

s u b j e c t  t o  t h e  c o n s t r a i n t  s e t  I G  G . I f  t h e  maximum t - 2 '  t-1 

v a l u e  o f  t h i s  o b j e c t i v e  f u n c t i o n  a t  t i m e  t - 2  i s  d e n o t e d  by 

Ug-2(at -2) ,  t h e  d e c i s i o n  a t  t i m e  t - 3  i s  t o  c h o o s e  p a n d  
- t - 3  

5 3  t o  maximize E t - 3 [ ~ ; - 2  ( a t - 2 ) ]  . 
The p r o c e s s  o f  backward i n d u c t i o n  c o n t i n u e s  u n t i l  t h e  

i n i t i a l  p o r t f o l i o  r e v i s i o n  p rob lem i s  r e a c h e d .  A t  t i m e  0 ,  

t h e  d e c i s i o n  maker  s h o u l d  c h o o s e  po and  qo t o  maximize - - 
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E ~ [ U ; ( ~ ~ ) ]  . T h a t  i s ,  he s h o u l d  

max E~ { max El ( max E~ . . . ! max E ~ - ~ u ( w ~ )  I . .  . I )  
?o,?o Pl,!l P23!2 ?t-132,-1 

where t h e  m a x i m i z a t i o n  a t  t i m e  i i s  s u b j e c t  t o  t h e  c o n s t r a i n t  

s e t  G . .  ( I f  t h e  d e c i s i o n  m a k e r ' s  i n i t i a l  w e a l t h  Wo i s  i n  t h e  
1 

form o f  c a s h  r a t h e r  t h a n  a n  i n i t i a l  p o r t f o l i o  a o ,  t h e  c o n s t r a i n t  - 
s e t  a t  t i m e  0  i s  G E . )  

The m u l t i p e r i o d  p o r t f o l i o  model ,  l i k e  t h e  s i n g l e - p e r i o d  

model ,  p r o v i d e s  f o r  p o r t f o l i o  r e v i s i o n  on t h e  b a s i s  o f  new 

i n f o r m a t i o n .  I n  a d d i t i o n ,  i t  t a k e s  i n t o  c o n s i d e r a t i o n  t h e  

p o t e n t i a l  e f f e c t s  o f  a  p o r t f o l i o  r e v i s i o n  d e c i s i o n  on f u t u r e  

p o r t f o l i o  r e v i s i o n  d e c i s i o n s .  

The d e t e r m i n a t i o n  o f  t h e  n e c e s s a r y  i n p u t s  f o r  t h e  
I 

p o r t f o l i o  s e l e c t i o n  and r e v i s i o n  models  p r e s e n t e d  i n  t h i s  

s e c t i o n  i s  a n  i m p o r t a n t  and  o f t e n  v e r y  d i f f i c u l t  a s p e c t  o f  

t h e  i m p l e m e n t a t i o n  o f  s u c h  m o d e l s .  The d e t e r m i n a t i o n  o f  

i n p u t s  f o r  t h e  i n f e r e n t i a l  model was d i s c u s s e d  i n  S e c t i o n  11. 

Of c o u r s e ,  t h e  d e c i s i o n  making prob lem may d i c t a t e  which  

u n c e r t a i n  q u a n t i t i e s .  a r e  o f  i n t e r e s t  and  may t h e r e f o r e  a f f e c t  

some d e t a i l s  o f  t h e  i n f e r e n t i a l  model .  On t h e  o t h e r  hand ,  

i t  i s  p o s s i b l e  t h a t  c e r t a i n  a s s u m p t i o n s  c o n c e r n i n g  t h e  i n f e r e n -  1 

t i a l  model may l e a d  t h e  d e c i s i o n  maker t o  r e f o r m u l a t e  t h e  

d e c i s i o n  making model i n  s l i g h t l y  d i f f e r e n t  t e r m s .  

I n  a d d i t i o n  t o  t h e  i n f e r e n t i a l  i n p u t s ,  t h e  p o r t f o l i o  



m o d e l s  r e q u i r e  t h e  a s s e s s m e n t  o f  a  u t i l i t y  f u n c t i o n ,  t h e  

c h o i c e  o f  f u n c t i o n s  t o  r e p r e s e n t  t r a n s a c t i o n s  c o s t s ,  and  

t h e  c h o i c e  o f  a  t i m e  h o r i z o n  i n  t h e  m u l t i p e r i o d  m o d e l .  The 

u t i l i t y  f u n c t i o n ,  which  r e p r e s e n t s  t h e  d e c i s i o n  m a k e r ' s  

r e l a t i v e  p r e f e r e n c e s  among v a r i o u s  amounts  o f  money, i s  

p e r h a p s  t h e  mos t  c r u c i a l  o f  t h e s e  i n p u t s .  I n  t h e o r y ,  a t  

l e a s t ,  o n e  c a n  e l i c i t  a  d e c i s i o n  m a k e r ' s  u t i l i t y  f u n c t i o n  by 

a s k i n g  q u e s t i o n s  c o n c e r n i n g  h i s  p r e f e r e n c e s  b e t w e e n  two 

g a m b l e s  a n d  by a d j u s t i n g  t h e  p a i r s  o f  g a m b l e s  t o  d e t e r m i n e  

v a r i o u s  p o i n t s  on h i s  u t i l i t y  f u n c t i o n  [24] . T h i s  p r o c e s s  

i s  n o t  q u i t e  a s  s i m p l e  as i t  s o u n d s ,  however ,  and  more  work 

i s  n e e d e d  r e g a r d i n g  t h e  a s s e s s m e n t  o f  u t i l i t y  f u n c t i o n s .  

Moreover ,  i t  i s  c o n v e n i e n t  f rom t h e  s t a n d p o i n t  o f  t r a c t a b i l i t y  

i f  t h e  u t i l i t y  f u n c t i o n  c a n  b e  a p p r o x i m a t e d  c l o s e l y  by a 

s i m p l e  m a t h e m a t i c a l  f u n c t i o n .  ( T h i s  i s  a n a l o g o u s  t o  t h e  

d e s i r a b i l i t y  o f  c h o o s i n g  a  p r i o r  d i s t r i b u t i o n  t h a t  i s  a  

member o f  t h e  c o n j u g a t e  f a m i l y  o f  d i s t r i b u t i o n s . )  Some o f  

t h e  s i m p l e  f u n c t i o n s  t h a t  have  b e e n  u s e d  t o  r e p r e s e n t  u t i l i t y  

f u n c t i o n s  i n  v a r i o u s  a p p l i c a t i o n s  a r e  l i n e a r ,  q u a d r a t i c ,  

e x p o n e n t i a l ,  a n d  l o g a r i t h m i c  f u n c t i o n s ,  and  t h e  r e l a t i v e  

m e r i t s  o f  t h e s e  a n d  o t h e r  f u n c t i o n s  h a v e  b e e n  w i d e l y  d e b a t e d .  

Wi th  r e s p e c t  t o  p o r t f o l i o  a n a l y s i s ,  mos t  s t u d i e s  h a v e  u s e d  

t h e  m e a n - v a r i a n c e  a p p r o a c h ,  w h i c h ,  i n  t h e  a b s e n c e  o f  d i s t r i b u -  

t i o n a l  a s s u m p t i o n s ,  i m p l i e s  a q u a d r a t i c  u t i l i t y  f u n c t i o n .  

However,  some r e c e n t  a r t i c l e s  h a v e  s e r i o u s l y  q u e s t i o n e d  t h e  

a p p l i c a b i l i t y  o f  q u a d r a t i c  u t i l i t y  ( e . g .  [15]) .  A f i n a l  

p o i n t  w i t h  r e s p e c t  t o  u t i l i t y  t h e o r y  i s  t h a t  i f  t h e  p o r t f o l i o  



s e l e c t i o n  and r e v i s i o n  problem i n v o l v e s  a  group o r  a  co rpo ra -  

t i o n  r a t h e r  t h a n  a  s i n g l e  i n d i v i d u a l ,  t h e  d i f f i c u l t i e s  

encoun te red  i n  de t e rmin ing  an a p p r o p r i a t e  u t i l i t y  f u n c t i o n  

t o  be  used i n  t h e  model a r e  i n t e n s i f i e d  ( e . g .  [I.]). 

The c h o i c e  o f  f u n c t i o n s  ck and ck  t o  r e p r e s e n t  t r a n s a c t i o n s  
P  9  

c o s t s  t e c h n i c a l l y  should  be  de termined  by t h e  i n s t i t u t i o n s  

c o n t r o l l i n g  t h e  p u r c h a s i n g  and s e l l i n g  of  s e c u r i t i e s .  These 

f u n c t i o n s  a r e  s u b j e c t  t o  m o d i f i c a t i o n  from t ime  t o  t ime ,  

however, and they  a r e  no t  always conven ien t  t o  u s e  from t h e  

s t a n d p o i n t  of  t r a c t a b i l i t y .  M a t t e r s  a r e  g r e a t l y  s i m p l i f i e d  

i f  i t  can be assumed t h a t  ck : C and ck ! C f o r  a l l  k  and 
P P  9  9  

t h a t  C : C E C .  Under t h e s e  a s sumpt ions ,  it i s  only  
P  9  

n e c e s s a r y  t o  de t e rmine  a  s i n g l e  f u n c t i o n  C .  Under t h e s e  

assumpt ions ,  i t  i s  only  n e c e s s a r y  t o  de t e rmine  a  s i n g l e  

f u n c t i o n  C .  Some p o s s i b i l i t i e s  a r e  a  s t e p w i s e  l i n e a r  

f u n c t i o n  ( e . g .  [ 22 ]  ) , a  l i n e a r  f u n c t i o n  w i t h  a  f i x e d  c h a r g e  [ ~ ( z  

b  + cz] ,  and a  l i n e a r  f u n c t i o n  w i t h o u t  a  f i x e d  cha rge  [ ~ ( z )  = c d  

I n  some problems t h e  s e l e c t i o n  of  a  t ime  h o r i z o n  t may 

be  s i m p l e  ( e . g .  i f  a  p o r t f o l i o  must be  l i q u i d a t e d  a t  a  c e r t a i n  

d a t e  i n  t h e  f u t u r e ) ,  bu t  i n  most c a s e s  i t  i s  by no means 

obv ious .  The s e n s i t i v i t y  o f  p o r t f o l i o  d e c i s i o n s  t o  t h e  c h o i c e  

of  t i s  of  c o n s i d e r a b l e  impor t ance .  It may be t h a t  t h e  o p t i m a l  

p o r t f o l i o  a t  t ime 0 v a r i e s  l i t t l e  a s  t h e  number of  p e r i o d s  

u n t i l  t h e  h o r i z o n  i n c r e a s e s  beyond some f i n i t e  t .  The c h o i c e  

of  t may i n v o l v e  a t r a d e - o f f  between compu ta t iona l  e a s e  and 

t h e  accu racy  of  t h e  i n i t i a l  p o r t f o l i o  a l l o c a t i o n .  



IV. Examples 

The purpose of this section is to illustrate how, given 

a particular inferential model and a particular portfolio 

selection and revision model, an optimal portfolio can be 

selected. The examples to be presented are purposely quite 

simple, involving one risk-free security, one risky security 

( M  = l), and a time horizon of two periods (t = 2) in the 

multiperiod case. A constant per-unit transactions cost of 

c 2 -- 0 is assumed, with c = 0 corresponding to the case of no 

transactions costs. 

The inferential model assumes a stationary normal data- 

- 1 generating process for the log price changes, b t  = log xi 
1 

- 1 - log of the risky security. The data-generating 

process has known variance a2 and unknown mean G .  (This 

differs from the example in Section I1 in that ii instead of 
- 1 d. is assumed to be generated by a normal process.) The 
1 

decision maker's prior distribution for at time 0 is a 

normal distribution with mean mo and variance n - 1,2 . At 

time i, then, the distribution of is a normal distribution 
i 

1 with mean mi = (nomo + A.)/(no + i) and variance 
.i=l 

- 1 (no + i)-lo2, and the predictive distribution of Aitl is a 

normal distribution with mean m. and variance (n + i + 1)a2/ 
1 0 

(no + i). Furthermore, it is assumed that the time periods 

are short enough (implying the potential values of d i  are 
- 1 small enough) that A. provides a very close approximation to 
1 - 1 1 rt -- in this section, Ai and ri are considered to be 

1 



i n t e r c h a n g e a b l e .  The r i s k - f r e e  s e c u r i t y ,  o f  c o u r s e ,  h a s  

f i x e d  r e t u r n  ry i n  p e r i o d  i. 

A .  L i n e a r  U t i l i t y  

The e a s i e s t  s i t u a t i o n  t o  d e a l  w i t h  i n  te rms  o f  u t i l i t y  

i s  t h e  s i t u a t i o n  i n  which t h e  d e c i s i o n  maker ' s  u t i l i t y  f u n c t i o n  

i s  l i n e a r  w i t h  r e s p e c t  t o  money. U can the11 be  t a k e n  a s  

U(W) = W ,  s o  t h e  d e c i s i o n  maker ' s  o b j e c t i v e  i s  t o  maximize 

expec t ed  t e r m i n a l  wea l th .  L i n e a r  u t i l i t y  and t h e  op t ima l  

p o r t f o l i o s  g e n e r a t e d  unde r  t h e  assumpt ion  of  l i n e a r  u t i l i t y  

seem u n r e a l i s t i c ,  b u t  t h e  u s e  of  l i n e a r  u t i l i t y  s e r v e s  t o  

demons t r a t e  i n  a  s imp le  manner t h e  d i f f e r e n c e s  among t h e  

d i f f e r e n t  p o r t f o l i o  models p r e s e n t e d  i n  S e c t i o n  111. 

F i r s t ,  c o n s i d e r  t h e  s i n g l e - p e r i o d  model.  A t  t ime  i, 

t h e  d e c i s i o n  maker should  choose p. and qi t o  - 1 

s u b j e c t  t o  

1 0  1 
G i  = (p i ,q i l  - - (1 + C ) ( P ~  + pi) = (1 - C ) ( q i  t q i ) )  , 

k k  k  
0  5 qi 2 a i  , k  = 0 , 1  ; and pi o , 

k  = 0 , l l  . 

I f  c = 0,  t h e  c o n s t r a i n t s  pyqy = 0,  k  = 0 ,1 ,  must be added.  



T a k i n g  e x p e c t a t i o n s ,  t h e  o b j e c t i v e  f u n c t i o n  c a n  b e  e x p r e s s e d  

T h i s  i s  a  s i m p l e  l i n e a r  programming p r o b l e m ,  and  t h e  s o l u t i o n '  

i s  

w h e r e  B = ( 1  + c ) / ( l  - c )  i s  t h e  amount o f  o n e  s e c u r i t y  t h a t  

mus t  b e  s o l d  t o  buy o n e  u n i t  ( i . e .  $ 1 )  o f  t h e  o t h e r  s e c u r i t y .  

S i n c e  M = l , q i  - 1 
O - Bpi and  q i  = up0  s o l u t i o n s  i n  t h i s  s e c t i o n ,  i' 

t h e r e f o r e ,  a r e  j u s t  g i v e n  i n  t e r l n s  o f  p i .  - 
I n  t h e  c a s e  o f  z e r o  t r a n s a c t i o n s  c o s t s  ( c  = O ) ,  0 = 1, 

a n d  t h e  o p t i m a l  s t r a t e g y  a t  t i m e  i i s  

A t  e a c h  t i m e  p e r i o d ,  t h e n ,  t h e  d e c i s i o n  maker  i n v e s t s  e v e r y -  

t h i n g  i n  t h e  s e c u r i t y  w i t h  t h e  h i g h e r  e x p e c t e d  r e t u r n  f o r  t h e  

n e x t  p e r i o d .  I n  f a c t ,  t h i s  r e s u l t  g e n e r a l i z e s  t o  t h e  c a s e  o f  

more  t h a n  two s e c u r i t i e s .  I f  c  > 0 ,  i t  i s  p o s s i b l e  t h a t , t h e  

o p t i m a l  p o r t f o l i o  w i l l  n o t  c o n t a i n  t h e  s e c u r i t y  w i t h  t h e  

h i g h e r  e x p e c t e d  r e t u r n  f o r  t h e  ? e x t  p e r i o d .  The e f f e c t  of 



n o n z e r o  t r a n s a c t i o n s  c o s t s  i s  t o  make i t  less l i k e l y  t h a t  a  

p o r t f o l i o  w i l l  a c t u a l l y  b e  changed a t  any p a r t i c u l a r  t i m e .  

( ~ o t e  t h a t  f o r  any v a l u e  o f  c ,  t h o u g h ,  i f  t h e  p o r t f o l i o  i s  

c h a n g e d ,  i t  w i l l  b e  changed  t o  a  p o r t f o l i o  c o n t a i n i n g  o n l y  

one s e c u r i t y . )  F o r  i n s t a n c e ,  if t h e  o p t i m a l  p o r t f o l i o  a t  t i m e  

1 1 0 c o n s i s t s  s o l e l y  o f  t h e  r i s k - f r e e  s e c u r i t y  ( i . e .  i f  a. + po 

- qi = O ) ,  t h e n  t h e  p r o b a b i l i t y  of  i n c l u d i n g  any  o f  t h e  r i s k y  

s e c u r i t y  i n  t h e  o p t i m a l  p o r t f o l i o  a t  t i m e  1 ( i m p l y i n g  t h a t  

t h e  d e c i s i o n  maker w i l l  s w i t c h  e n t i r e l y  t o  t h e  r i s k y  s e c u r i t y )  

i s  

Wi thou t  t r a n s a c t i o n s  c o s t s ,  t h e  p r o b a b i l i t y  of  s w i t c h i n g  t o  

0  
t h e  r i s k y  s e c u r i t y  a t  t i m e  1 i s  j u s t  p ( n l  2 r 2 ) .  S i n c e  B > 1 

0  0  f o r  n o n z e r o  t r a n s a c t i o n s  c o s t s ,  Br2 + B - 1 > r2 ,  s o  t h e  

d e c i s i o n  maker i s  l e s s  l i k e l y  t o  s w i t c h  when c  > 0 .  

I f  t h e  i n i t i a l  w e a l t h  Wo i s  i n  t h e  fo rm of  c a s h ,  

0  1 aQ = a1 = qg = q0 = 0 ,  and t h e  o p t i m a l  p i s  g i v e n  by 0  - 0  

I n  t h i s  s i t u a t i o n ,  t h e  o p t i m a l  p o r t f o l i o  w i l l  a l w a y s  c o n s i s t  

o f  j u s t  one  s e c u r i t y ,  i g n o r i n g  t h e  b o r d e r l i n e  s i t u a t i o n  i n  

which  ang p o r t f o l i o  i s  o p t i m a l  ( a t  t i m e  0 ,  t h i s  s i t u a t i o n  

0  o c c u r s  i f  r l  = mo). I f  W c o n s i s t s  o f  a n  i n i t i a l  p c ~ t f o l i o  
0  

0  
a 0  

w i t h  a > 0  and  a: > 0  ( i . e .  a n  i n i t i a l  " d i v e r s i f i e d "  
U 

p o r t f o l i o ) ,  t h e  d e c i s i o n  maker w i l l  r e t a i n  a d i v e r s i f i e d  



p o r t f o l i o  a s  l o n g  a s  t h e  d i f f e r e n c e  between ru and m i s  
i . t l  i 

0  1 s m a l l  enough t h a t  ( p i , p i )  = ( 0 , 0 ) ,  even  i f  U i s  l i n e a r .  

I n  t h e  m u l t i p e r i o d  p o r t f o l i o  model w i t h  t = 2 ,  t h e  

d e c i s i o n  a t  t i m e  1 i s  i i e n t i c a l  t o  t h a t  o f  t h e  s i n g l e - p e r i o d  

model 

A t  t i m e  0 ,  t h e  d e c i s i o n  maker s h o u l d  c h o o s e  po and qo t o  - - 

s u b j e c t  t o  t h e  c o n s t r a i n t  s e t  {GO,G1]. The o b j e c t i v e  f u n c t i o n  

s i m p l i f i e s  t o  



where 

and 

0  
(The r e g i o n  B - l ( l  + ml) < 1 + r2 < B ( l  + ml) i s  o m i t t e d  because  

0  i n  t h a t  r e g i o n ,  p0 = p: = ql  = q: = 0 ,  and t h u s  t h e  r e l e v a n t  1 

p a r t i a l  e x p e c t a t i o n  i s  z e r o . )  A t  t ime  0 ,  t h e  d i s t r i b u t i o n  o f  
- 
m i s  a  normal d i s t r i b u t i o n  w i t h  mean mo and v a r i a n c e  
1 

-' t l o 2 .  The o b j e c t i v e  f u n c i t o n ,  t h e n ,  r e d u c e s  t o  o("0 

0  0  0  1 1 1 Max Ko(ao + p0 - qO)  + Kl(ao + Po - qO)  , 

where 



and E 
O ( A )  

and E 
O ( R )  

deno te  p a r t i a l  e x p e c t a t i o n s ,  t a k e n  a t  t ime  

0 ,  ove r  t h e  s e t s  A and B., r e s p e c t i v e l y .  The p a r t i a l  expec ta-  

t i o n s  r e f l e c t  t h e  e f f e c t  of  t h e  a n t i c i p a t e d  second-per iod  

d e c i s i o n  on t h e  f i r s t - p e r i o d  d e c i s i o n .  The s o l u t i o n  t o  t h i s  

l i n e a r  programming problem i s  

T h i s  s o l u t i o n  i s  of t h e  same g e n e r a l  form as t h e  s o l u t i o n  

a t  t ime  0  f o r  t h e  s i n g l e - p e r i o d  model ,  w i t h  KO r e p l a c i n g  

1 t ry and K1 r e p l a c i n g  1 t m0. I f  t h e  d e c i s i o n  make r ' s  

i n i t i a l  w e a l t h  i s  i n  t h e  form o f  c a s h ,  t h e  s o l u t i o n  i s  

B .  Q u a d r a t i c  U t i l i t y  

Unless  t h e  i n i t i a l  w e a l t h  i s  i n  t h e  form o f  a  d i v e r s i f i e d  

p o r t f o l i o  and t r a n s a c t i o n s  c o s t s  a r e  h i g h  enough r e l a t i v e  t o  

d i f f e r e n c e s  i n  expec t ed  r e t u r n s  t o  make i t  o p t i m a l  t o  r e t a i n  

t h e  i n i t i a l  d i v e r s i f i e d  p o r t f o l i o ,  t h e  d e c i s o n  maker w i t h  

l i n e a r  u t i l i t y  w i l l  a lways  i n v e s t  a l l  o f  h i s  w e a l t h  i n  a  s i n g l e  



s e c u r i t y .  S i n c e  r e a l - w o r l d  i n v e s t o r s  do n o t  u s u a l l y  behave 

i n  t h i s  f a s h i o n ,  l i n e a r  u t i l i t y  i s  a  ve ry  q u e s t i o n a b l e  

a s sumpt ion .  T r a d i t i o n a l l y ,  ma thema t i ca l  p o r t f o l i o  a n a l y s i s  

h a s  focused  on t h e  mean-variance app roach ,  which ( i n  t h e  

absence  of  d i s t r i b u t i o n a l  a s sumpt ions )  i m p l i e s  some s o r t  o f  

q u a d r a t i c  u t i l i t y  f u n c t i o n .  A q u a d r a t i c  u t i l i t y  f u n c t i o n  o f  

t h e  form 

U(W) = W - b ~ '  f o r  W < 1 / 2 b  , 

where b  > 0 ,  i s  assumed i n  t h i s  s u b s e c t i o n .  T h i s  u t i l i t y  

f u n c t i o n  i m p l i e s  t h a t  t h e  d e c i s i o n  maker i s  r i s k - a v e r s e  and 

t h a t  h e  becomes more r i s k - a v e r s e  a s  W i n c r e a s e s .  

I n  t h e  s i n g l e - p e r i o d  model,  t h e  d e c i s i o n  maker ' s  o b j e c t i v e  

a t  t ime  i shou ld  be  t o  choose  pi and qi t o  - - 

s u b j e c t  t o  G i .  T h i s  c a n  be s i m p l i f i e d  t o  

s u b j e c t  t o  

0  1 
0  5 Pi 5 0-la: and 0  5 pi 2 0  -1 a i  0  , 



where 

J1 = -b(l l r:tl)2 - bo2{(1 + mi)2 + (no t i t 1) (no t i)-lo2} 

l 2bB(1 + rYtl)(l t mi) , 

2 
J2 = -bB (1 + ry t1)2 - b{(l + mi)2 + (no t i + l)(no t i)-lo2] 

+ 2bB(1 + rYtl)(l + mi) , 

0 0 J3 = (1 + ritl) - B(1 t mi) - 2bai(l t ryt1)2 

2 
+ 2b~a:i(l + mi) l (no t i + l)(n 0 t i)-lo2] 

0 1 0 1 
+ 2b(Bai - ai)(l t 2i+l)(l + mi) , 

and 

0 0 
+ 2b(Bai - ai)(l l ritl)(l + mi) . 

mote that the cross-product terms involving pypi in the original 

1 1  
- l o o  = 0. The objective function drop out, since p.p. = B piqi 

sol-ution to this quadratic programming problem is 

0 1 
(pi,pi) = < 

-1 1 (B  ai,O) if -J3/2J1 2 B-lai , 

(-J3/2J1,o) if 0 < -J3/2J1 < @ -1 ai 1 , 

(0,o) if -J /2J1 5 0 and -J4/2J2 5 0 , 3 

(0,-J4/2J2) if 0 < -J4/2J2 < 8-lay , , - 1 0  
(0, B ai if - J ~ / ~ J ~  2  lap . 



I f  c  = 0 ,  J = J2  and J = -J4,  and t h e  s o l u t i o n  t a k e s  on 1 3 

t h e  form 

I f  t h e  i n i t i a l  wea l th  Wo i s  i n  t h e  form of  c a s h ,  t h e n  

t h e  d e c i s i o n  maker should  choose  po and qo a t  t i m e  0  t o  - - 
-1 1 0  0  Max E o l ( l  + r y ) p g  + (1 + r l ) p 0  - b [ ( 1  + r1)p0 

-1 1 2 
+ (1 + r1)p0] 1 , 

s u b j e c t  t o  G;.  The s o l u t i o n  i s  

where 

and 



I n  t h e  m u l t i p e r i o d  model w i th  t = 2, t h e  d e c i s i o n  a t  t ime  

1 i s  i d e n t i c a l  t o  t h a t  of  t h e  s i n g l e - p e r i o d  model. A t  t ime 0 ,  

t h e  d e c i s i o n  maker should  choose po and q t o  - - 0  
- - 2  Max E0[ max E1(W2 - bW2)] , 

PO'CjO - pl ,ql  - - 

s u b j e c t  t o  {GO,G1?, where 

T h i s  i s  a  problem of  t h e  form 

0  1 Max ~ ; ( p : ) ~  + ~ i ( p A ) ~  + J j p O  + JGpo 
- Pn 9 %  - 

s u b j e c t  t o  

1 
0 L P: 5 f3-la; and 0  5 po 5 fi 

-1,o 
0  

The a l g e b r a i c  e x p r e s s i o n s  f o r  J T ,  J;, J;, and J$ a r e  q u i t e  l o n g  

and a r e  f u n c t i o n s  of t h e  d e c i s i o n  v a r i a b l e s  t h rough  p a r t i a l  

e x p e c t a t i o n s  ove r  s e t s  such  a s  

( s e e  t h e  s o l u t i o n  t o  t h e  p o r t f o l i o  problem a t  t ime  1 under  

q u a d r a t i c  u t i l i t y ) .  I n  o r d e r  t o  conse rve  s p a c e ,  t h e s e  exp re s -  

s i o n s  a r e  not  p r e s e n t e d  h e r e .  I n  g e n e r a l ,  t h i s  maximiza t ion  

problem must be so lved  n u m e r i c a l l y  r a t h e r  t h a n  a n a l y t i c a l l y .  



C .  Numerical E x a m ~ l e s  

To i l l u s t r a t e  t h e  two- secu r i t y ,  two-period models p re -  

s e n t e d  i n  t h i s  s e c t i o n ,  suppose  t h a t  a  d e c i s i o n  maker h a s  

i n i t i a l  wea l th  Wo = 1, c o n s i s t i n g  of  e q u a l  amounts o f  t h e  

0 -  1 r i s k - f r e e  s e c u r i t y  and t h e  r i s k y  s e c u r i t y  ( i . e .  a. - a. = . 5 ) .  

Moreover, t h e  r i s k - f r e e  s e c u r i t y  h a s  a  f i x e d  r e t u r n  of .02 

0  0  i n  each  p e r i o d  ( r l  = r2 = . 0 2 ) ,  and t h e  d e c i s i o n  make r ' s  

u n c e r t a i n t y  about  t h e  r i s k y  s e c u r i t y  can  be summarized by 

m = .035  ( t h e  expec t ed  r e t u r n ) ,  o2 = .001,  and no = 2.  0  

The c o n s t a n t  p e r - u n i t  t r a n s a c t i o n s  c o s t  i s  c  = .006. 

Assuming l i n e a r  u t i l i t y ,  t h e  o p t i m a l  d e c i s i o n  a t  t i m e  

0  under  b o t h  t h e  s i n g l e - p e r i o d  model and t h e  m u l t i p e r i o d  

0  0  model i s  qo = a. = . 5 .  That  i s ,  t h e  d e c i s i o n  maker shou ld  

s e l l  a l l  o f  t h e  r i s k - f r e e  s e c u r i t y ,  and t h e  r e s u l t i n g  p o r t f o l i o  

i s  a. + po - q0 = ( 0 ,  . 994 ) .  A t  t ime 1, t h e  d e c i s i o n  maker . - . 
shou ld  make no change i f  m l ,  .0078,  b u t  h e  shou ld  s w i t c h  

e n t i r e l y  t o  t h e  r i s k - f r e e  s e c u r i t y  o t h e r w i s e .  The t r a n s a c t i o n s  

c o s t s  a r e  h i g h  enough t h a t  t h e  s w i t c h  shou ld  be  made only  i f  

G' < - . 047 ,  and t h e  p r o b a b i l i t y  of  t h i s  e v e n t ,  a s  s e e n  by t h e  1 = 

d e c i s i o n  maker a t  t ime  0 ,  i s  on ly  .017.  I n c i d e n t a l l y ,  i f  Wo 

c o n s i s t s  o f  c a s h ,  t h e  o p t i m a l  p o r t f o l i o  i s  po = ( 0 ,  .994 ) . - 
The s i n g l e - p e r i o d  and m u l t i p e r i o d  models do n o t ,  i n  

g e n e r a l ,  y i e l d  i d e n t i c a l  s o l u t i o n s .  Fo r  i n s t a n c e ,  i f  mo 

were . 0 3  i n s t e a d  o f  .035,  t h e  s o l u t i o n  t o  t h e  m u l t i p e r i o d  

model would be unchanged b u t  t h e  s o l u t i o n  t o  t h e  s i n g l e - p e r i o d  

model would b e  po = q0 = (0 ,O) .  The t r a n s a c t i o n s  c o s t s  - - 



are more crucial when the time horizon is only one period; 

-1 
even though EO(rl) - ry = .O1 and the decision maker is not 

!i 
. , .  

risk-averse, the single-period model does not result in any 
. , 

selling of the risk-free security. 

Assuming quadratic utility with b = .37 (implying that 

the utility function is defined for W ( - 2.7), the optimal 

decision at time 0 under the single-period model is p1 = .08, 
0 

yielding a. = po - qo = (.419, .580). Under the multiperiod 
... - - 

1 model, po = .458, yielding a. + po - qo = (.037, .958). Thus, - 
in the multiperiod model, more of the holdings of the risk- 

free security are transferred to the risky security than in 

the single-period model, in spite of the small amount of prior 

information. If more prior information were available (i.e. 

if no were larger), the variances of the predictive distributions 

- 1 - 1 for rl and r2 would be smaller, thereby making the risky security 

even more attractive to a risk-avoider with a quadratic 

utility function. 

The examples indicate that the single-period and multi- 

period models may lead to quite different portfolios, although 

the differences (as well as the sensitivity of the objective 

functions to such differences) obviously depend on the exact 

nature of the situation and the assumptions that are made about 

the situation. 

V. Summary and Di-scussion 

In this paper we have presented models for portfolio 

selection and revision that utilize Bayesian inferential 



procedures  t o  f o r m a l l y  upda te  p r o b a b i l i t y  d i s t r i b u t i o n s  of 

u n c e r t a i n  q u a n t i t i t e s  t h a t  a r e  r e l e v a n t  t o  t h e  d e c i s i o n  making 

problem. I n  t h e s e  models,  t h e  d e c i s o n  maker s e l e c t s  an  

i n i t i a l  p o r t f o l i o  and e a r n s  some r e t u r n  on t h i s  p o r t f o l i o ,  

and a t  t h e  same t ime he i s  l e a r n i n g  more about  t h e  p r o c e s s  

t h a t  " g e n e r a t e s "  s e c u r i t y  p r i c e  changes a s  w e l l  a s  changes  

i n  o t h e r  v a r i a b l e s  of  i n t e r e s t .  T h i s  a d d i t i o n a l  i n f o r m a t i o n  

about  t h e  p r o c e s s  i s  u s e f u l  when t h e  d e c i s i o n  maker con templa t e s  

r e v i s i o n  o f  t h e  p o r t f o l i o .  Even i n  a  s i n g l e - p e r i o d  model,  

t h i s  " l e a r n i n g  e f f e c t "  o c c u r s .  Fur thermore ,  i n  a  m u l t i p e r i o d  

model,  t h e  d e c i s i o n  maker chooses  a  p o r t f o l i o  w i t h  an  eye  

toward i t s  r a m i f i c a t i o n s  f o r  f u t u r e  p o r t f o l i o  r e v i s i o n  d e c i s i o n s .  

Although t h e  s p e c i f i c  models p r e s e n t e d  i n  t h i s  pape r  

a r e  a d m i t t e d l y  q u i t e  s imp le  and i g n o r e  many c o n s i d e r a t i o n s  

t h a t  may be  impor t an t  i n  r e a l  world p o r t f o l i o  s e l e c t i o n  and 

r e v i s i o n ,  t h e  g e n e r a l  approach ,  a s  summarized i n  t h e  p reced ing  

pa rag raph ,  seems t o  be a  r e a s o n a b l e  d e s c r i p t i o n  o f  t h e  a c t u a l  

b e h a v i o r  of  i n d i v i d u a l s  who make p o r t f o l i o  s e l e c t i o n  and 

r e v i s i o n  d e c i s i o n s .  Such i n d i v i d u a l s  g a t h e r  a  c o n s i d e r a b l e  

amount of i n f o r m a t i o n  o v e r  t i m e ,  b o t h  from t h e  " t ape"  and 

from o t h e r  s o u r c e s ,  b o t h  i n  te rms  of  "ha rd  d a t a "  and i n  te rms  

o f  what might be  c a l l e d  " s o f t  d a t a "  ( e . g .  v e r b a l  i n f o r m a t i o n  

t h a t  must be  i n t e r p r e t e d  by t h e  d e c i s i o n  make r ) .  A s  such  

i n f o r m a t i o n  is  g a t h e r e d ,  t h e  d e c i s i o n  make r ' s  o p i n i o n s  about  

t h e  p o t e n t i a l  r e t u r n s  o f  v a r i o u s  s e c u r i t i e s  a r e  mod i f i ed ,  and 

such  m o d i f i c a t i o n s  may l e a d  t o  r e v i s i o n  of t h e  p o r t f o l i o .  

Moreover, by ana logy w i t h  t h e  m u l t i p e r i o d  model,  i t  is  n o t  



unreasonab le  t o  s u g g e s t  t h a t  a  s u c c e s s f u l  p o r t f o l i o  manager, 

l i k e  a  s u c c e s s f u l  c h e s s  p l a y e r ,  i s  a lways t h i n k i n g  ahead and 

con templa t ing  t h e  e f f e c t s  of c u r r e n t  d e c i s i o n s  on f u t u r e  

"moves." The p o i n t  of t h i s  d i s c u s s i o n  i s  n o t  t o  c l a i m  t h a t  

i n d i v i d u a l s  r e s p o n s i b l e  f o r  p o r t f o l i o  d e c i s i o n s  a c t u a l l y  u s e  

models l i k e  t h o s e  p r e s e n t e d  i n  t h i s  p a p e r ;  s o p h i s t i c a t e d ,  

r e a l i s t i c  models of  t h i s  n a t u r e  a r e  s imply n o t  a v a i l a b l e .  

However, t h e  g e n e r a l  approach  of t h e s e  models i s  i n t u i t i v e l y  

a p p e a l i n g  and may be a  good approximat ion  t o  t h e  p rocedures  

used  i n  p r a c t i c e  by p o r t f o l i o  managers .  

Gi-ven t h a t  t h e  g e n e r a l  approach  i s  a p p e a l i n g ,  t h e  n e x t  

q u e s t i o n  conce rns  t h e  r e a l i s m  of  t h e  s p e c i f i c  models p r e s e n t e d  

i.n t h i s  p a p e r .  Obviously t h e s e  models a r e  b u t  a  f i r s t  s t e p ,  

and ,  a s  no t ed  p r e v i o u s l y ,  many impor t an t  f a c t o r s  a r e  o m i t t e d  

from c o n s i d e r a t i o n .  The d e t e r m i n a t i o n  of  i n p u t s  f o r  t h e  models 

( e . g .  t h e  s e t  o f  s e c u r i t i e s  and o t h e r  v a r i a b l e s ,  t h e  s t a t i s t i -  

c a l  model f o r  t h e  d a t a - g e n e r a t i n g  p r o c e s s ,  t h e  p r i o ~ ~  d i s t r i b u -  

t i o n ,  t h e  u t i l - i t y  f u n c t i o n )  i s  a  c r u c i a l  c o n s i d e r a t i o n  t h a t  

ha s  a l r e a d y  been d i s c u s s e d  i n  S e c t i o n s  I1 and 111. I n  a d d i t i o n ,  

f u r t h e r  e x t e n s i o n s  of  t h e s e  models need t o  be i n v e s t i g a t e d  i f  

a  r e a l i s t i c  model i s  d e s i r e d .  Such e x t e n s i o n s  might  i n c l u d e  

t a x  e f f e c t s ,  s h o r t  s a l e s ,  borrowi-ng and l e n d i n g ,  c o s t s  a s s o -  

c i a t e d  w i t h  u p d a t i n g  p r o b a b i l i t i e s  and d e t e r m i n i n g  a n  o p t i m a l  

p o r t f o l i o  r e v i s i o n  s t r a t e g y ,  t h e  e f f e c t  of p o s i t i v e  o r  n e g a t i v e  

i n c r e m e n t s  i n  t h e  a v a i l a b l e  wea l th  due t o  e x t r a n e o u s  f a c t o r s  

( i . e .  income t o  and consumption from t h e  p o r t f o l i o  ove r  t i m e ) ,  

l e g a l  a n d / o r  pol.icy r e s t r i c t i o n s ,  t ime p r e f e r e n c e s  ( i . e .  

p r e f e r e n c e s  among d i f f e r e n t  "wea l th  p a t h s "  t h a t  may l e a d  t o  



t h e  same t e r m i n a l  w e a l t h ) ,  and n o n s t a t i o n a r i t y  i n  t h e  d a t a -  

g e n e r a t i n g  p r o c e s s .  T h i s  l i s t  i s  i n t e n d e d  t o  be i l l u s t r a t i v e ,  

no t  e x h a u s t i v e ,  b u t  h o p e f u l l y  i t  i n c l u d e s  most of  t h e  impor- 

t a n t  f a c t o r s .  Some o f  t h e s e  f a c t o r s  might  be i n c o r p o r a t e d  

i n t o  t h e  model w i t h o u t  t o o  much d i f f i c u l t y  ( e . g .  t h e  i n c l u s i o n  

o f  s h o r t  s a l e s  appea r s  t o  r e q u i r e  o n l y  a  m o d i f i c a t i o n  o f  t h e  

c o n s t r a i n t s ) - - o t h e r s  might be more t roublesome i n  t h e  s e n s e  

t h a t  t h e y  may compl i ca t e  t h e  model.  I n  any e v e n t ,  such 

e x t e n s i o n s ,  which would make t h e  p o r t f o l i o  s e l e c t i o n  and 

r e v i s i o n  models more r e a l i s t i c ,  a r e  f e r t i l e  grounds f o r  f u r t h e r  

r e s e a r c h .  

The a c t u a l  implementa t ion  o f  t h e  models p r e s e n t e d  i n  

t h i s  p a p e r ,  whether  a s  r e s e a r c h  t o o l s  t o  i n v e s t i g a t e  t h e  

g e n e r a l  n a t u r e  of  o p t i m a l  p o r t f o l i o  r e v i s i o n  s t r a t e g i e s  i n  

v a r i o u s  t y p e s  o f  s i t u a t i o n s  o r  a s  o p e r a t i o n a l  p rocedures  t o  

a s s i s t  d e c i s i o n  makers i n  s e l e c t i n g  and r e v i s i n g  p o r t f o l i o s ,  

depends no t  on ly  on t h e  r e a l i s m  of t h e  models b u t  a l s o  on t h e  

e a s e  w i t h  which t h e  op t ima l  s o l u t i o n s  can  be  de t e rmined .  Of 

c o u r s e ,  t h i s  i s  q u i t e  dependent  upon t h e  e x a c t  c h o i c e  of 

i n p u t s  ; a s  i n  j u s t  abou t  any mathemat ica l  mode l l i ng  s i t u a t i o n ,  

t h e r e  i s  a  t r a d e - o f f  between r e a l i s m  and t r a c t a b i l i t y .  For  

example, normal d i s t r i b u t i o n s  a r e  g e n e r a l l y  e a s i e r  t o  work 

w i t h  t h a n  o t h e r  f a m i l i e s  o f  d i s t r i b u t i o n s  t h a t  may p r o v i d e  

b e t t e r  app rox ima t ions  t o  r e a l i t y ;  t h e  u s e  of  c e r t a i n  s imp le  

ma thema t i ca l  f u n c t i o n s  ( e . g .  l i n e a r ,  q u a d r a t i c ,  e x p o n e n t i a l ,  

o r  l o g a r i t h m i c  f u n c t i o n s )  t o  r e p r e s e n t  t h e  d e c i s i o n  maker ' s  

u t i l i t y  f o r  money i s  c o n v e n i e n t ,  bu t  such  f u n c t i o n s  o f t e n  may 



b e  p o o r  a p p r o x i m a t i o n s  t o  a  d e c i s i o n  m a k e r ' s  u t i l i t y  f u n c t i o n .  

O f  c o u r s e ,  t h e  q u e s t i o n  o f  t r a c t a b i l i t y  r e l a t e s  t o  t h e  u s e  t o  

which  t h e  model  i s  t o  b e  p u t  and  t o  t h e  d e s i r e d  fo rm o f  t h e  

s o l u t i o n .  O b t a i n i n g  g e n e r a l  a n a l y t i c a l  s o l u t i o n s  l i k e  t h o s e  

p r e s e n t e d  i n  S e c t i o n  I V  f o r  l i n e a r  and  q u a d r a t i c  u t i l i t y  

r e q u i r e s  t h a t  t h e  i n p u t s  b e  i n  r e a s o n a b l y  s i m p l e  f o r m .  On 

t h e  o t h e r  h a n d ,  i f  t h e  p r i m a r y  c o n c e r n  i s  d e t e r m i n i n g  

n u m e r i c a l  s o l u t i o n s  f o r  s p e c i f i c  c a s e s ,  much more f l e x i b i l i t y  

i s  p o s s i b l e  i n  t h e  c h o i c e  o f  i n p u t s  b e c a u s e  n u m e r i c a l  methods  

c a n  b e  u s e d  i n  s o l v i n g  t h e  p r o b l e m .  The u s e  o f  n u m e r i c a l  

methods  i m p l i e s ,  f o r  example ,  t h a t  a  d e c i s i o n  m a k e r ' s  u t i l i t y  

f u n c t i o n  c a n  b e  a p p r o x i m a t e d  a s  c l o s e l y  a s  d e s i r e d  e v e n  t h o u g h  

i t  may b e a r  no r e s e m b l a n c e  t o  any o f  t h e  s i m p l e  m a t h e m a t i c a l  

f u n c t i o n s  commonly u s e d  t o  r e p r e s e n t  u t i l i t y  f u n c t i o n s .  Wi th  

r e s p e c t  t o  i m p l e m e n t a t i o n ,  t h e  q u e s t i o n  o f  t r a c t a b i l i t y ,  b o t h  

i n  a n a l y t i c a l  t e r m s  and i n  n u m e r i c a l  terms, i s  q u i t e  i m p o r t a n t ,  

and some work r e g a r d i n g  t r a c t a b i l i t y  u n d e r  v a r i o u s  c o c d i t i o n s  

i s  c u r r e n t l y  b e i n g  c o n d u c t e d .  
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