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A b s t r a c t  

Some s t o c h a s t i c  a s p e c t s  of dam s t o r a g e  t h e o r y  a r e  
cons ide r ed  i n  t h i s  paper .  I n  p a r t i c u l a r  op t ima l  c o n t r o l  
based on some r e l i a b l e  lower e s t i m a t e s  of  unknown (un- 
c e r t a i n )  sys tem paramete r s  w i t h  t h e  cor responding  opera-  
t i o n a l  prfigram i s  developed.  Also ,  s t a t i s t i c a l  e q u i l i b -  
r ium i n  dam s t o r a g e  (random) p r o c e s s e s  a r e  ana lyzed  and 
g e n e r a l  c o n d i t i o n s  f o r  such a phenomenon a r e  e s t a b l i s h e d .  

I. A wa t e r  r e s e r v o i r  o p e r a t i o n  depends on a p rope r  t i m e  

p e r i o d  (totto + T )  and i s  u s u a l l y  based on a so - ca l l ed  opera-  

t i o n a l  g raph .  T h i s  c an  be r e p r e s e n t e d  by a monotone f u n c t i o n  

z = z ( x )  which shows t h e  amount of wa te r  t o  be r e l e a s e d  d u r i n g  

t h e  cons ide r ed  p e r i o d  (torto + T ) ,  i f  t h e  t o t a l  volume of  

a v a i l a b l e  water w i l l  be  x (see F i g u r e  1).  

Of c o u r s e ,  one d o e s  n o t  r e l e a s e  t h e  cor responding  amount 

of wa te r  z a l l  a t  once;  i t s  d i s t r i b u t i o n  ove r  t i m e  depends ,  i n  

p a r t i c u l a r ,  on wa te r  demands p e r  t i m e  u n i t  and channe l  c a p a c i t y .  

I f  t h e s e  r i v e r  b a s i n  c h a r a c t e r i s t i c s  a r e  c o n s t a n t  d u r i n g  t h e  

cons ide r ed  t i m e  p e r i o d  (torto k T ) ,  t h e n  a l o c a l  o p e r a t i o n  

p o l i c y  may be of  t h e  fo l l owing  t ype :  The amount of  wa te r  Azt 

p e r  t i m e  u n i t  A t  r e l e a s e d  w i t h  c o n s t a n t  d i s c h a r g e  a t  t h e  c u r r e n t  

t i m e  i n t e r v a l  ( t , t  + A t )  i s  

Azt = min { c , z  (x t )  - zt} , 



x = AVAILABLE WATER 
(INITIAL VOLUME + INFLOW ) j  

w = WATER DEMAND; 

z = WATER RELEASE; 

r = (OPERATIONAL) RESERVOIR 
CAPACITY. 

FIGURE 1. 



where 

x = water  a v a i l a b l e  dur ing  t h e  per iod  ( t  t ) ;  
t o f  

z  = water  a l r e a d y  r e l ea sed  from t h e  r e s e r v o i r  dur ing  
t 

t h e  per iod  (to, t )  ; 

c  = o p e r a t i o n a l  c o n s t a n t  l i m i t e d  by channel  c a p a c i t y .  

Genera l ly ,  a  r e s e r v o i r  i s  designed t o  meet water  demands 

a s  we l l  a s  t o  p revent  f l oods .  Thus t h e  o p e r a t i o n a l  graph must 

be chosen according t o  proper mu1 t i o b  j e c t i v e  d e c i s i o n  making. 

Water demands and f lood  p o s s i b i l i t y  obviousiy  depend on t ime,  

s o  one has  t o  determine t h e  o p e r a t i o n a l  graph zk = z (u ) ,  f o r  k  ' k  
- each t ime per iod  ( tkI tk + T )  I tk - to + kT; k  = 0,1, .... 

Le t  u s  s e t  T = 1 and l e t  y  be t h e  r e s e r v o i r  volume a t  k  

t h e  beginning of k-period and 5 be t h e  t o t a l  in f low k  

where S t  i s  t h e  in f low pe r  t ime u s u a l l y  i d e n t i f i e d  wi th  t h e  

so-ca l led  hydrograph. 

We have 

Suppose f o r  each per iod  ( t  k t t k  + T )  w e  a r e  g iven  a  t o t a l  

water  demand wk ,  and t h e  l o s s  func t ion  f k ( z k )  r e f l e c t s  l o s s  

i n  t h e  c a s e  of water  d e f i c i t  wk - zk ( s e e  F igure  2 ) .  The prob- 

lem i s  t o  determine opt imal  r e s e r v o i r  o p e r a t i o n  t a k i n g  i n t o  

account  no t  on ly  t h e  c u r r e n t  water  demands, bu t  a l s o  p o s s i b l e  

f u t u r e  water  d e f i c i t s  and f loods .  



Wx 

F I G U R E  2 .  

Because of a water channelfs limited capacity, a flood is 

usually connected with a high peak hydrograph on a comparatively 

small base-time A ( see Figure 3). Flood damage seems to be a 

function of the corresponding high peak hydrograph; but by using 

approximations shown in Figure 3, one may estimate the damage 

by a proper function f(q,d) of two parameters q and d. 

Flood damage, as we understand it, is usually incomparably 

high with respect to the water deficit loss. Thus it seems 

reasonable to assume that a proper reservoir capacity for a 

flood catchment can be established disregarding water demands. 

Let rk be the corresponding reservoir operational volume 

during the operational time period (t t + T). So if R is 
k' k 

the absolute reservoir volume, then the remaining 

R - r represents the "flood catchment'' capacity which helps k 

to reduce the damage cost from fk(q.A) to fk(q,d)f where 



HY DROGRAPH; 

CHANNEL CAPACITY; 

RESERVOIR CATCHMENT; 

RESERVOIR S P I L .  

F IGURE 3 .  



(see Figure 3). The proper operational volume r = r may be k 

determined, for example, from the condition that the damage 

cost may exceed some upper crucial level C only with a small 

probability c :  

With regard to water demands, one can be careful about a 

water deficit only up to the first "wet" period T when excess 

water (not necessarily a flood) enters the reservoir. So the 

problem is to determine operation functions z = zk(xk) in k 

such a way so as to minimize the total water deficit loss 

-r - 1 
1 fk(zk) + min . 

k=O 

One may immediately notice the main difficulty that arises 

here: the water deficit loss defined above depends on the 

reservoir inflow ~O,S1,..., which is uncertain and must be 

treated as a random process. 

One of the possible approaches to such minimization prob- 

lems traditionally offered by optimal control theory is minimi- 

zation of expected loss: 

over all possible control functions 



which in our case depend not only on available water x = Xkr 

but also on river basin data " w "  up to the current time period. 

The corresponding optimization technique involves (condi- 

tional) probabilities distribution of the random variables 

this can hardly be used in practice, as there are SOtSlt.**, 

usually no reliable data available to ensure that this or that 

sophisticated probabilistic model fits the reality. 

We will next consider a rather simple probabilistic model 

of the inflow process S O t ~ l . . . t  and a proper reservoir control 

which is optimal in the sense of some kind of minimax principle; 

this seems to be reliable from a practical point of view. 

11. The reservoir inflow process 

arises as a result of basic river flow, rainfall in different 

river basin areas, etc.; a mechanism of the random variables 

~ o f ~ l t . . . t  formation is rather complicated to discuss here in 

detail. 

Let us call a series of the considered periods 

up to the first "wet" period T, T > 0, regular season, and a 

series of the inflow variables 



r e g u l a r  p roces s .  I t  seems r ea sonab l e  t o  assume t h a t  t h e  i n f l ow  

v a r i a b l e s  ' O t . . . ,  a s s o c i a t e d  w i th  t h e  r e g u l a r  season  a r e  i n -  ' n  

dependent  (under c o n d i t i o n  T > n )  on t h e  beg inn ing  of t h e  

f u t u r e  "wet" p e r i o d  T ;  fu r the rmore ,  p r o b a b i l i t i e s  d i s t r i b u t i o n s  

of  5 O t -  . A n  wi th  r e s p e c t  t o  t h e  c o n d i t i o n  T > n  + k a r e  t h e  

same f o r  a l l  f u t u r e  p e r i o d s  n  + k ;  k = 0,1, .... 
During t h e  r e g u l a r  season t h e r e  a r e  compar i t i ve ly  minor 

random f l u c t u a t i o n s  i n  t h e  r e g u l a r  i n f l ow  p roces s  5 0 t 5 1 t . . . t  

mainly due t o  such random e v e n t s  as r a i n f a l l  i n  d i f f e r e n t  r i v e r  

b a s i n  a r e a s .  Water r e q u i r e s  some t r a n s i e n t  t i m e  t o  f low from 

t h e  r e s e r v o i r  t o  an a r e a .  W e  b e l i e v e  t h a t  i f  such a  t r a n s i e n t  

t i m e  f o r  any a r e a  i s  compara t ive ly  smal l  w i t h  r e s p e c t  t o  t h e  

chosen r e s e r v o i r  p e r i o d  T ,  t hen ,  f o r  purposes  of p o s s i b l e  f u t u r e  

wate r  d e f i c i t  e s t i m a t i o n  and s e n s i b l e  wa te r  supp ly  du r ing  t h e  

r e g u l a r  season ,  one may t r e a t  t h e  r e g u l a r  i n f l ows  50,51,. . . ,  

a s  independent  (random) v a r i a b l e s .  

A c t u a l l y ,  o u r  minimizat ion problem (see ( 2 ) )  concerns  an  

op t ima l  wa t e r  supp ly  du r ing  t h e  r e g u l a r  t i m e  i n t e r v a l  

(totto + T ) ;  t h e  main d i f f i c u l t y  i s  e s t i m a t i n g  p o s s i b l e  f u t u r e  

wate r  d e f i c i t s  up t o  t h e  w e t  T-per iod.  

L e t  u s  s e t  

For example, one may assume ( n o t  unreasonably)  t h a t  t h e  "wa i t i ng  

t ime" f o r  t h e  w e t  p e r i o d  ha s  a  p r o b a b i l i t i e s  d i s t r i b u t i o n  of  

t h e  e x p o n e n t i a l  type :  



where a  pa ramete r  q may be  i n t e r p r e t e d  a s  t h e  p r o b a b i l i t y  of 

b e i n g  r e g u l a r  f o r  each  of  t h e  c o n s i d e r e d  ( i n d e p e n d e n t )  t i m e -  

p e r i o d s  ( tkl tk + T ) ;  a  parameter  N a r i s e s  i n  a  c a s e  when 

t h e  w e t  p e r i o d  c e r t a i n l y  o c c u r s  d u r i n g  t h e  a n n u a l  c y c l e  ( i . e . ,  

t h e  m e l t i n g  of  snow c e r t a i n l y  o c c u r s  b e f o r e  t h e  summer s e a s o n ,  e t c . ) .  

L e t  u s  f i x  a l l  i n f l o w  v a r i a b l e s  5 i n  t h e  r e g u l a r  p a r t  
k 

of  t h e  i n f l o w  p r o c e s s  and c o n s i d e r  t h e  expec ted  w a t e r  d e f i c i t  

l o s s  

a s  a  f u n c t i o n  of  t h e  random p r o c e s s  

and t h e  c o n t r o l  p a r a m e t e r s  

The o p t i m a l  c o n t r o l  p a r a m e t e r s  

which  minimize t h e  l o s s  f u n c t i o n  @ ( x , E ) :  

0 ( z 0 , 5 )  = min @ ( z , t )  
z  



c a n  be e a s i l y  d e t e r m i n e d  by s t a n d a r d  dynamic programming, i . e .  

!? k + l  
Z:: 

f k ( z )  + - m k + +  - -z + S k + l )  -b 

PI- n 
Pk+l  min { f k ( z )  + - @ ( x  - z  + Sk+l)}  = 0 - < z  - < x  = Q k ( x )  

Pk 

A t  e a c h  s t e p  o f  t h e  program ( 4 )  one  c a n  u s e  t h e  f o l l o w i n g  

p r e p o s i t i o n  c o n c e r n i n g  t h e  m i n i m i z a t i o n  p r o c e d u r e  

m 
F i ( z i )  + min 

i=l s u b j e c t  t o  z < x ( z i  > 0)  i - - 

* f o r  convex  f u n c t i o n s  Fi. Here p a r a m e t e r  x  may be i n t e r p r e t e d  

a s  a  r e s o u r c e  d i s t r i b u t e d  amongst consumers ;  l e t  u s  s u p p o s e  i t  

i s  d i s t r i b u t e d  i n  some u n i t s  Ax. 

0 Lemma. I f  z i ( x )  ; i = l . . . m  i s  t h e  o p t i m a l  d i s t r i b u t i o n  w i t h  

r e s p e c t  t o  t h e  p a r a m e t e r  x ,  t h e n  

where  g i j  i s  a  Kronecke r  symbol and  t h e  c o r r e s p o n d i n g  p r e f e r a b l e  

" j "  i s  d e t e r m i n e d  by t h e  c o n d i t i o n  

0 0 0 F .  ( z O  + A X )  - F .  ( z , )  = min ~ ~ ( z ~  + A X )  - F i ( z i )  
I j 1 I l< i t m  - - 

* 
A t  e a c h  kth s t e p  of  t h e  program ( 4 )  w e  have  m = 2 ,  z ,  = z ,  



The f u n c t i o n  

F  ( x )  = min 1 Fi ( x )  
i=l 

is  convex and 

F ( X  + Ax) - F ( x )  = F . ( z O  + Ax) - F . ( z O )  ; 
3 j 3 3 

0 t h e  r e c u r r e n t  e q u a t i o n  (51,  l e t s  u s  de te rmine  z i ( x ) ;  

x  = O,Ax,2Ax, ...,. Note t h a t  t h i s  ve ry  s imple  min imiza t ion  

p rocedure  i s  n o t  v a l i d  i n  a  c a s e  of  non-convex f u n c t i o n s .  

Suppose t h a t  w e  c o n s i d e r  t h e  wa te r  d i s t r i b u t i o n  problem w i t h  

l o s s  f u n c t i o n s  F l ( z l )  and F 2 ( z 2 ) ,  which h a s  a r i s e n  because  of 

c u r r e n t  and f u t u r e  wa t e r  d e f i c i t s .  F u r t h e r  suppose t h a t  t h e  

f u t u r e  l o s s  can  be reduced on ly  by a  s i g n i f i c a n t  wa t e r  supp ly  

z2 > Ax, b u t  t h a t  t h e  c u r r e n t  l o s s  F1 becomes less even w i t h  

a  minor wa t e r  supp ly  Ax (see F igu re  4 )  . Then, a cco rd ing  t o  

Equat ion ( 5 ) ,  one must m e e t  c u r r e n t  wa te r  demands u s i n g  a l l  

a v a i l a b l e  wa te r :  

f o r  any x .  Obviously ,  t h i s  p rocedure  i s  wrong i n  a  c a s e  rep-  

r e s e n t e d  i n  F i g u r e  4 ,  where 

f o r  x  = 2Ax. 

I t  i s  worth  n o t i n g  t h a t  program ( 4 )  g i v e s  u s  t h e  op t ima l  

0 c o n t r o l  f u n c t i o n s  z  = z0 ( x ; ~ )  which minimize all expected  v a l u e s  
k k 



Thus i f  w e  se t  

i n  t h e  w a t e r  b a l a n c e  Equa t ion  ( I ) ,  t h e n  t h e  c o r r e s p o n d i n g  

r e s e r v o i r  p r o c e s s  

w i l l  b e  o p t i m a l  ( i - e .  w a t e r  d e f i c i t  l o s s  w i l l  b e  m i n i m a l ) .  

But  one  c a n  n o t  implement t h i s  o p t i m a l  p r o c e s s  because  

a t  each  c u r r e n t  n -pe r iod ,  t h e  f u t u r e  i n f l o w  v a r i a b l e s  < n + l , . . . f  

remain unknown. 

Our s u g g e s t i o n  i s  t o  s u b s t i t u t e  u n c e r t a i n  v a r i a b l e s  

< o f < 1 , . . . ,  w i t h  some r e l i a b l e  lower  e s t i m a t e s ,  < 5_ 
4, l f - * - f  

such  

t h a t  

where 1 - a i s  t h e  p r o p e r  c o n f i d e n c e  l e v e l ,  (0 < a < 1) 

0 
The c o r r e s p o n d i n g  c o n t r o l  f u n c t i o n s  zk - z k ( x , L ) ;  k  = 0,1 ,  ..., 

a p p e a r  t o  b e  o p t i m a l  w i t h  r e s p e c t  t o  some k i n d  o f  minimax c r i -  

t e r i o n  when w e  c o n s i d e r  t h a t  o n l y  100 (1 - a )  p e r  c e n t  o f  

p o s s i b l e  i n f l o w s  c k  s a t i s f y  t h e  c o n d i t i o n  (11). 



L e t  u s  c o n s i d e r  a n  a r b i t r a r y  r e s e r v o i r  c o n t r o l  based on 

o p e r a t i o n  g raphs :  

We b e l i e v e  t h e r e  i s  no s e n s e  i n  a  c o n t r o l  f o r  which t h e  

wa te r  d e f i c i t  l o s s  @ ( z , S )  can  i n c r e a s e  when t h e  reser- 

v o i r  i n f l ows  a r e  i n c r e a s i n g .  So l e t  u s  c o n s i d e r  t h e  r e g u l a r  

c a n t r o l  i n  which t h e  wa t e r  d e f i c i t  l o s s  (4 ( z ,S )  i s  a  monotone 

.... d e c r e a s i n g  f u n c t i o n  of each  i n f l ow  v a r i a b l e  S k ,  k  = 0,1, 

The c o n t r o l  sugges ted  above, i . e .  

i s  r e g u l a r  f o r  any 5 = {Ex) .  

Indeed,  a cco rd ing  t o  t h e  g e n e r a l  Equat ion (5), a l l  param- 

e t e r s  

a r e  monotone i n c r e a s i n g  f u n c t i o n s  of x  = x  and,  i n  a  c a s e  k  

where t h e  i n f l o w  Sk i s  i n c r e a s i n g ,  w e  d e a l  w i t h  t h e  i n c r e a s e d  

v a r i a b l e s  



Hence t h e  wa te r  d e f i c i t  l o s s  

w i l l  be reduced because each l o c a l  l o s s  f n ( z E )  i s  a  monotone 

d e c r e a s i n g  f u n c t i o n  of t h e  wate r  supply  zO. 
n  

For any r e g u l a r  c o n t r o l  z  = { z k ( x ) )  we have 

* 
Q ( z )  = max Q ( z , < )  = Q ( z , i )  

> E  5- - 

0 and t h e  r e s e r v o i r  c o n t r o l  z0 = { z k ( x , f )  } i s  op t ima l ,  i n  t h e  

* 
sense  t h a t  it g i v e s  t h e  minimum of t h e  maximum l o s s  Q ( z )  over  

a l l  r e s e r v o i r  c o n t r o l  p o l i c i e s  z  = { z k ( x ) ) ,  

* * 0 min Q ( z )  = Q ( z  ) . 
z  

Moreover, t h e  p a i r  ( z O , & )  i s  a  s a d d l e  p o i n t  i n  o u r  r e s e r v o i r  

game a g a i n s t  n a t u r e  w i t h  i t s  s t r a t e g y  5 = ISk) :  

0 minmax @ ( z , S )  = max min Q ( z , S )  = @ ( z  , f )  . 
525 z  

Indeed,  

min Q ( z . S )  Q l z o ( * t ~ )  . S 1  
Z 

and 

0 max min Q ( z , E )  - > max Q [ Z ~ ( - , S ) ~ S I  = Q [ Z ~ ( ~ , L ) & I  = Q ( z  ,g) 
0 5  z  S L f  



111. Most practical applications of stochastic reservoir models 

are based on the assumption that the random process 

in the reservoir system (see (1)) eventually reaches a so-called 

statistical equilibrium; this actually means that the probabil- 

ities distribution Pn of 

tends to some limit: 

and this limit probability distribution P is invariant with respect 

to the annual time shift transformation 

where A means the entire year period; moreover, the frequency 

of any annual event A during a series of years N also tends 

toward the corresponding probability P(A): 

v N  (A) 
lim N = P(A) , 
N+m 

where v  (A) is the number of years in which the event A occurs. 
N 

Let us consider the arbitrary water release policy; the only 

assumption is that the current release z = zk(x) does not k 

exceed the water demands wk, if there is no water excess: 



(remember that rk is the upper operational reservoir volume-- 

see Figure 1). 

We believe that the current water demands w as well as k' 

the river basin inflows ck, do not physically depend on the reser- 

voir existence; further, the random process (5k,wk); k = 0.1, ..., 
can be considered as a part of the process (5 k,wk), - < k < ODl 

which is stationary with respect to the annual time shift 

transformation. One may treat (Sk,wk) as a component of general 

climatological process o = w - rn < t < (in the considered t' 

river basin) assuming that the annual time shift transformation 

does not change the probabilities distribution. 

One can treat the operational upper level rk in the same 

way, because it depends only on the actual reservoir capacity 

R and wt, t < - tk. 
Naturally, we can expect statistical equilibrium (see (15)) 

only under some ergodicity conditions for the process 

w = w - < t < rn, and under such conditions, the following t' 

result holds true: suppose that during a long range operation, 
n 

the total reservoir inflow 1 Ck sometimes becomes comparatively 
k=O n 

high with respect to the total water demands 1 wk; suppose 
k=O 

more precisely that the sequence 

with non-zero probability may exceed the reservoir level R (or at 

least the operational capacity r = r n = O,l, ..., ) at some n ' 



random time period n = T. Then the statistical equilibrium 

phenomenon holds true; furthermore, we find the ergodic process 
* * *  

(xk,yk,zk); - < k < rn, stationary concerning the annual cycle 

such that 

The limit in (15) coincides with the probabilities distri- 

bution P of the process 

and 

Note that in most interesting cases the T distribution is of 

an exponential type so the convergence rate (accounting to (17)) 

is very high. 

All of the results presented above can be obtained by ob- 

vious modification of the "imbedded stationary processes" methods 

developed in ( 4 ) ,  where the specific z-shape reservoir policy 

was analyzed. The main idea is based on the phenomenon whereby 

all possible trajectories of the reservoir process will be at 

the same point (the reservoir will be full) at the considered 

T-period, no matter what the initial reservoir conditions. 
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