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FOREWORD 

Within  t h e  f r amewo~k  of  t h e  Economic S t r u c t u ~ a l  Change 
Program, a  c o o p e r a t i v e  r e s e a r c h  a c t i v i t y  of  TXASA and t h e  
U n i v e r s i t y  of Bonn, FRG, a  p r o j e c t  i s  c a r r i e d  o u t  on " S t a t i s -  
t i c a l  and Econometric  T d e n t i f i c a t i o n  of S t r u c t u r a l  Change"; 
t h e  p r o j e c t  i n v o l v e s  s t u d i e s  on t h e  fo rma l  a s p e c t s  of t h e  
a n a l y s i s  of s t r u c t u r a l  changes.  On t h e  one hand,  t h e y  i n c l u d e  
s t a t i s t i c a l  methods t o  d e t e c t  non-cons tanc ies ,  such a s  s t a -  
b i l i t y  t e s t s ,  d e t e c t i o n  c r i t e r i a ,  e t c . ,  and on t h e  o t h e r  hand, 
methods which a r e  s u i t a b l e  f o r  models which i n c o r p o r a t e  non- 
cons tancy  of t h e  pa r ame t e r s ,  such  a s  e s t i m a t i o n  t e c h n i q u e s  
f o r  t ime-varying pa r ame te r s ,  a d a p t i v e  methods, e t c .  

The p r e s e n t  paper  d i s c u s s e s  a  d e c i s i o n  p rocedure  f o r  t h e  
d e t e r m i n a t i o n  of t h e  deg ree  of a  polynomial  which i s  based on 
s tage-wise  r e j e c t i v e  hypo theses  t e s t i n g .  Tt can be a p p l i e d  t o  
t h e  problem mentioned,  b u t  a l s o  t o  s i m i l a r  r e g r e s s o r  o r  
pa ramete r  s e l e c t i o n  s i t u a t i o n s ,  such a s  t h e  d e t e r m i n a t i o n  of 
a  t r e n d  s u r f a c e ,  a  d i s t r i b u t e d  l a g  s t r u c t u r e ,  o r  t h e  o r d e r  of 
an  a u t o r e g r e s s i v e  p r o c e s s .  

A n a t o l i  Smyshlyaev 
Act ing Leader 
Economic S t r u c t u r a l  Change Program 
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Abstract  : 

Starting from a method suggested by T.W.Anderson (1971) stagewise 
rejective test procedures for determining the-degree of a 
polynomial are proposed'. Accounting for the special structure of 
the problem, Holm's (1979) individual significance levels can be 
improved. If the critical limits for the individual tests of the 
simultaneous test procedure are chosen in an appropriate 
dependence on the sample size, the test procedure provides a 
weakly consistent estimate of the correct order of polynomial. 
The corresponding theorem is proved for a general procedure for 
determining the correct subset of a finite number of model 
parameters. 
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1. Introduction 

In some situations of'regression analysis, the regressor subset 

selection problem has the structure of deciding within a sequence 

of nested hypotheses. Typical situations of this type are the 

case where a polynomial, a trend surface, or a distributed lag 

structure of unknown order are to be estimated. A related 
situation arises when the order of an autoregressive process is 

to be estimated. 

Corresponding statistical selection procedures should keep the 

order of the model.so large as necessary and so small as 

possible: Given the true order to be r, a choice less than r 

leads to biased estimates of the model parameters whereas the 

choice of an order larger than r results in a loss of efficiency 

and could lead, e.g., to an erroneous interpretation of 

explanatory variables which in fact are irrelevant for the 

dependknt variable. One requirement to be met is that, 

asymptotically for an increasing number of observations, the true 

order should be obtained. 

In recent years it has become common practice to use 'model 

fitting criteria' for the selection of the appropriate model 

(Akaike, 1974; Amemiya, 1980; Mallows, 1973; Parzen, 1974; 

Schwarz, 1978). For the linear model situation Geweke & Meese 

(1981) have investigated different criteria for estimating the 

true order: They have established that only Schwarz's (1978) SBIC 

criterium provides a weakly consistent estimation procedure. For 

AR models, Hannan & Quinn (1979) suggest a strongly consistent 

order estimation procedure. Pbtscher (1983) used simultaneous 

Lagrange multiplier statistics in order to test the parameters of 

ARMA models; he proved the strong consistency of his procedure 

for determining the correct order if the significance levels for 

the individual tests tend to zero in an appropriate way. It 

should be noted that the use of model fitting criteria, e.g., 

Akaike's AIC, is equivalent to simultaneousely looking on the 

likelihood ratio statistics when testing all possible pairs of 



m o d e l s ,  t h e  c r i t i c a l  l i m i t s  d e p e n d i n g  on  t h e  d i f f e r e n c e  o f  t h e  
number o f  mode l  p a r a m e t e r s  a n d  t h e  number o f  o b s e r v a t i o n s .  

I n  t h e  f o l l o w i n g  t h e  m u l t i p l e  t e s t  a p p r o a c h  f o r  t h e  i n d i v i d u a l  
r e g r e s s i o n  c o e f f i c i e n t s  is u s e d  f o r  d e t e r m i n i n g  t h e  o r d e r  o f  a 

p o l y n o m i a l  r e g r e s s i o n .  The f o r m u l a t i o n  o f  t h e  h y p o t h e s e s  is i n  
a c c o r d a n c e  w i t h  t h e  p r o c e d u r e  i n t r o d u c e d  by Anderson  ( 1 9 7 1 ) .  The 
m u l t i p l e  t es t  p r o c e d u r e  c o n t r o l s  t h e  p r o b a b i l i t y  o f  e r r o n e o u s l y  
i n c l u d i n g  a term o f  h i g h e r  t h a n  t h e  t r u e  o r d e r  o f  t h e  p o l y n o m i a l .  
I t  is a n  improved  v e r s i o n  o f  a s t a g e w i s e  r e j e c t i v e  t e s t  (Marcus  
e t  a l . ,  1976;  Holm, 1979 )  t a k i n g  i n t o  a c c o u n t  t h e  n e s t e d  
s t r u c t u r e  o f  t h e  h y p o t h e s e s  t o  b e  t e s t e d  s i m u l t a n e o u s l y .  I n  t h e  
a s y m p t o t i c  c a s e  o f  a n  i n c r e a s i n g  number o f  o b s e r v a t i o n s  t h e  
p r o c e d u r e  c a n  e a s i l y  b e  a d a p t e d  t o  s e r v e  as  a weak ly  c o n s i s t e n t  
e s t i m a t i o n  p r o c e d u r e  f o r  t h e  o r d e r  o f  t h e  p o l y n o m i a l .  T h i s  
p r o p e r t y  o f  weak c o n v e r g e n c e  t o  t h e  t r u e  mode l ,  m o r e o v e r ,  is - 
u n d e r  f a i r l y  g e n e r a l  a s s u m p t i o n s  on t h e  model  w i t h  a f i n i t e  
number o f  p a r a m e t e r s  - v a l i d  f o r  a n y  p a r a m e t e r  s e l e c t i o n  p rob l em 
and  d o e s  n o t  depend  on t h e  n e s t e d  s t r u c t u r e  d i s c u s s e d  i n  t h e  
p a p e r . .  

2. A Stagewise Rejective Test Procedure 

L e t  

b e  a r e g r e s s i o n  f u n c t i o n  i n  f o rm  o f  a p o l y n o m i a l  o f  d e g r e e  q .  If 

s u c h  a p o l y n o m i a l  is t o  be  u s e d  as  a d e s c r i p t i v e  d e v i c e  f o r  a 

d a t a  s e t ,  i t  o f t e n  s h o u l d  summar ize  t h e  o v e r a l l  c h a r a c t e r i s t i c s  
o f  t h e  d a t a . .  F o r  t h i s  p u r p o s e  t h e  p o l y n o m i a l  s h o u l d  b e  o f  f a i r l y  
low d e g r e e .  The d e g r e e  o f  t h e  p o l y n o m i a l  w i t h  a s a t i s f a c t o r y  f i t  

is r a r e l y  known t o  t h e  i n v e s t i g a t o r  i n  a d v a n c e .  I t  g e n e r a l  t h e  

i n v e s t i g a t o r  m i g h t  b e  a b l e  t o  g i v e  t h e  p o s s i b l e  l o w e s t  d e g r e e  m 
and  t h e  h i g h e s t  d e g r e e  q ;  h e  t h e n  is l e f t  w i t h  t h e  m u l t i p l e  
d e c i s i o n  p r o b l e m  o f  d e c i d i n g  w h e t h e r  t h e  d e g r e e  is m,m+l, ..., 9 



Anderson ( 1 9 7 1 )  f o r m a l i z e s  t h e  p rob lem a s  a d e c i s i o n  problem 

between q-m+l m u t u a l l y  e x c l u s i v e  p a r a m e t e r  sets  

An a l t e r n a t i v e  f o r m u l a t i o n  is a  d e c i s i o n  problem between t h e  
h y p o t h e s e s  

where ,  f o r  i = m + l ,  . . . , q ,  
, i-1 

H Z '  U H j .  
j =m 

Anderson s u p p o s e s  t h a t  t h e  i n v e s t i g a t o r  w a n t s  t o  c o n t r o l  d i r e c t l y  
t h e  p r o b a b i l i t y  o f  e r r o r s  o f  s a y i n g  t h a t  c o e f f i c i e n t s  are n o t  
z e r o  when t h e y  are z e r o  o r  c o r r e s p o n d i n g l y  o f  c h o o s i n g  a h i g h e r  
d e g r e e  t h a n  s u i t a b l e ,  and t h a t ,  g i v e n  t h e s e  p r o b a b i l i t i e s ,  h e  
wan t s  t o  min imize  t h e  p r o b a b i l i t i e s  o f  s a y i n g  c o e f f i c i e n t  are 
z e r o  when t h e y  are n o t ,  o r  c o r r e s p o n d i n g l y  o f  c h o o s i n g  a lower  
d e g r e e  t h a n  s u i t a b l e .  

* * 
To t h e  se t  o f  q-m n u l l  h y p o t h e s e s  H q ,  ..., Hm+l a s t a g e w i s e  
r e j e c t i v e  t es t  p r o c e d u r e  (Holm, 1979)  can b e  a p p l i e d .  Such a 
p r o c e d u r e  k e e p s  a m u l t i p l e  l e v e l  o f  s i g n i f i c a n c e  ; t h i s  means 

* * 
t h a t ,  wh icheve r  o f  t h e  n u l l  h y p o t h e s e s  H q ,  ..., Hm+l are t r u e ,  t h e  
p r o b a b i l i t y  o f  a n  e r r o n e o u s  r e j e c t i o n  o f  a t r u e  n u l l  h y p o t h e s i s  
is a l w a y s  bounded by a (see,  e . g . ,  Sonnemann, 1982) .  

L e t  Ym+l, ..., Yq be  t h e  r e s p e c t i v e  s t a t i s t i c s  f o r  t e s t i n g  t h e  n u l l  
h y p o t h e s e s  



which refer to the q-m real-valued scalar parameters 8,+1, ..., eq. 
To cope with the two-sided test situation, the set of null 

hypotheses (5) is replaced by the set of q-m pairs of one-sided 

null hypotheses of the form 

where 

The i-th pair of (6) is tested by means of the test statistics 

Here, the random variable Ti.haS the distribution of the test 

statisti'c Yi, given ei= ...= eq=O. The quantity y i  is the observed 

value of the test statistic Yi. Usually, pf and pt are denoted 
as the observed error probabilities. It is assumed that, 

independently of the true values of the parameters 83, j<i, and 

independently of the values of any nuisance parameters, the 

following inequalities hold for all i and O ~ a < l :  

Then the two-sided test statistic is defined by 

and obeys 

.., - 
The condition a< l  assures that never both hypotheses HSi and ~g~ 
can be rejected at the same time (Holm, 1979). 



The s t a g e w i s e  r e j e c t i v e  tes t  p r o c e d u r e  is based  on t h e  se t  ( 3 )  o f  

n u l l  h y p o t h e s e s  which f u l f i l l s  

Then a l e v e l  a - t e s t  f o r  a n y  s u c h  n u l l  h y p o t h e s i s  H; is g i v e n  by 

t h e  c r i t i c a l  r e g i o n  

min  p a 
j  5  

j  € { i t  . . . , q  1 2 (q- i+1)  

T h i s  f o l l o w s  s i n c e  u n d e r  H: 
9 a  

P { reject ~f 1 = P { U { p j 5  . 
j= i 2  (q - i+ l  ) 

q .  a  a  
r Z P { p j s  1 5  (q- i+1)  . . - - a 

j = i  2  ( q - i + l  ) q- i+ l  
by u s e  o f  t h e  B o n f e r r o n i ' s  i n e q u a l i t y  and e q u a t i o n s  ( 9 )  and ( 1 1 ) .  

The s t a g e w i s e  r e j e c t i v e  p r o c e d u r e  is d e f i n e d  as  f o l l o w s :  

Procedure: Reject t h e  h y p o t h e s i s  H;, i f  

P ,= m i n  5  ,- 
a  - - a  

(m+l) ; - , j ~ { m + l , .  . . , q)., 

i f  ~ k > a ( ~ + l )  a c c e p t  and s t o p  t e s t i n g .  A t  t h e  s econd  s t a g e  

reject  H;, i f  

- m i n  a  = a  
( k + l )  "-jc{k+l,.  .. ,q}  2(q-k)  

I 

* 
i f  p & > a ( k + l )  a c c e p t  Hk+l and s t o p  f u r t h e r  t e s t i n g .  A t  t h e  t h i r d  
s t a g e  t h e  p r o c e d u r e  is per formed a s  a t  s t a g e  2 ,  r e p l a c i n g  k  by R ;  

and s o  on.  

Theorem 1: The above  d e f i n e d  m u l t i p l e  tes t  p r o c e d u r e  f o r  t h e  set 
* 

o f  q-m n u l l  h y p o t h e s e s  H i ,  .. . ,Hm+l p r o v i d e s  t h e  m u l t i p l e  l e v e l  o f  

s i g n i f i c a n c e  a .  

P r o o f :  Marcus e t  a 1 . ( 1 9 7 6 )  have  i n t r o d u c e d  s o - c a l l e d  c l o s e d  

t e s t i n g  p r o c e d u r e s ,  which keep  t h e  m u l t i p l e  l e v e l  o f  s i g n i f i c a n c e  

a .  For  t h e s e  t es t  p r o c e d u r e s  i t  is r e q u i r e d ,  t h a t  t h e  f i n i t e  se t  
o f  n u l l  h y p o t h e s e s  t o  be  t e s t e d  is c l o s e d  u n d e r  i n t e r s e c t i o n .  



Any n u l l  h y p o t h e s i s  t h e n  is r e j e c t e d  i f  n o t  o n l y  t h i s  h y p o t h e s i s  

b u t  a l s o  a l l  o t h e r  n u l l  hypo theses  r e s t r i c t i n g  t h e  p a r a m e t e r s  t o  
a  s u b s e t  o f  i ts parameter  s p a c e  are r e j e c t e d  i n  a  l e v e l  a - t e s t .  

Obviously t h e  se t  o f  n u l l  hypo theses  g iven  by t h e  H;, 

i=m+l,  . . . , q ,  is c l o s e d  under i n t e r s e c t i o n ,  s i n c e  f o r  any s u b s e t  
Jc{m+l, . . . , q )  of  i n d i c e s  it h o l d s  t h a t  

The c o n s t r u c t i o n  i m p l i e s  t h a t i f  H i  is r e j e c t e d  a t  t h e  first 
* * 

s t a g e  a l l  n u l l  hypo theses  H j  w i th  H ~ C H ;  ( v i z .  H m + ~ ,  . . . , Hk-1) are 
r e j e c t e d  i n  a l e v e l  a- tes t  based on ( l o ) ,  t o o . '  The same argument 
a p p l i e s  a t  t h e  f u r t h e r  s t a g e s  o f  t h e  p rocedure .  

Anderson (1971)  i n  a d d i t i o n  d i s c u s s e s  t h e  case where t h e  i n t e r e s t  

i n  t h e  d i f f e r e n t  d e g r e e s  o f  t h e  polynomial  is n o t  t h e  same: He 

g i v e s  a few h i n t s  how t o  choose i n d i v i d u a l  s i g n i f i c a n c e  l e v e l s  
" 

f o r  t e s t i n g  t h e  i n d i v i d u a l  hypo theses  H o i .  B a s i c a l l y  h i s  a d v i c e  
t e n d s .  t o  m a k e  q  f a i r l y  l a r g e  and t h e  i n d i v i d u a l  s i g n i f i c a n c e  
l e v e l s  small f o r  l a r g e  d e g r e e s  i ( ' i f  h igh  d e g r e e s  are n o t  

. . 
needed,  . t h e  p r o b a b i l i t y  is small t h a t  a h igh  d e g r e e  is dec ided  
on'  1. 

To cope w i t h  t h i s  s i t u a t i o n  i n  t h e  s t a g e w i s e  r e j e c t i v e  p rocedure ,  
p o s i t i v e  w e i g h t s  Wm+l,... ,wq can b e  d e f i n e d ,  e x p r e s s i n g  t h e  
r e l a t i v e  impor tance  of  t h e  pa ramete r s  e m + l , . . . ,  e q  f o r  t h e  
m u l t i p l e  d e c i s i o n  problem ( c f .  Holm, 1979) :  i f  W i > W j ,  e i  is of 

more impor tance  f o r  t h e  d e c i s i o n  problem t h a n  83 is. 

Modified Procedure: T h i s  procedure  is performed i n  ana logy  t o  t h e  

o r i g i n a l  one ,  r e p l a c i n g  t h e  p i  by 

and t h e  l e v e l  a-test f o r  t e s t i n g  t h e  n u l l  h y p o t h e s i s  H i  by 
a 

min 



A t  t h e  f i rs t  s t a g e  re jec t  H Z ,  i f  

P; = m i n  P ; I a '  
( m + l )  j ~ E m + l ,  . . . , q  ) I 

f f  * 
i f  Pk>a(m+l )  a c c e p t  Hm+l and s t o p .  A t  t h e  s e c o n d  s t a g e  re jec t  

P; = m i n  P; a ; k + l )  I 

j e { k + l ,  . . . , q  
1 * 

if p R > a ( k + l )  a c c e p t  Hk+l and s t o p ;  and s o  on .  

Lemma 1: The m o d i f i e d  tes t  p r o c e d u r e  f o r  t h e  se t  o f  q-m n u l l  
* * h y p o t h e s e s  H q ,  . . . , H m + l  a l s o  p r d v i d e s  t h e  m u l t i p l e  l e v e l  o f  

s i g n i f i c a n c e  a .  

The p r o o f  is e q u i v a l e n t  t o  t h a t  o f  Theorem 1 .  

The a d v a n t a g e  o f  t h e  p r o c e d u r e s  is o b v i o u s .  If q = 5 ,  m = O ,  a n d ,  

s a y ,  H$ is r e j e c t e d  a t  t h e  first s t a g e ,  i n  case o f  e q u a l l y  
w e i g h t i n g  t h e  r e m a i n i n g  two p a r a m e t e r s  8 4  and 85 are i n d i v i d u a l l y  
t e s t e d  a t  t h e  two-s ided  l e v e l  a / 2  o n l y .  T h i s  p o s s i b l e  u s e  o f  
l a r g e r  i n d i v i d u a l  s i g n i f i c a n c e  l e v e l s  as compared t o  t h e  
c lass ica l  B o n f e r r o n i . t y p e  p r k c e d u r e  i n c r e a s e s  t h e  p r o b a b i l i t y  o f  
c o r r e c t l y  i n c l u d i n g  non-zero  po lynomia l  terms. 

It  s h o u l d  b e  reminded  t h a t  f o r  t h e  p roposed  p r o c e d u r e s  o f  
s i m u l t a n e o u s l y  t e s t i n g  t h e  set o f  n u l l  h y p o t h e s e s  H Z ,  
i = m + l , .  . . , q ,  it is r e q u i r e d  o n l y  t h a t  - u n d e r  H Z  - a l e v e l  a - tes t  

e x i s t s  f o r  t h e  r e s p e c t i v e  c o e f f i c i e n t  o f  d e g r e e  i i n d e p e n d e n t l y  
o f  t h e  c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  d e g r e e s  j<i .  A test o f  t h e  
d e g r e e  o f  a p o l y n o m i a l  c a n  e i t h e r  be  based  on t h e  c o e f f i c i e n t s  o f  
o r t h o g o n a l  p o l y n o m i a l s  o r o n  t h o s e  o f  t h e  s i m p l e  powers  o f  t h e  
r e g r e s s o r  v a r i a b l e .  

P a r t i c u l a r l y  i n  cases o f  small d e g r e e s  o f  t h e  po lynomia l  one 
migh t  be  i n t e r e s t e d  i n  d i rec ted d e c i s i o n s ,  i . e . ,  0 i < 0  o r  0 i > O .  

I n  s u c h  cases one  would r e q u i r e  a p r o b a b i l i t y  o f  a t  least 1-a 

t h a t  t h e  j o i n t  c o n c l u s i o n  d o e s  n e i t h e r  c o n t a i n  false r e j e c t i o n s  

o f  t r u e  n u l l  h y p o t h e s e s  n o r  false d i r e c t i o n a l  d e c i s i o n s .  C losed  
t es t  p r o c e d u r e s  d o  i n  g e n e r a l  n o t  f u l f i l l  t h i s  r e q u i r e m e n t ;  t h e r e  



are coun te r - examples  even  f o r  i n d e p e n d e n t  t e s t  s t a t i s t i c s  a s  
shown by Popper  S h a f f e r  ( 1 9 8 0 ) .  T h i s  a u t h o r ,  however ,  g i v e s  
n e c e s s a r y  c o n d i t i o n s  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n s  i n  t h e  case 
o f  i n d e p e n d e n t  tes t  s t a t i s t i c s .  Bauer e t  a l .  (1985)  g i v e  a 

g e n e r a l  p r o c e d u r e  o f  t h e  Bonferroni-Holm t y p e  which meets t h i s  
r e q u i r e m e n t :  t h i s  p r o c e d u r e  which c a n n o t  b e  f u r t h e r  improved f o r  
t h e  g e n e r a l  s i t u a t i o n  is o n l y  s l i g h t l y  s u p e r i o r  t o  Holm's 
p r o c e d u r e  a p p l i e d  t o  2 k  one-s ided  h y p o t h e s e s .  

3. Weak C o n s i s t e n c y  o f  a G e n e r a l  H u l t i p l e  T e s t  P r o c e d u r e  f o r  
D e t e r m i n i n g  the  c o r r e c t '  S u b s e t  o f  Hodel  P a r a m e t e r s  

I n  t h i s  S e c t i o n  a g e n e r a l  p r o c e d u r e  w i l l  b e  p roposed  f o r  
s e l e c t i n g  t h e  model p a r a m e t e r s  by m u l t i p l e  t e s t i n g ,  t h e  method 
b e i n g  v a l i d  a l s o  u n d e r  t h e  s p e c i a l  s t r u c t u r e  o f  h y p o t h e s e s  g i v e n  
i n  t h e ,  p r e v i o u s  S e c t i o n .  I t  w i l l  b e  shown t h a t  t h i s  method is 
weakly c o n s i s t e x r t  f o r  e s t i m a t i n g  t h e  c o r r e c t  s u b s e t  o f  non-zero 
p a r a m e t e r s .  

Let u s  assume t h a t  one  h a s  t o  d e c i d e ,  which o f  t h e  f i n i t e  number 
of  q  p a r a m e t e r s  8 1 ,  ..., e q  are non-zero and t h e r e f o r e  have  t o  be 

i n c l u d e d  i n t o  t h e  model.  Without  l o s s  o f  g e n e r a l i t y  t h e  s e t  I0 = 
{ 1 . . . , q d e n o t e s  t h e  i n d i c e s  o f  t h e  p a r a m e t e r s  9 = . . . =8 q = O ,  

whereas  I 1  = 1 , .  . . , r) d e n o t e s  t h e  i n d i c e s  o f  t h e  non-zero  
p a r a m e t e r s  8 if 0 ,  . . . , O  .f 0.  

A A 

Let 8 i n ,  i = l  , . . . , q ,  be estimates o f  8 i and a l n  e s t i m a t e s  o f  t h e  
A 

v a r i a n c e s  aZn ( > O )  o f  t h e  g i n  o b t a i n e d  from a sample  o f  s i z e  n .  

G e n e r a l  H u l t i p l e  T e s t  P rocedure :  Estimate t h e  index  sets  1, and 
A A A A A A 

11 by I. and 1 1 ,  r e s p e c t i v e l y ,  w i t h  I o n I 1 = O  and I ~ U I ~ = ~ ~ ,  . . . , q  1 ,  
s o  t h a t  

where C j ( n ) ,  j -1 ,  ...,q, are(increasing)functions w i t h  c j ( n ) + - .  



Theorem 2: Assume 
2 (a) ec ( 8  - 0 )  I oin 

-2 
in is bounded 

A 
u P i n -  + (b) - o. 1 
i n  

(c)  G i n  . c i ( n )  + o . 
A 

Then P(Io # Io)+O. 

Before proving this result it should be noted that from ci(n)+w 

and condition (c) it follows 

This fact together with (a) implies convergence in the quadratic 

mean for the 8in, i=1,. . . ,q: 

A 
Proof: In part A it is shown that the probability for I. not 

including all the indices r+l, ...,q of the zero parameters tends 
A 

to zero. In part B it will Be proved that the probability for 1, 
. .  . 

to contain at least one of the indices 1, ..., r tends to zero, 
too. 

(A) Let, for i=r+l,. . . ,q, cio(n) be a function, so that cio(n)+ 
and ciO(n)(ci(n) )-l+0. Given any ci(n) with ci(n)+ such a 

cio(n) can always be found. 

A 

For any particular gin, i=r+l, ...,q, Chebychev's inequality leads 

to 2 
A - 1 E C ~  lo. -' 

i n  i n  M 
P{ IBinIoin c iO(n) I  s 2 I 2 ' I 

c (-n) i o  c ( n )  
i o  

due to assumption (a) such a finite M>O can always be found. 

Clearly, this probability tends to zero because of ciO(n)+=. 

From the above inequality follows that 

if ciO(n)(ci(n))-'+O, as has been assumed. Hence also 



- 1  p 
s i n c e  Ginoin+l as  s t a t e d  i n  ( b ) .  T h a t  means  t h a t  f o r  a n y  & S O  

and  

t h i s  s t a t e m e n t  a l s o  b e i n g  v a l i d  f o r  € = I .  T h i s  c o m p l e t e s  t h e  
f i rs t  p a r t  o f  t h e  p r o o f .  

( B )  L e t  C<iS<1 b e  a f i x e d  number.  Then f o r  i = l ,  ..., r 

. . n 0 -1 i n -  
i c (n) l= P { I ~ ~ ~ ( u ~ ~  - 6. ck (n) 1 i 

i a 
i n  

The s e c o n d  summand t e n d s  t o  z e r o  b e c a u s e  o f  ( b ) .  The first 

summand c a n  b e  t r a n s f o r m e d  as f o l l o w s :  

The a p p l i c a t i o n  o f  Chebychev ' s  i n e q u a l i t y  d e p e n d s  on 

~ ~ ~ l o ~ ~ - c ~ ( n ) ( l - c ~ ) - l  



p r o b a b i l i t y  o f  f i t t i n g  a po lynomia l  o f  h i g h e r  o r d e r  t h a n  t h e  t r u e  
one  is bounded b y a ,  i n d e p e n d e n t l y  o f  n .  To g e t  w e a k  c o n s i s t e n c y  
o f  t h e  m u l t i p l e  tes t  p r o c e d u r e  f o r  d e t e r m i n i n g  t h e  c o r r e c t  o r d e r ,  
t h e  c r i t i c a l  l i m i t s  must i n  a p a r t i c u l a r  way depend  on t h e  s ample  
s i z e .  T e s t i n g  i n  a l i n e a r  model s e t t i n g ,  t h i s  means t h a t  f o r  
i n c r e a s i n g  numbers o f  o b s e r v a t i o n s  t h e  s i g n i f i c a n c e  l e v e l s  f o r  
t h e  i n d i v i d u a l  tests o f  r e g r e s s i o n  p a r a m e t e r s  s h o u l d  d e c r e a s e :  
The c o r r e s p o n d i n g  c r i t i c a l  limits must t e n d  t o  i n f i n i t y  s l o w e r  
t h a n  t h e  i n v e r s e  o f  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  r e s p e c t i v e  
p a r a m e t e r  e s t i m a t o r s .  

. , 

The r e s u l t  i n  Theorem 2  is n o t  c o n f i n e d  t o  t h e  s p e c i a l  s t r u c t u r e  
o f  n e s t e d  h y p o t h e s e s .  I t  is g e n e r a l l y  a p p l i c a b l e  ' t o  s u b s e t  
s e l e c t i o n  i n  s t a t i s t i c a l  models  w i t h  a f i n i t e  number o f  
p a r a m e t e r s .  
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being positiv. This will always be the cave for sufficiently 

large values of n due to condition (c) andleil > 0. The 

convergence in the quadratic mean of bin assures that also the 
first summand tends to zero. This completes the proof. 

0 
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as the variance. 
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