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Foreword
These Proceedings report the scientific results of an International Workshop

on Large-Scale ModeLLing and Interactive Decision Analysis organized Jointly by
the System and Decision Sciences Program of the International Institute for
Applied Systems Analysis (IIASA. located in Laxenburg, Austria), and the Institute
for Informatics of the Academy of Sciences of the GDR (located In Berlin, GDR).
The Workshop was held at a historically well-known place - the Wartburg Castle ­
near Eisenach (GDR). (Here Martin Luther translated the Bible Into German.)

More than fifty scientists representing thirteen countries participated. This
Workshop is one of a series of meetings organized by or In collaboration with IIASA
about which two of the Lecture Notes in Economics and Mathematical Systems have
already reported (Vol. 229 and Vol. 248).

This time the aim of the meeting was to discuss methodological and practical
problems associated with the modelling of large-scale systems and new approaches
in Interactive decision analysis based on advanced Information processing systems.

The meetings on multicriteria, interactive decision analysis that have been
organized and supported by IIASA have established a tradition of an outstanding
level of scientific discussions. This supplements the International Conferences on
MCDM (multiple criteria decision making) in creating a unique forum for exchang­
ing new research results between scientists from East and West that provides valu­
able ideas for future research, consistent with the goals of IIASA. Especially
important, besides the broad representation of research results from planned
economy countries, Is the growing Interest of participants from advanced Indus­
trial countries, e.g. Japan, the USA and many countries of Western Europe: this
might be an Indication of Increasing Interest In an organized exchange of scientific
results between East and West. In this sense, the Wartburg Workshop prOVided also
a convenient forum for a discussion and consensus-building on future activities in
this scientific area.

With regard to the scientific results of the meeting, the following conclusions
could be stressed:

In the development of methodology of solving and analyzing multicriteria
decision problems, one can observe consolidation tendencies, mature
examples of comparison of existing methods and solution principles, as
well as interesting methods of comparing alternative decisions. Further
attention should be given to solving problems under uncertainty, with
several decision makers and to corresponding problems in the social sci­
ences and mathematical psychology.

The fast development of Information and knowledge processing technol­
ogy provides a basis for the Integration of many stages of systems
analysis, starting from modelling through model simulation, analysis and
optimization up to decision analysis and structuring of decision
processes. These directions of Integrated processing of numerical, sym­
bolic and graphical information should be intensively developed further
by intensifying the research on software modules and robust optimization
algorithms for the analysis of decision problems.

Many cases of applications presented at the Workshop have the mature
character of concrete investigations of substantive problems from
several disciplines, e.g. economics, energy, transportation. environmen­
tal studies or health services and have thus gone far beyond the early
stage academic examples.



IV

Based on lhese conclusions lhe conlribulions of lhe Workshop are slruclured
in lhe Proceedings in lhree parls: (I) Theory and Melhodology, (II) Inleraclion
Principles and Compulalional Aspecls and (III) Applicalions.

Parl I conlains papers dealing wilh ulilily and game lheory, muLlicrileria
oplimizalion lheory and inleraclive procedures, dynamic models/syslems and con­
cepls of mullicrlleria analysis. In Parl II are papers combined dealing wilh lhe
user-machine Inlerface, inlelligenl (user-friendly) decision supporl and problems
of compulallonal aspecls. Conlrlbullons wllh applicalions are mainly concenlraled
in Parl III bul can also be found In several papers of lhe olher parls. Use of lhe
lerm "large-scale" in lhe lille of lhe Proceedings was especially subslanlialed by
conlrlbulions dealing wilh modelling and decision analysis problems of lhe size of a
whole nallonal economy like slruclurlng lhe carbochemical induslry, lhe energy
syslem or even nalural gas lrade In Europe.

The edllors would Like lo lake lhe opporlunlly lo express lheir lhanks lo lhe
sponsors, lhe Syslem and Decision Sciences Program of IIASA and lhe Inslilule for
Informalics of lhe Academy of Sciences of lhe GDR, for lhe successful organizalion
and supporl of lhe Workshop as well as for lhe friendly recepllon In lhe hislorical
rooms of lhe Warlburg Caslle. We also wish lo lhank lhe aulhors for permission lo
pubiish lhelr conlrlbulions in lhls volume and Elfriede Herbsl for preparing lhe
Proceedings.

February, 19B6
G. Fandel

M. Grauer
A. Kurzhanski

A.P. Wierzbicki
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On Measurable Multiattribute Value Functions Based on
Finite-Order Independence of Structural Difference

.. . *Hiroyuki TAMURA and Shiro HIKITA
Faculty of Engineering, Osaka University
2-1 Yamada-oka, Suita, Osaka 565, Japan

1. INTRODUCTION

Mathematical modeling of preferences has been widely studied in
multiattribute decision analysis. Measurable value functions are based
on the concept of a "difference in the strength-of-preference" (Fish­
burn, 1970) between alternatives. These functions provide an interval
scale of measurement for riskless preferences. However, it is practi­
cally too difficult to directly identify a measurable multiattribute
value function. Therefore, it is necessary to develop conditions that
reduce the dimensionality of the functions that are required to identi­
fy. These conditions restrict the form of a measurable multiattribute
value function in a decomposition theorem. Dyer and Sarin (1979) pre­
sented conditions for additive and multiplicative forms of the measura­
ble multiattribute value function. These conditions are called "differ­
ence independence" and "weak difference independence". These conditions
correspond to additive independence and utility independence, respec­
tively, in multiattribute utility theory (Keeney and Raiffa, 1976).

In this paper we extend the condition of weak difference independ­
ence and propose a new concept of "finite-order independence of struc­
tural difference" for constructing measurable multiattribute value
functions under certainty. This concept corresponds to "convex depend­
ence" (Tamura and Nakamura, 1983) among multiple attributes for const­
ructing multiattribute utility functions under risk. The essential idea
of the concept of finite-order independence of structural difference is
that we consider the change of decision maker's conditional strength­
of-preference on one attribute depending upon the given conditional
level of the other attributes. We describe decompositions of measurable
multiattribute value functions based on this concept. These decomposi­
tions include Dyer-Sarin's additive/multiplicative decompositions as
special cases.

* Presently with the Central Research Laboratory, Mitsubishi Electric
Corporation, Amagasaki, Japan.
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X.
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function v on X

to x2 and x3 to

2

2. WEAK DIFFERENCE INDEPENDENCE

Let X be the set of all consequences in a decision problem. In
multiattribute problem X is described as X = XlxX2x ... xXn where

denotes the set of possible consequences for the i-th attribute. Let
1 234 k k k k

x ,x ,x ,x E X where x =(xl ,x
2

, ... ,xn), k=1,2,3,4. Define X* as a non-

empty subset of XxX and ~* as a weak order on X*. We describe

1 2 3 4x x )-* x x
1to mean that the difference of the strength-of-preference for x over

x2 is greater than or equal to the difference of the strength-of-pre­

ference for x3 over x4 . If we assume that (X,X*,~*) denotes a positive

difference structure (Krantz, et al. 1971), there exists a real valued
1 2 3 4 1such that, for all x ,x ,x ,x E X, if x is preferred

x4 then

123 4v(x ) - v(x ) ~ v(x ) - v(x ) (1)

Furthermore, since v is unique up to positive linear transformation, it
is a cardinal function, and v provides interval scale of measurement.

We define the binary relation ~ on X by

then

1 3 2 3x x >-* x x 2
x , (2 )

(3)

Thus, v provides a measurable value function on X.

For IC{1,2, •.. ,n} we partition the attributes into two sets XI

and XI where XI denotes the attribute sets with indices that are ele­

ments of I, and XI denotes the attribute sets with indices that are

elements of the complement of I. For xIE XI' xIE XI we will write x =
(xI ,xI) .

DEFINITION 1. (Dyer and Sarin, 1979 ) The attribute X. ~s difference ~n-

1
~

2dependent of X"" denoted Xi(DI)XI' if, for all Xi' x. EX. such that
1 2 ~ ~ ~

(x. ,x.,.) r (xi' XI) for some x.. E XI'~ ~ ~

-* (X~,X.,.I)(X~,X"")
~ ~ ~ ~

(4)

for all X.. 'E X.,..
~ ~

This Definition

strength-of-preference

says that ifX.(DI)X.,. the
~ ~

1 2between (x.,x.,.) and (x.,x.,.)
~ ~ ~ ~

difference in the

is not affected by

XI E XI.

Dyer and Sarin (1979) introduced a weaker condition than differ­
ence independence, which is called weak difference independence. This
condition plays a similar role to the utility independence condition in
multiattribute utility theory (Keeney and Raiffa, 1976).
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DEFINITION 2.(Dyer and Sarin, 1979) XI is weak difference independent

of XI' denoted XI(WDI)XI , if, for given X~,Xi,Xi,xi E XI and some xI E
XI'

(5 )

then

for all xI'E XI'

This Definition says that if XI(WDI)XI the ordering of difference

in the strength-of-preference depends only on the values of the attri­
bute XI and not on the fixed values of XI' Equations (5) and (6) imply
that

(7)

The property of the weak difference independence can be stated more
clearly by using Normalized Conditional Value Function (NCVF) defined
as follows:

DEFINITION 3. Given an arbitrary xI E XI' we define an NCVF vI(xllxI )
on XI and a Preference Structural Difference Function (PSDF) dI(xllxI )
as

(Ba)

(Bb)

(9 )

best and the worst consequenses, respec-

where

v(xt,XI ) > v(x~,xI)'

and X*EX and XOEX denote the
tive1y.

NCVF vI(xllxI ) denotes the ordering of preference on XI' which is

called preference structure here, under the given conditional level xi

E XI' PSDF dI(xllxI ) denotes the difference of preference structure

between NCVF under the conditional level xi and NCVF under the worst

conditional level xi.

From Definition 3 we obtain

v(X*lx-)=lI I I '
(10)

From Definitions 2 and 3 the following equations hold, if XI(WDI)XI .

vI(xl1xi) = vI(xI ), dI(xl1xi) = 0 for all xi E Xi' (11)

In other words weak difference independence implies that NCVF does not
depend on the given conditional level, and hence preference structure
does not depend on the given conditional level.

We call that attributes X
1

,X2"",Xn are mutually weak difference

independent if, for every IC{1,2, ... ,n} , XI(WDI)X
I

. We now state the
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basic decomposition theorem of the measurable additive/multiplicative
value functions.

THEOREM 1. If there exists a measurable value function v on X and if
Xl ,X 2"",Xn are mutually weak difference independent, then either

or

v(X) = l:~ lA.v.(x.)
~= ~ ~ ~

where

if
n

* 1l:i=lA i

if
n

l:i=lA i (13)

v(x*)=l, v.(x.*)=l,
~ ~

v.(x~)=o,
~ ~

A.=V(X'*IX~),
~ ~ ~

(14)

and A denotes a scaling constant such that

A>-l, A '1'0, 1 + A = rr~-l(l + AA.).
~- ~

Additive decomposition (13) can be obtained when every attribute is
difference independent of the other attributes.

Dyer and Sarin (1979) stated this Theorem under the conditions of
mutual preferential independence plus one weak difference independence
instead of using the condition of mutual weak difference independence.
For practical application it is easier to assess mutual preferential
independence than to assess mutual weak difference independence.

3. FINITE-ORDER INDEPENDENCE OF STRUCTURAL DIFFERENCE

In this section we propose a new condition for the cases where
eqn.(ll) does not hold,

VI(xllxI )." vI(xI ), dI(xllxI ) * 0, for some xI E XI' (15)

that is, weak difference

DEFINITION 4, XI is

Xi' denoted XI(SDlm)XI ,

such that

independence does not hold between XI and XI'

m-th order structural difference independent of
'f f . 1 2 3 4
~, or g~ven xI,xI,xI,xI E XI and some xI E XI

1 2 3 4
(XI'XI ) (xI ,xI) >-* (xI' xI )(xI ' xI) , (16)

there exist k
E XI' 8k(xr), k = 0,1, ... ,m, ° ~

1 t- mx- x- x- ... #- x- such
that I I I I

(1n

This Definition represents the ordering of difference in the
strength-of-preference between the linear combinations of consequences
on XI with (m+l) different conditional levels. If m = ° in eqn.(17), we
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obtain eqn.(6), and hence

(18)

Equations (16) and (17) show that

v(xI,xr ) = a(xI ) L~=Oek(xr)v(xI'x~) + B(xI ), (19)

If m = 0 in eqn.(19), we obtain eqn.(7), and hence we can also find
eqn.(18) from this result. Equations (17)-(19) show that the concept of
"finite-order independence of structural difference" offers a natural
extension of "weak difference independence".

If we define

k = O,l,oo.,m

we will obtain the following Proposition.

PROPOSITION. If XI(SDIm)Xy, then

dI(xIlxr ) L~=l~k(xr)dI(XIlx~).

Proof.

If we rewrite eqn.(8a) using eqns.(19) and (20), we obtain

k 0 k
m ek(xy)[v(xI*,xr)-v(xI,xr)] I k

Lk=O ., vI (xI xI)

L~=oej(xr)[v(xI*,xi)-v(x~,xi)]

If we sum up eqn.(20), we obtain

If we subtract vI(xI ) from eqn.(22), we obtain

(21)

(22 )

(23)

m I k m (
Lk=O~k(xr)vI(xI xI) - vI(xI)Lk=O~k xI)

L~=l~k(xr)[vI(xIlxi) - vI(xI )]

Therefore, we obtain

(21 )

(Q.E.D.)

Equations (22) and (23) corresponds to the definition of m-th
order convex dependence in multiattribute utility theory (Tamura and
Nakamura, 1983). Equation (21) implies that if XI(SDIm)X

I
, PSDF on XI

depends on the given conditional level, and is written by a linear
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d
l

.......
1..-1
>:.......

..-I
;:l.
I

..-I..
.......

1..-1

0
>:

Xl.......
0 ..-I

xl ;:l.

dl(xllxI)

-1

Xl (SDII)XI

dl(xllxI) = ~1(XI)dl(Xllxi)

FIGURE 1 The relations among structural difference functions when
the independence of structural difference property holds.

combination
illustration
m = 1.

of m PSDFs with different conditional levels. Geometric
of this Proposition is shown in Fig. 1 where I = {I} and

(24)

Since m-th order structural difference independence in this meas­
urable multiattribute value theory corresponds to m-th order convex de­
pendence in multiattribute utility theory, the decomposition theorems
described in Tamura and Nakamura (1983) are valid if the expressions
"utility function" are replaced by the expressions "measurable value
function". For notational convenience we describe decomposition theo­
rems only for two attribute cases here.

THEOREM 2. For m = 0,1, ... , Xl (SDlm)X2 if and only if

v(xl ,x2) = Alvl(xl ) + A2V2(x2) + vl (xl )f(xl *,x2)

v(xl*,x2)-v(x~,x2) m* m fJ m k) j
+ IV~I Lk=l Lj=l l,jkdl (xl !x2 dl ( xl lx2)

where

Al v(xl*'x~), A2 = v(x~,x2*)

f(x l ,x2) = v(xl,x2)-v(x~,x2)-v(xl'x~)

(25a)

(25b)

1 m-l 1 *]d
l

(x
l

lx2 ) d
l

( xl
lx

2
)

· .· .· .
m m-l m *.'. dl ( xl lx2 ) dl (xl lx2 )

(25c)
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_ m _ j+k m
Vl,jk - (-1) IVl,jk l , - 1

VI 'k = l., J
(25d)

V m denotes (m-l)x(m-l) matrix obtained from vm
l

by deleting the j-thl,jk
row and k-th column, and summation k=l to m* means k=1,2, ... ,m-l,*.

if and only if

v(xl ,x2) = Alvl(xl ) + A2V2(x2 ) + (1-Al-A2)vl(xl)v2(x2)

THEOREM 3.

+ (26)

where

=_1_

Iv~l I

(27 a)

f(x l ,x
2

) - v
l

(x
l
)f(x

l
*,x2 ) - v2 (x2)f(xl ,x

2
*)

+ vl(xl)v2(x2)f(xl*,x2*)

Iml - m21 ~ 1.

(27b)

(27c)

(27d)

Proof of Theorems 2 and 3 and the decomposition forms for more
than two attribute cases can be obtained from Tamura and Nakamura
(1983). Equation (27d) shows that if Xl (WDI)X

2
, then we obtain either

X2(WDI)X l or X
2

(SDI
l

)X
l

. Theorems 2 and 3 and the decomposition theo­

rems for more than two attribute cases can construct a wide variety of
measurable multiattribute value functions depending upon the order of
structural difference independence.

4. INTERACTIVE ALGORITHM FOR IDENTIFYING MULTIATTRIBUTE MEASURABLE
VALUE FUNCTIONS

As seen from the decomposition forms
attribute measurable value functions can be
to obtain

in Theorems 2 and 3, multi­
identified if we know how

i) the single attribute value functions, since all the NCVFs included
in the decomposition forms are single attribute measurable value
functions,

ii) the order of structural difference independence, and
iii) the scaling coefficients appeared in the decomposition forms.
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4.1 Single Attribute Measurable Value Functions

For identifying single attribute measurable
equal exchange method based on the concept of
(Dyer and Sarin, 1979).

DEFINITION 5. (Dyer and Sarin, 1979) For each
. 0.5eX1sts xi £ Xi such that

(x~·5,x~)(x~,x~) -* (x.*,x~)(x~·5,x~)1 111 111 1

value functions we use
equal difference point

attribute X. if there
1

(28)

for any given xI£ XI' then x~·5 is the equal difference point for

[x?,x,*]C X..111

From eqn.(28) we obtain

vi(xi*lxI) - vi(x~·5IxI)

Since in eqn.(29)

v,(x·*lx~) 1,111

we obtain

v.(x~·5Ix~) = 0.5.111

o

(29)

(30)

(31)

L 0.25 d 0.75 b h 1 d'ffet x. an x, e t e equa 1 erence
o 5 1 1

[x.· ,x,*], respectively. Then we obtain
1 1

and

v.(x~·25Ix~) = 0.25, v.(x~· 75 Ix"T) = 0.75 (32)
1 1 1 1 1 1

If we plot the five points of eqns.(30)-(32) in xi-vi plane, the dia­

gram like Fig. 2 is obtained. By some curve fitting techniques, say a

FIGURE 2 Curve fitting to equal difference points.
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least square method, a single attribute value function v.(x. Ix~) can be
identified. ~ ~ ~

4.2 Order of Structural Difference Independence

For identifying a multiattribute measurable value function under
the finite-order independence of structural difference (including O-th
order), we need to find the order mi of structural difference independ-

ence between the attribute i and its complement. We define the matrix
m. m. m.

V.~ and the vectors e. ~ and d.~ as follows:
~ -~-~

m.
~V.

~

1 1d.(x.lx.,.)
~ ~ ~

1 mel
d.(x.lx.,. )
~ ~ ~

(33a)

mi 1
d.(x. Ix.,.)
~ ~ ~

m. m.-l m.
d . ( x. ~ Ix.,. ~ ) d. ( x . ~ Ix.,.*)
~ ~ ~ ~ ~ ~

m.
e.~
-~

[e~
~

m.-l
e.~ e.*l
~ ~

(33b)

m.
d.~
-~

1 mi 2 mi[d.(x.lx. ) d.(x.lx.,. )
~ ~ ~ ~ ~ ~

(33c)

The algorithm for obtaining the order mi is as follows:

Step O. NCVFs v.(x.) and v.(x.lx~*) are assessed, and we draw a graph
~ ~ ~ ~ ~

of di(xilxi*). If we can regard that

d. (x. Ix~*) = 0,
~ ~ ~

then we decide that X.(SDIO)X.,., and we set mi = O. If not, we set m.= 1,
and we go to Step 1. ~ ~ ~

m. m.
Step 1. NCVFs and PSDFs are assessed for obtaining V.~ and d.~.

~ -~

Step 2. Linear equation

m.
is solved with respect to e.~.

-~

Step 3. We draw the graph of

mi * k k
Lk 1 e. d . (x. Ix... ) •= ~ ~ ~ ~

(34)

(35)

Step 4.

If we
error,

Step 1.

m.
The graph of f~(x~) is compared with the graph of d.(x. Ix... ~).

L L ~ ~ ~

can regard that both curves are coincident within the allowable
we decide that X.(SDI )X~. If not m~+l+m~ and then go back to

~ m. ~ L L

~

These steps can be easily realized by using a graphic terminal of a
large-scale computer interactively.
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4.3 Scaling Coefficients

Scaling coefficients Al and A
2

appeared in Theorems 2 and 3 can be
estimated as follows:

We ask the decision maker to choose alternative (xI*'x~) or

which he prefers. Suppose he prefers (xI*'x~) to (x~,x2*) and

Step I.

(x~,x2*)

therefore

(36b)

(36a)

we ask questions to the

Al ~ A2 ·

For arbitrary

(b)

X2 E X2 (x~ F x; F x2*)
I 2decision maker to find xI,x

I
E Xl such that

o I 0)(a) (xI 'x2*) - (xI ,x2
o 2 I(xI 'x 2*) - (xl )x2)

Step 2.

This implies that we find two indifference points 1n Xl xX2 space as
shown in Fig. 3.

Step 3. Let

(37)

then using eqs. (25a), (8a) ,(36) and (37) we obtain

v(x~,x~) = vI(x~)v(xI*'X~) = alAI

[v(xi,x~)-v(x~,x~)]/[v(xI*,x;)-v(x~,x;)l

[A2-a3A2]/[(I-AI)a4+AI-a3A2]

(38a)

(38b)

Solving eqn.(38) with respect to Al and A
2

, we obtain

x *1

indifferent

'-0-------:-------"- Xl

xl

X2*~

indifferent

xi ----------~
...0-------....2--"""- Xl

xl xl xl *

(a) (b)

FIGURE 3 Assessment of indifference points for evaluating scaling
coefficients.
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U2U4/[Ul(1-U3)-U2(1-U1U3U4)]

u l Al

(39a)

(39b)

After obtaining the information for the order of structural dif­
ference independence, NCVFs and the scaling coefficients, we can con­
struct a multiattribute measurable value function by using a decomposi­
tion form in Theorems 2 or 3. For two attribute cases we could draw in­
difference curves of the multiattribute measurable value function in
two attribute space Xl xX 2 .

5. CONCLUDING REMARKS

For obtaining multiattribute measurable value functions under cer­
tainty we have introduced a new concept of finite-order independence of
structural difference as a natural extension of the concept of weak
difference independence. The decomposition forms based on this concept
includes Dyer and Sarin's additive and multiplicative decompositions as
special cases. Therefore, depending upon the complexity of trade-offs
among multiple attributes, this concept provides more flexible multi­
attribute measurable value functions as a riskless preference represen­
tation.

Although we didn't include measurable value functions for group
decision making in this paper the concept of finite-order independence
of structural difference would enable US to model a change of attitude
of each decision maker towards the group value depending upon the con­
sequence and the degree of satisfaction obtained by the other decision
makers. Therefore, we could model various attitude of each decision
maker in the group who are stubborn, selfish, sympathetic or ethical.

As a further research we need to clarify the relationship between
utility functions under risk and measurable value functions under cer­
tainty (Sarin, 1982, Bell, 1982, and Krzysztofowicz, 1983). If we could
discriminate a decision maker's strength-of-preference and the attitude
towards risk, it might be possible to solve this problem.
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PREFERENCE SEPARABILITY AND VALUE FUNCTIONS

P. L. Yu

School of Business, University of Kansas, Lawrence, Kansas 66045

1. Introduction.

In typical non-trivial multiple-criteria decision problems, the deci­

sion makers are faced with the ordering problems over a number of possible

outcomes with a number of attributes. One of the human great inventions is

the numerical system. If we could use the numerical systems for ordering

so that the more preferred outcome will have a higher numerical value, then

the decision making problem would become much easier. Unfortunately, this

approach is not an easy one. A number of assumptions are needed for us to

attach numerical ordering for the preference over the outcomes. (See

[1-7], [10])

In the next section we shall sketch roughly under what conditions a

set of revealed preference may be represented by partial order, weak order,

value functions, monotonic value functions and additive value functions.

As monotonic value functions and additive value functions are some of the

most important forms in application, we shall explore the conditions under

which a set of revealed preference may be represented by them. These con­

ditions, which are hinged on whether or not the preference has the proper

preference separability, will be discussed in section 3. In section 4 we

shall focus on additive value functions which are most important in appli­

cations. We shall introduce a new concept, additive covering, to verify

the preference separability for additive value function representations.

Using "orthogonal designs," the new concept greatly reduces the labor for

verifying preference separability for additive value functions. In second

5, we briefly sketch how additive or other kinds of value functions can be

elicited through a number of methods. The concluding remark is then put in

section 6.
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2. Preference and Its Representation

2.1 Preliminary Definition

Let Y be the collection of all possible outcomes of a multiple crite­

rion decision problems. The elements of Y will be denoted by y = (Yl"'"

yq) with Yj indicating the measurement of the jth attribute. Note that

implicitly we assume that there are q attributes. For convenience, we

shall use the superscript for the element index of Y, and the subscript for

the component of y. In particular, Y] is the jth component of yi E Y.

For any yl and y2 in Y, we write: (A) yl >- y2, if yl is preferred

to y2; (B) yl-( y2, if yl is less preferred than y2; (C) yl,....., y2, if yl

is indifferent to y2 or if the preference relation is unknown.

Definition 2.1 A Preference will be one or several of the following:

(I) A preference based on ~ (resp. -<. or,-J) is a subset of YxY denoted by

{}} (resp. {-(} or {.-v}), so that whenever (yl, y2) E { >-} (resp. {J..}

or {"""}), yl>- y2 (resp. yl-{ y2, or yl"", y2); (II) {~} = {> }u {.~,,},

and {~} = {--<} u {,.",}.
Definition 2.2 {y0.(} {y E Y I Y°o{ y}: superior or better set

w.r.t. yO. {yO~} = {y € Y I yO~y}: inferior or worse set w.r.t. yO.

{y2.} {y € YI yO",y}: indifferent/indefinite set w.r.t. yO.

Definition 2.3 (i) A preference {>} is a partial order if it is tran­

sitive (I.e., if yl>- y2 and y2> y3, then yl :> y3). (11) A preference

{ ~ } is a weak order if it is transitive, and {1:.} { >- }lJ {..v} is

also transitive.

Definition 2.4 v: Y + R1 is called a value function for { ~ } on Y if

for every yl, y2 € Y, we have yl)-.y2 iff v(yl) > v(y2).

Definition 2.5 A value function v(y) is additive iff there are

vi(Yi): Yi +R1 , i = 1, •••• , q, such that:

q
v(y) = L vi (Yi)

i=1

2.2 Hierarchy of Preference Representations

Depending on the features and/or assumptions we made on preference, a

set of revealed preference may be represented by domination structures,

partial order, weak order, value functions, monotonic value functions and

additive value functions. In Figure 1, we give a hierarchy of preference

representation in six classes.
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In the initial revealed set of preference (Box 0) the preference may

be represented as in Definition 2.1 and 2.2. The preference, without fur­

ther assumptions, may be represented by domination structures. (Ch. 7 of

[10]). In this class, nondominated solutions may be located as tentative

"good" solutions.

When the preference has the structure or assumption that {~} is tran­

sitive, then the preference becomes a partial order (Box 1). This class

includes Pareto preference or preference represented by constant domination

cones (See Chapters 3 and 7 of [10].) Here efficient solutions or nondomi­

nated solutions again can be located for tentatively "good" solutions.

Suppose {~ } is also transitive. Then the preference { ~ } can be

represented by weak order (Box 2). In this class of preference, we could

talk about indifference curves. Lexicographic order is one of the ordering

in this class (See [4, 10]).

Suppose that {y >}and {y -< } are open for each y e: Y. Then the

preference can be represented by continuous value functions (Box 3). For

details see Theorem 2.1 of this article and [1, 2, 4, 10].

Suppose there is preference separability for some components of the

index set of the attributes. Then the preference may be represented by

monotonic value functions (Box 4). The details of this condition are given

in Theorem 3.1 - 3.3 For the details see [1, 2, 4, 10].

Suppose that the preference enjoys preference separability for each

subset of the attributes index set. Then the preference can be represented

by additive value functions (Box 5). See [1, 2, 4, 10] for details.

Note that additive value functions are most easily understood and most

important in applications. However, the additive value functions involve

the strongest assumptions. The verification of preference separability for

each subset of the attribute index set is very laborious. In Section 4, we

shall describe a streamline method which could release the laborious work

of the verification work to a new minimum.

Theorem 2.1 (See Debreu [1]) Let (Y, T) be a topological space. Then

there exists a continuous value function v for {>-} on Y in the topology T

.!!.; (i) {~} on Y is a weak order; (11) (Y, T) is connected and separa­

ble; (11i) {y)oJ. {y'<} e: T , for every y e: Y.
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(Theorem 3.1 - 3.3)

{y -<} and {y >-} are open for each y e Y (Theorem 2.1)

preference separability

{}o} transitive

{,?:; } transitive

Preference: {Domination structures }

Weak Order: Lexicographic order

Partial Order: Pareto Preference' constant cone domination structures

preference separability for each sub-collection of attribute index

set (Theorem 3.1 - 3.3)

(5) Additive value functions

Figure 1

3. Preference separability and value function forms

To facilitate our discussion. let us introduce the following notation

(1) Q = {I. 2••••• q}. the index set of the attributes:

(ii) given {II' •••• 1m} being a partition of Q. define zk Yl
k

' the

vector with {Yi lie I k } as its components. k = 1••••• m:

(iii) YI:i~I~i;

(1v) y = (YI ..... YI) (zl ... •• zm) = z:
1 m

(v) I j = Q \ I j •

Definition 3.1 Given that Ie Q. I ~ Q. u e YI and w e Yy • we say

that u (or I) is preference separable. of >- - separable. iff (uO. wO) >­
(u1 • wO) for any uO. u1 e YI and some wO e Yy implies that (uO. w) ~ (u1 •

w) for all w e Yy.

Definition 3.2 If {II' .... 1m} and Z = (zl' zm) are a partition

of Q and y respectively. and if v(.z)= F (vI (zl)' vm(zm»' then v is

said to be strictly increasing in vi (ie {I ••••• m}). iff v is strictly

increasing in vi with vk (k = 1•••••••m: k~i) fixed.

Theorem 3.1 (i) If v(y) as defined in Definition 3.2 is strictly in­

creasing in vi' i e {I ••••• m}. then zi and Ii are ~ -separable. (ii) if

v(y) is additive then {>} enjoys> - separability for any subset of Q.

(See [10 1.)

Under suitable conditions. the converse of the above holds.
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Definition 3.3 Let I<:Q. I;Q. I is said to be essential if there

is topologically separable and connected

topologically
q

T=IIT
i

,
i=l

exists some Yr E Yy such that not all elements of YI are indifferent at

Yr' I is strictly essential if for each Yr E YI not all elements of YI are

indifferent at Yr' If I is not essential it is called inessential.

Assumption 3.1 (i) Each topological space (Yi • Ti ). i z 1 •••• , q, is
q

separable and connected. So, (Y, n, with Y = II Yii=l
as well.

(ii) {)..} on Y is a weak order. and for each y E Y, {y-{} and {y}-}E T

Note that Assumption 3.1 implies that {r} can be represented by con­

tinuous value function. (Thereom 2.1).

Therorem 3.2 (Debreu) Assume that assumption 3.1 holds.

(i) v(y) can be written as v(y)=F (v1(y1) •••• ,vq (yq» • where F is continu­

ous and strictly increasing in vi (i=l •••• , q) which are all continuous.

iff each {i}, i"l, •••• q. is>- -separable.

(ii) if there are at least three components of q that are essential, then
q

we can write v(y) .. r vi(Yi)' where each vi is continuous. iff each
i=l

possible subset Ie Q is ~ - separable.

Theorem 3.3 (Gorman) Let 1 = {IO' 11 •••• , 1m} and (zO' zl ••••• zm) be a

partition of Q and y respectively. Assume that assumption 3.1 holds.

Then: (i) V(y)=F(zO.v1(zl) ••••• vm(zm». (3.1)

where f(zO' ) is continuous and strictly increasing in vi (i=l ••••• m).

iff each Ii' i=l, •••• m is >- -separable.

(ii) Assume m ) 3. and each {i}. i E q. is strictly essential. Then we

can write:

m

v(y) .. r vi(zi)
i=O

(3.2)

iff k'tS I k • SCM = {O, 1•••• m} (Le. the union of any subsets of 1) is

).. -separable.

4. Additive value functions

In this section we shall sketch the concept and applications of addi­

tive covering for verifying preference separability for additive value

functions. For the details. see Yu and Takeda [11].

Definition 4.1 (i) Two subsets 11 and 12 of Q are said to overlap iff

none of 111\ 12 , 11\12 , 12\ 11 are empty. (ii) Let 1 be a collection of
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subsets of Q. Then: (1) 1 is said to be connected if for any A. B of 1

there is a sequence {II' 12••••• Is} of 1 such that I k- 1 overlaps with

I k (k=2 ••••• s). and II = A and Is = B; (2) 1 is r - separable if each

element of 1 is ~ - separable.

Definition 4.2 A collection of nonempty subsets of Q. 1 =

{I1 ••••• I r }. r > 2. is an additive covering of Q if (i) 1 is connected;

(ii) Q is contained by the union of the elements of 1 and (iii) each

element of Q is contained by no more than two elements of 1.

Example 4.1 Let Q = {I. 2. 3. 4. 5} • Then 11 = {{I • 2}, {2. 3}. {3.

4}, {4. 5}} and 12 = {{I. 2. 3}, {3. 4} • {1. 5}} are two additive cover-

ings of Q. But 13 = {{1. 2. 3}, {2. 3. 5}. {3. 4}} is not an additive--
covering of Q because 3 is contained by three elements of 13•

Given an additive covering 1 = {I1 ••••• I r }. Define:

Ai' Ii 1'\ I.
A J J
I k = I k \ ( U {Ii e; 1 I irk})

where i. j. k = 1 ••••• r.

(4.1)

(4.2)

A

Note that I k is the collection of elements in Ik which are not con-

tained by other Ii' irk. All elements of {Aijli > j} and {Ik I k

1 ••••• r} are mutually disjoint and each element of Q must be in some Ii and

so must be in some Aij or I k • The totality of all nonempty Aij and I k
therefore forms a partition of Q.

Define V(1) = {Jtlt = 1..... m} (4.3)

where J t r ¢ is either an element of {Aij } or an element of {Ik }.

Lemma 4.1 For each additive covering 1 of Q. there is a unique parti­

tion V (1) of Q which is derived by (4.1)-(4.3). V(I) contains m > 3 ele-

ments.

Theorem 4.1 Suppose that the preference {~} on Y satisfies Assump­

tion 3.1 and enjoys the following properties: (i) each {i} of Q is

(4.4)

strictly essential; and (ii) there is an additive covering 1 = {II •••••

I r }. r > 2. of Q such that 1 is ~ -separable. Then the preference can be

additively represented by

where (zl' •••• zm) is the partition of y corresponding to V (1)

defined in (4.3).

Example 4.2 Let 11 and 12 be as in Example 4.1. Let Vi' i = 1. 2. be

the corresponding partition of Ii defined by (4.3). Then for both i=l. 2.
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Vi = {{l}, {2}, {3}, {4}, {5}}. If the assumptions of the theorem hold,
5

then the value function for {r} can be written as v(y) = I: v (Yi).
i=1

Note that the special additive covering of the type of 11' was dis-

cussed in [6, 10] j while the type of 12 is new. With respect to 12 , three

subsets of Q need to be verified for >- - separability but, with respect to

11' four subsets of Q need to be verified for ~- separability.

Example 4.3 Let Q = {l, 2, ••• , 9} and 11 = {{I, 2, 3}, {4, 5, 6},

p, 8, 9}, {l, 4, 7}}. (see Figure 2.)

Figure 2

Then VI {{l}, {4}, {l}, {2, 3}, {5, 6}, {8, 9}} is the partition of Q.

If the assumptions hold, we can write

when the assumptions of the theorem hold.

v(y) = vl(Yl) + v4(Y4) + v7(Y7)

Now if we add IS = {2, 5, 8} to

= {{I}, {2}, {3}, {4}, {5},

+ v23(Y2' Y3) + v56(Y5' Y6) + v89(Y8' Y9)·

11' then the corresponding partition is V2
9

{6}, {l}, {8}, {9}}j and v(y) = I: vi(Yi )
i=1

The following orthogonal square designs show some efficient ways to

verify~- separability for additive value functions. ([1] is the number of

element in 1).
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Figure 3 Orthogonal Square Designs

5. Elicitation techniques for constructing value functions

There are a number of methods to approximate the preference by value

functions. These methods are usually called elicitation techniques for

constructing value functions. Being limited by space we shall just sketch

four class of the techniques. Hopefully by the title, the reader could

relate it to the methods. For the details, the reader may refer to Chapter

6 of [10] and references quoted therein.

Class 1: Direct Applications of Calculus: Trade-off ratios; Tangent

planes; Gradients; Line integrals.

Class 2: Additive value functions: (1) Indifference method; (2)

Mid- value method.

Class 3: Minimization of inconsistencies in revealed preference:

(1) Statistical methods-regression; (2) Mathematical programming

models: minimizing inconsistence of { }; eigen weight methods; holistic

assessment.
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Class 4: Distance functions and compromise solutions.

6. Conclusion

We have sketched the hierarchy of preference representations, the

preference separability and its relations to monotonic value functions and

additive value functions, and the concept of additive covering for verify­

ing preference separability for additive value function representation.

The new method introduced can greatly reduce the work of verifying prefe­

rence separability. As additive value functions are most easily understood

and most easily analyzed, they have been used in many applied problems.

Precautions are needed when we apply the additive value functions. We must

verify whether the suitable preference separability are valid; otherwise,

we may oversimplify the problem and obtain the inferior solutions. On the

other hand, as with any real-life problem in analysis, we must not hesitate

to make valid assumptions. Otherwise, the analysis would become extremely

complex. The balance between making assumptions for the ease of analysis

and the complexity of the reality needs to be maintained.

Many research problems are open. For instance, what would be the best

procedure as to verify preference separability in real-life settings? Can

one derive an effective interactive method which can verify the preference

separability in the most efficient way? How to extend our results of pre­

ference separability to "membership functions" of fuzzy sets? This problem

needs to be answered as to classify the membership functions. The above

questions and their related ones are certainly waiting for the readers to

explore.
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1. INTRODUCTION

A finite 2-persons game with the participation of the Nature is conside­
red. There is a fixed sequence of moves of the partners, they have different
information and communicate between themselves. A method for finding a stra­
tegy - the best in some sense for the first player - is proposed.

2. DESCRIPTION OF THE GAME

We shall consider a 2-persons game with the participation of the Nature.
Let Pl denote the first player, and P2 - the second player.

pl chooses x E: X, IX I = m, P2 chooses y f Y, IY I = n, the Nature choo­
ses af A, IA I = p. The payoff function for pl is w

1
= f

1
(x,y,al and this

for P2 is w
2

= f
2

(x,y,a). We will not take into account the interests of

the Nature in this paper. Pl knows w
1

,w
2

and the sets X, Y, A. P2 knows w
2

the other hand, Pl

to know the choosen
and the sets X,Y,A.

The Nature chooses an arbitrary acE A. P2 comes

before to make his own choice or communication. Ona
c

does not know a
c

before his choice, but he knows that a
c

is known to P2.

Depending on circumstances each of these players wants to maximize his own
payoff (or to get maximinl. This behaviour of P2 is known to Pl. Pl makes
the first move.

There are different possibilities for Pl under the described conditions.
In particular, instead of choosing x € X directly, Pl can put his own choice
in dependence on the choice or the message of P2, and can inform P2 about
this dependence in advance. The following case is considered in the paper:
pl proposes to P2 a strategy x (y,al with the meaning: if P2 reports a and

r
chooses y , then Pl chooses x = x (y ,a I. Subsequently, pl follows the

c c c r
proposed strategy, p2 reports always exactly the choosed yc' but the inequa-

lity a
r

I a
c

is possible.

The sequence of the moves in the game is as follows. pl determines a
strategy x(y,al. The Nature chooses a . p2 comes to know a . Pl announces

c c
the strategy x(y,al to P2. p2 chooses y and communicates y and a to Pl.

c c r
Pl chooses x = x(y ,a I. p2 gets f

2
(x ,y ,a I and Pl gets f

1
(x ,y ,a I.

c c r c c c c c c
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3. SOME NOTIONS. PROBLEM FORMULATION.

The set of all possible functions x(y,a) is denoted by x. IX I m
np

.
The strategy x(y,a) divides the set X x Y of all pairs (x,y) into two parts:
realizable and unrealizable ones. The pair (xt'Yt) is realizable with the

strategy x (y,a) if there exists such at €: A, that x
t

= x(Yt ,at). If there

does not exist such at f: A, the pair (x
t

'Yt) is an unrealizable one with

the strategy x(y,a). The pair (xc'Yc) is realized, if p2 has chosen Yc' and

Pl has chosen x (in accordance with the strategy x(y,a)) at some a € A.
c c

When P2 has to make a move, he knows a and x(y,a). p2 reports such a
c r

and chooses such Yc' which both force the pair (x ,y ), x x(y ,a ) to be
c c c c r

realized, and this pair maximizes the payoff to p2 at a a
c

on the set of

pairs, realizable with x(y,a).
Keeping the strategy x(y,a) fixed, Pl knows the set of realizable pairs

(x,y). Because Pl knows w
2

' too, he knows for each af: A the set of pairs,

maximizing the payoff for P2. The minimum of payoffs for Pl on this set (at
the same a) and then on the whole A is his guaranteed result with the stra­
tegy x(y,a). The problem is: to find a strategy, which maximizes this gua­
ranteed result. We call this strategy the best one for pl.

In order to obtain an expression (a formula) for the maximal guaranteed
result R (maximin) for Pl, we can use the following reasoning. Let us assume
that Pl has proposed to p2 a strategy x(y,a) (. X. P2, knowing a

c
' reports

such a r and chooses such y c € Y, that

f
2

(x(y ,a ) ,y ,a ) = max f
2

(x(v,t) ,v,a
c
).

ere c
t E: A

v £ Y

Denote u = x(y ,a). pl

B(u,ac ) = 1[ (Yc,ar)~
must know the sets

f
2

(;"(y ,a ) ,y ,a )
ere c

max

t E:
v€

f 2 (x(v,t) ,v,a
c

) ]

A

Y

for each a
c

E: A. Therefore, for a fixed a
c

f: A, pl gets at least

min f
l

(x(y ,a ) ,y ,a )
(y ,a ) £ () ere cc r B u,ac

Minimizing for all a
c

£ A and maximizing on the whole X we obtain the follow­

ing expression for R:

R = max min
u € X a

c
£ A

min
(yc,ar ) £ B(u,a

c
)

f
l

(x(y ,a ) ,y ,a )
ere c

(2)

4. FINDING THE BEST STRATEGY FOR pl

A. Let Do = X. Y. Let Bo(a) be the set of all such pairs (x,y) £ X • Y,
which maximize f

2
on the whole X )< Y for a fixed a £ A. Let Co (a) £ Bo (a)

contain exactly these elements of Bo(a), which minimize f
l

(x,y,a) on the

Bo(a) for the same a. We construct xo(y,a) in the following way. For each
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at £ A we fix one pair (xt'Yt) E: Co (at)' For the same at but for y -I Yt we

choose an arbitrary x E: X.

For at E: A Pl gets at least f 1 (;{'o(Yt,at ) 'Yt,atl = f 1 (xt,Yt'at ), because

if a
c

= at the realization of a pair (x,y) E: Bo (at) \ Co (at) would increase

the payoff for Pl, and the realization of a pair (x,y) E: (X )( Y) \ Bo (at)

would decrease the payoff for p2.
In general, it is possible to choose different pairs (xt'Yt) E: Co(a

t
)

for a fixed atE: A, when constructing the strategy xo(y,a). But the payoff

for pl is constant for this at' therefore, we can denote

tegy
w =

1

for the strategy ;('o(y,al.
Let Mo £ X " Y be the
Xo (y,a). Let M: 5; Mo
d a at some a € A.

set of all pairs (x,y), realizable with the stra­
contain exactly these elements of Mo ' for which

If a strategy ;('(y,a) allows to realize some pair (x ,y) E: Mo ' this stra­
tegy cannot guarantee to pl more than do' because for each pair (x,y) € M:
there exists some a € A, at which p2 get his own obtainable maximum with
this pair (obtainable with this strategy) and pl gets do'

It is possible to divide Xinto two parts: T~ and T~. T~ n T~ : 0,,
T ~ U T~ X. It is possible to realize at least one pair (x, y) E: Mo with

each strategy; (y,a) € T~, i.e. there exists such a
r

and Yt' that

(;('(Yt,ar)'Yt) £ M:. There is no strategy ;(y,a) £ T~ ,allowing to realize

a pair (x,y) E: M: . In other words, each strategy x(y,a) £ T~ guarantees do

to Pl. If there exists a strategy, guaranteeing more to Pl, such strategy
belongs to T~.

B. Let D
1

= (X x Y) \ M: . We must check if there exists at least one

admissible x for each y (. Y, beacuse a rejection of pairs (x,y) € M: can
lead to arising of such y , for which all pairs (x,y ), "Ix € X, are rejected.

v v
If this happens, the searching is over. The maximal guaranteed result (the
maximin) for Pl is equal to do' This result can be obtained by the strategy
Xo (y,a).

If there exists at least one admissible x € X for each y € Y (the corres­
ponding pair (x,y) is not yet rejected), the searching goes on. Now, B

1
(a)

is the set of such pairs (x,y) E: D
1

, which maximize f
2

on the whole D
1

for

a fixed a € A. C
1

(a) ~ B
1

(a) contains exactly these elements of B
1

(a), which

minimize f
1

on the whole B
1

(a) for the same a. The strategy ){1 (y,a) is

determined like ~o (y ,a): for each at £. A we choose one pair (x
t

'Yt) €. C
1

(at) ;

x is choosen under condition (x,y) € D
1

for the same at and for y -I Yt'

M
1
~ D

l
is the set of all pairs (x,y), realizable with strategy xl (y,a); d

1
is the guaranteed result for P

1
with this strategy; and M~ C M

1
contains

exactly these elements for M
1

, for which w
1

= d
1

for some a € A.
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Now, we can divide the set T~ into two parts: Ti and T2 (this is a

partition of T~). Each strategy ~(y,a) € Ti, (in particular xl (y,a) guaran­

tees d
1

to Pl, because such a strategy allows to realize some pair (X,y)€M
1

.

If there exists a strategy which guarantees more to Pl, it belongs to the

set T'i..

It is clear,that the pairs rejection can continue considering the set

D2 = D1 " M~, then D3 = D2 \ M; and so on.

C. Any time when we reject pairs (x,y), we must carry out the computa­
tions and verifications, described in parts A and B. The current set Ti

of strategies is divided into two parts: Ti + 1 and Ti + l' (For the first

time this was the set X). The guaranteed result for Pl with any ~(y,a)€ T~ 1
1-+

is determined and the analysis continues with the set Tn i + 1 .

The described procedure leads to a sequence of strategies

i o (y ,a), xl (y ,a) ... ~i (y ,a)

and a corresponding sequence of guaranteed results d o ,d
1

, ... d
i
...

Both sequences are finite. The maximal guaranteed result R for pl is:
R = max d.: The corresponding strategy cguarantees R to Pl. As we know

.(. 1-

lxl
m.n.

m
np

, but the number of investigated strategies is no greater than

5. EXAMPLE

Let us consider an example with Ix 1= 4, Iy I 3, IA 1=5. Table 1
contains the payoff functions of Pl and P2.

TABLE 1. Payoff functions

a=l a=2 a=3 a=4 a=5 a=l a=2 a=3 a=4 a=5

C' 13 9 1 12 7 1 6 4 11 1
x=2 9 1 11 9 9 3 7 1 2 1

y=l x=3 4 1 7 1 5 9 3 1 8 4
x=4 1 10 13 5 3 11 1 7 10 8

r 11 6 10 1 8 2 5 1 1 10
x=2 3 1 3 3 1 1 4 3 1 5

y=2 x=3 1 7 4 4 10 4 1 1 3 9
x=4 6 3 1 8 11 1 9 6 1 3

r 2 1 G) 2 @ 7 1 G) 6 0
x=2 1 11 8 1 6 8 1 10 7 11

y=3 x=3 5 2 1 10 2 1 8 2 1 1
x=4 @ 0 5 @ 1 Q? 0 1 0 1

\. ./ JV V'
P2 pl

The left half of the table shows the payoff function of P2, and the right
one - this function of Pl. The first four rows correspond to x = 1,2,3,4
and to y = 1. The second four rows correspond to the same x's and to y = 2,
and so on. The first column in the left half and the first column in the
right half corresponds to a = 1, the second columns correspond to a = 2,
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and so on. It can be seen that for each pair (i.e. in each row) there exists
some a £ A, for which Pl gets minimal payoff, equal to 1. Constructing the
described game leads to the following.

Pl cannot permit to p2 the following payoffs when a
c

= 1,2,3:

13

2

11 ; 10

3

11 ; 10

because Pl gets 1 with the corresponding pairs (x,y) at the same a
c

' The

rejectio~ of corresponding rows leaves only x = 3 admissible for y = 1.
In this moment the following strategy (for example) guarantees 2 to pl:

TABLE 2

x
2 3 4 5

Y

1 3 3 3 3 3
2 2 3 4 2 3
3 4 4 1 4 1

The players receive (get) the payoffs encircled in the table. If p2
wants to get maximum, he must always choose Yc = 3.

It is not very difficult to see that further rejection of pairs does
not increase the guaranteed result for Pl, i.e. R = 2.

6. CONCLUSION

An algorithm for fast finding of best strategy for the first player
in a finite 2-persons game with fixed sequence of moves, with different
information and with participation of the Nature is presented. It is possi­
ble that the main idea of this algorithm would be useful in the analysis
of some more general games.
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INTRODUCTION.

The vector optimization problem considered here is to minimize a
continuous vector-valued function f: S-.Rm on a constraint set Cc S. Let
F= f(C) be a compact set (though much weaker assumptions are sufficient for
the existence of optimal solutions - see Benson. 1978). While keeping in
mind that the set F is usually defined implicitely and that an attainable
decision outcome y F means that y= f(x) for some admissible decision x~C.

we can restrict the discussion to the outcome or objective space only. We
assume that all objectives are minimized and use the notation D= - Rm and
D:: - Rm \ {OJ while int D denotes the interior of - Rm • Thus. y' E t"+ D
denotes+here that y' oS y" 0 for all i=I ••• m. while y' E: +y"+ l'l. D= D\{O}.
denotes y' 0 ~ y"o f6r all i=I ••• m and y' 0 <: y" 0 for some j=I ••• m. and
y' Eo y"+int1 D denofes y' 0 < y" 0 for all i=1 J•• m wHere y + D is the cone D
shifted by y. The probl~m of ~ector minimization of y= f(x) over C can be
equivalently stated as the problem of finding D-optimal elements of F. The
set of all such elements. defined by:

F = {YE F: Fn (Y+ D) = krJ (1)

is called the efficient set (D-optimal set. Pareto set) in objective or
outcome space.

Several other concepts of efficiency are essential for the discussion
of characterizations. The weakly efficient elements belong to the set

rw = {Y E F: F n<y+ int D) = 2'} (2)

Although important for theoretical considerations. weakly efficient
elements are not useful in practical decision support. since there might be
too many of them. Another concept is that of properly efficient elements;
there are many almost equivalent definitions of such elements. see Sawaragi
et al.(1985). We adopt here the definition of Henig (1982) that
characterizes properly efficient elements as D'-optimal elements for any
cone D' that contains D in its interior

fP = V rYE F: Ffl (Y+ D') = 2'} ;
D'eV

tJ =(D': Dcint D'} (3)

Properly efficient elements have bounded marginal substitution rates that
indicate how much one of the objectives must be deteriorated in order to
improve another one by a unit. In applications. it is more useful to
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restrict further the concept of properly efficient elements and consider
only such that have marginal substitution rates bounded by some a priori
number. This corresponds to the concept of properly efficient elements with
bound E or D€-optima1 elements that belong to the set

FE == {YE F: F(Hy+ D£) ==,0'J (4)
where

DE. == {YE R
m

: dist(y, D) ~ Ell Yll} (5)

and D(== Dt\{O}, while £>0 is some given number - see Wierzbicki (1977);
marginal substltution rates are then bounded by £ and 1/£.

PARAMETRIC CHARACTERIZATIONS AND REPRESENTATIONS,
THEIR COMPLETENESS AND OTHER PROPERTIES.

In mu1tiobjective optimization, most characterizations - sufficient
and necessary conditions - of efficiency are related to the use of some
substitute sca1arizing function that typically depends not only on the
objective values but also on some additional parameters. There are two
classes of such parameters that are important for applications in decision
support systems: weighting coefficients and objective function levels which
can be interpreted as reference, aspiration or reservation levels.
Generally, we consider a set A of such parameters OC , A c

1
Rill. Let a

substitute sca1arizing function be denoted by s: F x A ~ R ; important
examples are (bi)linear functions, norms, so called achievement functions.
Such a function should desireab1y have two basic properties.

(S) The sufficiency property: for each ClGE As

Arg min s(y,~ )cF
yE FflY (oc)

s

where A is a subset of A for which the condition (6) holds and Y (oc)
represe~ts possible additional constraint set. An analogous property c5u1d
characterize weakly efficient points or propeL1y efficient points. If (S)
holds, then a point-to-set mapping of A into F can be defined:

s

,,±,,(oc) == Arg min s(y,oc)
yE F(1 Y (oc)

s

(7)

Such a mapping is typically used as a basis of interaction between a
decision maker and a decision support system. In such applications,
however, we need a single point in the set "P(oc), that is, a selection
+' (ex.) e "f (oc.). The decision maker, called also the user, specifies some

OCE A and the system responds with an efficient outcome y == '/'(<<) E F; hence,
paraffieters oC will be called controlling parameters, while the mapping
~(oc.), or its selection +,(oc) , will be called a parametric representation
of F.

However, the sca1arizing function s(y, oc) that implies a parametric
representation should also desireab1y have the following property:

(N) The necessity property: for each YE yr, there exists OlE An such
that:

YEArg min s(y,~)

yE Fl1 Y (at)
n

(8)
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This property can be also modified for weakly efficient or properly
efficient points. Observe that, if Y (pC) = Y (~) and ot E A , then we check
both necessary and sufficient condirions whe~ (N) and (S)sboth hold. The
pair of conditions (S) and (N) will be called here a parametric
characterization of solutions to multiobjective optimization problems. \ve
shall say that (S) and (N) completely characterize parametrically the
efficient set F if A = A , Y (oc) = Y (oc) for all oc € A •

A · s nSf n . h s.. . h·n 1mportant aspect 0 parametr1c c aracter1zat1ons 1S t e1r
controllability. If a characterization is complete, then the related
parametric representation has a specific 'onto' property:

U '\f(oc.) = f
oc.EAs

which, in fact, can be taken as a precise definition of the completeness of
characterizations. For incomplete characterizations, the equality sign in
(9) must be substituted by an inclusion; if (9) holds with a limit or a
closure added on the left-hand side, we shall call such characterization
almost complete.

Complete or almost complete characterizations provide for a kind of
global controllability of the parametric representation by a user: he can
reach (almost) all y ~ F by suitably changing oc • However, a user of a
decision support system needs also local controllability of a parametric
representation in the sense of being able to easily and continuously
influence his selection of yE f. This means that the computable selection
0/(0(.) E-qJ'(<<) , "/': A - F, should be Lipschitz-continuous:s

II '!"(cx.') - 't'(ce")/1 ~ f3//r£' -ce"l1 for all ce', ce" E A
s

(10)

which, in turn, necessitates a Lipschitz-continuity of the mapping ~ •
Unfortunately, there are until now very few results on Lipschitz-continuity
of parametric characterizations. \ve give later an example of such result
for a simple case: in other cases, intuitive or negative statements can be
still made, based on logical evaluation or simple counterexamples.

The sets rw of weakly efficient solutions and rP of properly efficient
solutions have several characterizations that are complete, hence globally
controllable. Characterizations of the efficient set F are either almost
complete or they have other drawbacks. The sets A and A might depend on
the set F and thus on computational accuracy: th~ inters~ctions of F and
Y (~) or Y (<<) might become empty by computational inaccuracies: the
m5thematicalnoperations required in characterizations might be unreasonable
from a computational point of view. Thus, we shall say that a
characterization of the type (S), (N) is robustly computable if it
satisfies the following conditions:

(i) The conditions (S), (N) do not contain additional requirements of
m-time repetition of minimization nor requirements of uniqueness of minima.

(ii) The intersection of F with Y (~) or Y (~) should not become empty
when the set F is slightly perturbed. for F ofnarbitrary, a priori unknown
shape this implies that for each y E F and the corresponding GC in 0-1) or
in (S), there must be a neighborhood U(y) such that U(y) c. Y (liZ),
U(y) c Y (~). Thus, (S), (N) cannot contain additional constraintg that
might be 5ctive at any yE F: all such constraints should be included in the
form of the function s(y, oc), say, by penalty techniques.

Unfortunately, completeness and robust computability of
characterizations of efficiency do not coincide, which will be shown later
in an impossibility theorem.
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A special issue is that of constructive computability of the necessary
conditions (N). Some of them specify, in their proof, the value of
parameters «€ A for which these conditions should be checked; such
necessary conditigns will be called direct. Other asssure us only of the
existence of such ~ while searching for this ~ might be computationally
cumbersome; such necessary conditions will be called indirect.

Beside controllability and robust or direct computability, there are
several other aspects of constructiveness of parametric characterizations
and representations of efficient solutions to mu1tiobjective optimization
problems that are important in applications in decision support systems.
One of such aspects is independence on ~ priori information. Many
characterizations use information about so-called ideal or utopia point.
Abstractly, this point is defined as the strict lower bound to the
efficient set or as the unique (strong) D-maxima1 point of the set {y€ Rm:
Fe y- DJ • If D= - Rm , then the utopia point is the vector composed of
results of scalar minimization of each objective function separately. A
characterization should not depend on the precise knowledge of the utopia
point, because it would not then be robustly computable. As long as only
approximate information about the utopia point is required in a
characterization, it does not constitute an excessive dependence on a
priori information, because the utopia point (or its approximation in cases
of large dimensionality corresponding to mu1tiobjective trajectory
optimization) can be computed once for entire F.

While the use of approximate bounds to the set F is quite
constructive, the requirements of further a priori knowledge of F are not.
For example, if a priori knowledge of entire F is used in (N), it makes the
necessary condition rather useless, since we cannot then apply (N) to check
whether y belongs to a priori unknown F. (N) shall be called tautological
in such a case.

Experience in applications of parametric representations in
mu1tiobjective optimization and interactive decision support has led most
authors to agree more or less exp1icite1y on several further attributes of
their constructiveness:

Simplicity. A parametric representation should be concepua11y simple
and easy to grasp mentally.

Generality. A parametric representation should be, if possible,
applicable not only to linear and convex problems , but also to nonconvex,
discrete and dynamic problems of mu1tiobjective trajectory optimization.

Interpretability of parameters. The parameters in the sets A, A
should have an easy and reasonable interpretation for the user (who ~eed~
such an interpretation when changing these parameters in order to control
the parametric representation), not for theorists only.

Computability. Beside the requirements of robust computability and
directness of necessary conditions, parametric representations should be
computable by means of algorithms that do not require excessive computer
time and can be relied upon to produce results without the need of
adjustment by the user.

ALTERNATIVE CHARACTERIZATIOtJS AND PARAMETRIC REPRESENTATIONS
OF EFFICIENT SOLUTIONS. ---

There are many characterizations that imply various parametric
representations. We shall subdivide them into three classes: (A) those
based on weighting coefficients used in (bi)linear functions and various
norms; (B) those based on aspiration or reservation levels used in various
norms and achievement functions; (C) other possible characterizations. We
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shall discuss here only the classes (A) and (B); for examples of other
possible characterizations see, e.g., Zionts and Wallenius (1976).

(A) Characterizations Ex weighting coefficients. These
characterizations are obtained if oc is a vector composed of weighting
coefficients OC. used in (bi)linear functions or various norms that
scalarize the com~onents Yo of the objective vector. All characterizations
in this class have one fufidamental disadvantage in common: experience in
applications of decision support systems shows that weighting coefficients
are not easy to be understood well and interpreted by an average user.

(AI) (~i)linear functions used as substitute scalarizing functions have
the following form:

s(y, oc)
m
~€l YoL..... 0 1

i=l 1

(11)

wi th oC = (0(1' •• oCi ' •• OC m); the sets As' An are defined by:

m

A ={OCEint R
m

: L ceo = I};
s + i=l 1

A={oe Eo Rm
:~ oc 0 = I}

n + i=l 1
(12)

Theorem 1. Let s(y,oc;), A, A be defined as above. If aceA, then
each y that minimizes s(y, oc; )soveP y E. F is properly efficient~ hence
efficient. If y is efficient or weakly efficient and F is convex, then
there exists OC€A such that y minimizes s(y, iiC) over yEo F. If «€A , then
each y that minilriizes s(y, oC) over y € F is weakly efficient. I~ y is
properly efficient and F is convex, then there exists ~E: A such that y
minimizes s(y,«) over YE F. s

For the proofs of various parts of this well-known theorem see, for
example, Jahn (1985) or Sawaragi et al. (1985); originally, this
characterization dates back to Koopmans (1951), Kuhn and Tucker (1951) and
Geoffrion (1968). For convex cases, this characterization is complete for
weak and proper efficiency and almost complete for efficiency. Moreover,
these characterizations are robustly computable but indirect for necessary
conditions. They are also independent of a priori information, conceptually
simple, rather general (with the restriction of necessary conditions to the
convex case) and easily computable for sufficient conditions. The main
drawback of these characterizations, beside bad interpretability of
weighting coefficients, is the fact that the related parametric
representations are not Lipschitz-continuous for such basic cases as when F
is a convex polyhedral set.

Similar properties to th~ above characterizations have those based on
the 11 norm:

m
s(y,oc) =.L:::oc.ly.- Yol;

i=l 1 1 1
(13)

with A defined as in (12) and a lower bound point y restricted by the
strictslower bound, that is, utopia point~

YE Y+ int D (14)
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Actually, y~ y would suffice, but the strong inequality in (14) is assumed
to obtain computational robustness. These characterizations will not be
discussed separately.

(A2) The weighted
scalarizing function:

1 norm is also often used as a substitute
p

with A defined as in (12) and y restricted as in (14);
p e (1; soc) can be also treated as (m+1 )-th component of
vector DC.

(15)

the parameter
the parameter

Theorem 1. Let s(y, oc. ),OC, p, y, be selected as above. Then each y
that minimizes s(y,OG) over y€ F is properly efficient. If y is efficient,
then for each € > 0 there exist such «€ A , such P € (1; 00) and such y'
with II V' - VII< E that V' minimizes s(y,of) over YE Fe

This form of this theorem is due to Gearhart (1983); see also Zeleny
(1973), Yu and Leitman (1974), \~ierzbicki (1977), Salukvadze (1979). This
characterization is almost complete for proper efficiency and efficiency
also in non-convex cases; in this sense, it is stronger than this by
(bi)linear functions.

This characterization is robustly computable, but the necessary
condition is indirect. The Lipschitz-continuity of the related parametric
representation has not been studied, but we might suspect local
controllability. This characterization depends on a priori information, but
not excessively and is not tautological. It is not quite simple
conceptually, but rather general. The interpretability of the parameter
pair (~,p) for an average user is bad; moreover, this representation might
be not easily computable if p is very large, since it leads to badly
conditioned nonlinear programming problems.

(A3) The weighted leo (Chebyshev) norm is a very useful substitute
scalarizing function:

s(y,cC) = max DC.ly.- Y.I;
l~ifm 1 1 1

(16)

where A is defined as in (12) and y restricted as in (14).
s

Theorem 1. Let s(y,oc), y, A be defined as above. Then each y that
minimizes s(y, oc) over yE F is weakfy efficient. If the minimum is unique,
then such y that minimizes s(y, oc ) over y E F is efficient. If y is weakly
efficient, then there exists such (i.E A that y minimizes s(y, 0(;) over yf F.
If Y is efficient, then there exists ~uch Ol E A that V uniquely minimizes
s(y,Ci)overy€F. s

This theorem is due to Dinkelbach (1971) and Bo\vman (1976). This
characterization is complete for weak efficiency and also for efficiency
even in a nonconvex case, but at the cost of the requirement of uniqueness
and thus loosing robust computability of efficiency conditions. Beside this
basic drawback, this characterization depends on a priori information but
not excessively and is not tautological, is rather simple conceptually,
general, and rather easily computable for weak efficiency.
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The basic drawback of all weighting coefficient methods - their bad
interpretability can be overcome in this case by making these
coefficients dependent on aspiration or reference levels w. for objective
functions. Under the restriction that w.;> )t., we can take: 1

1 1

O£.
1

m
[l/(w.- y.)] / ~l/(w.- y.)

1 1 j=l J J
(17)

which has the interpretation that the closer is an aspiration or reference
level w. to the lower bound level y., the more important is the objective.
'fuen ch~cking necessary conditions1in Theore~ 3, the application of (22)
with w. = y. makes these conditions direct. This modification has been used

1 1
by Steuer and Choo (1983), Nakayama (1985), Korhonen and Laakso (1985);
however, if aspiration or reference levels are used as the controlling
parameters, then the method belongs to another class since the norm (16)
changes its form of dependence on controlling parameters and should be
interpreted as an achievement function. In this sense, we shall show later
that the corresponding parametric representation is Lipschitz-continuous
and thus locally controllable.

(A4) A composite norm, in particular - a combination of weighted 11 and
100 norms is one of the strongests substitute scalarizing functions:

m
s(y,oc) = max oc·ly.- Y·I + OC l LOC·ly·- y./,

l~i~m 1 1 1 m+ i=1 1 1 1

oC 1 E (0; 1]m+
(18)

where A is defined as in (12) and y restricted as in (14).
s

Theorem 4. Let s(y, oc), y, oc 1 and A be defined as
y that maximi~es s(y, oc) over yE If.l+ is prop~rly efficient;
efficient, then there exists a (sufficiently small) oc.m+1that V maximizes s( y, «) over y E: F.

above. Then each
if V is properly
and OC E A such

s

This theorem is due to Dinkelbach and Iserman (1973). It completely
characterizes proper efficiency without convexity assumptions; since (18)
converges to (16) with ~ 1 -. 0, it implies also an almost complete
characterization of ef~tciency. This characterization is robustly
computable and its necessary condition becomes direct if we apply (22) with
w. = y. and OC 1 smaller than an a priori bound t for marginal substitution
dtes.1 m+

This characterization depends on a priori information but not
excessively and is not tautological. It is not quite simple conceptually
but rather general and easily computable. Thus, it might be one of the best
characterizations - provided, however, that we use the transformation (17)
of weighting coefficients in order to assure easy interpretability and
local controllability. This has been used by Lewandowski at al. (1985),
although not as a norm but as an achievement function.

(B) Characterizations ~ objective function levels. These
characterizations assume that oc is a vector composed of objective function
levels, denoted here by w, that are interpreted either as reservations
(values that must be achieved), aspirations (values that should be
desireably achieved) or reference values (which can be, in fact,
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interpreted as aspirations). While much better interpretable for an average
user than the characterizations by weighting coefficients, most of the
characterizations by objective function levels have several disadvantages
that can be overcome first by introducing the concept of order-consistent
achievement functions - a class that includes functions such as (16) and
(18) under the transformation (17) but is much more general.

(Bl) Directional search. If a direction w E Rm and the utopia point y
are given, we can construct a substitute scalartzing function for the
directional search:

s(y, w. t) = II y- y- tw 11 ; (19)

with an arbitrary norm in Rm and with t selected as the smallest value of
t E [0; (0) for which the minimum of s(Y. w. t) over y fa F is equal zero.
This is actually an additional minimization requirement; moreover. y should
be known exactly in the corresponding sufficient condition. hence the
following incomplete characterization is certainly not robustly computable:

Theorem 2. Let y E F be efficient and let a 101~er bound point y € Y be
given. If w = Y- 1. then t = 1 is 'the lowest value of t such that
y + tw E F and the minimum of the function s( Y. w. t) over y ~ F is equal

mzero. If m = 2 and F is convex. then. for each we R +' the smallest value
of t ?; 0 such that y + tw E F results in an efficient y f. F. If m > 2.
counterexamples show that an analogous sufficient condition cannot be
proven even under convexity assumptions.

The above theorem is well known. see. for example.
(1974). This characterization cannot be used to generate
efficient solutions in response to user requirements; it
good tool for checking the efficiency of a given y.

Yu and Leitman.
a priori unknown
is only a very

(B2) Reservation levels or constraints on objective functions. Here
several simple substitute functions and constraints are used:

sk(Y' w) = Yk;
where:

Yk(W) = {Y€ R
m

: Y·:!i: w.• i=
(

1 ) 1~W = WI • •• w.... w E y- D
1 m

1 , •• m. i " k};

(20)

(21)

Theorem £. Let sk(Y' w). Yk(w) be defined as above. If. for some
k= 1••• m. V minimizes sk(Y' w) over ye FrtYk(w) with some wE y- D. then y
is weakly efficient; 1f y is weakly efficient. then there exists
k = 1•••• m such that V minimizes sk(Y' w) over yiG; Ffl\(w) with w = y. If.
for all k= 1••• m. y minimizes sk(Y' w) over YEF()\(w) with some wE-Y- D.
then y is efficient; if y is efficient. then y m1nimizes sl (Y. w) over
yE F ~ Yk(w) with w = y for all k = 1•••• m. Let F be conve~. Then y is
properly efficient if and only if the problems of minimizing sk(Y' w) over
yE FflYk(w) are stable. that is. the perturbation functions:

(22)

are Lipschitz-continuous at w= y for all k = 1, ••• m.

The proof of this theorem. due to earlier results in Haimes et
al.(1975). Changkong and Haimes (1978) can be also found in Sawaragi et al
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(1985). This characterization is complete and rather general (valid without
any convexity assumptions but not easy to generalize for the case of
trajectory optimization). However, it is not robustly computable and only
the weak efficiency part of this characterization has found broader
applications. Moreover, the proper efficiency part of this characterization
is not direct. On the other hand, we can expect local controllability.

The characterization depends on a priori information but not
excessively and is not tautological; it conceptually simple and the
parameters are easily interpretable as reservation levels for objective
values. For the weak efficiency part of this characterization, it is also
easy to compute.

Another, early variant of characterization by using reservation levels
is related to one of two possible interpretations of goal programming: this
of trying to improve given attainable upper bounds or reservations for
objective values. Originally suggested by Charnes and Cooper (1961),
further developed by Fandel (1972), Ecker and Kuada (1975), it has been
studied extensively in various modifications see Gal (1982). Its
prototypical formulation is:

m
s ( y, w) = LoC. (w. - Yi ) i

i=1 1 1
yE Fn Y(w);

wE F (23)

with some fixed ~ E A defined as in (12). This gives a complete
characterization of efficIent solutions:

Theorem 7. Let s(y, w),oC, Y(\1) be defined as above with wE F. If Y
maximizes s(y, w) over y E: FO Y(w), then y is efficient; if y is efficient
and we set w = Y, then y maximizes s(y, w) over y E Fn Yew).

This theorem is well known, see Charnes and Cooper, (1975) and Gal
(1982), but this characterization has a basic drawback: it is not robustly
computable. In fact, we use here Ffl Yew) = {y} in necessary conditions and
this singleton set becomes empty by any, however slight, perturbation of F.
Except for this essential drawback, this characterization does not depend
on a priori information, is simple conceptually, very general (no convexity
assumptions are needed and a generalization to multiobjective trajectory
optimization is easy), well interpretable and easily computable if \1e do
not come with w too close to F.

The drawbacks of this otherwise excellent class of characterizations
could be overcome when substituting constraints by penalty functions - but
this leads to the concept of an achievement function. Before adressing this
concept, yet another class of characterizations must be considered.

(B3) Aspiration levels with various ~. This class consists of two
subclasses. The first subclass, called compromise programming or displaced
ideal, see Zeleny (1973), (1982), corresponds to the case where aspiration
levels for objective function values are below utopia point and thus far
from being attainable, w~ y. This is actually the case of classes A2, A3,
A4 with the lower bound point y treated as an additional parameter and
interpreted as aspiration level point; this case will not be considered
here any further. The second subclass corresponds to the second, widely
used interpretation of goal programming: this of trying to come close to
given aspiration levels or goals which are typically not far from being
attainable. In fact, consider formula (IS) with another interpretation:



s(y, w) = [Eac.\w.- y.IPJl/p
i=1 1 1 1
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(24)

where CO e A is treated not as the controlling parameter but as a constant
and w is th~ controlling parameter instead. The limit case when p=OO is a
form similar to (16). If p= I, we obtain a form similar to (23), however,
there is a basic difference: the function above should be minimized and not
maximized as it was the case--;ith (23). Theorem 7 implies that one-must
maximize a norm or a measure of improvement from attainable reservation
levels in order to get to the efficient set; from unattainable aspiration
levels, however, one must minimize the distance to the attainable and
efficient set. Thus, there are two precisely opposite interpretations of
goal programming techniques. To distinguish between them, we must have
additional means of checking that their boundary - the efficient set - has
been crossed.

Theorem 8. Let s(y, w) be defined as above with any PE(l; 00), and
either F be convex or wE F+ D. If Y minimizes s(y, ''') over YE. F and y.> w.
for all i= I, •• m, then y is properly efficient. If y is pro~erl~
efficient, then there exists such wwith w.<y. for all i = I, •• m that y

. . i (-) F 1 1mlnlm zes s y, w over y E •

The proof of this complete characterization of proper efficiency is
given in Wierzbicki (1986); similar, though not exactly the same results
are given in Jahn (1984). The abo~e characterization is t~utological for
noncovex sets F: if we require w€ F+ D, then we must_know F a priori and
would have much simpler means of checking whether y E F. For convex compact
F, we can use this characterization constructively only in its sufficient
part; the necessary conditions are indirect.

On the other hand, goal programming is simple conceptually, easily
interpretable and relatively easily computable; therefore, it has been
widely used, see Dyer (1972), Charnes and Cooper (1975), Ignizio (1983).
The difficulty in reaching efficient solutions if the goal w is attainable
can be ignored if goal programming is treated as a tool of supporting
strictly satisficing decisions; however, we assume here that a decision
support system should not only inform the user that a given goal is
attainable, but also propose a corresponding efficient solution. In the
terminology of goal programming, the components IWi - Y.I of the distance
function are often called achievement functions (or unaer-achievement and
over-achievement functions, if the sign of w. - y. is taken into account).
The drawbacks of goal programming suggest l that ~ strengthening of this
concept would be useful.

CONCEPTS AND PROPERTIES OF ORDER-CONSISTENT ACHIEVEMENT FUNCTIONS.

When trying to specify a class of characterizations based on objective
function levels that would have good properties in applications for
decision support, it is essential to choose first appropriate concepts that
correspond to the nature of the vector optimization problem. We adress here
two such concepts: this of monotonicity, essential for sufficiency parts of
characterizations, and that of separation of sets, essential for the
necessity parts of characterizations.

The role of monotonicity in vector optimization is explained by the
following basic theorem:
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Theorem .2.. Let a func~on r: F~ R
1 be strongly monotone, that is, let

y'<. y" (equivalent to Y'E:Y"+ D) imply r(y')<.r(y"). Then each minimal point
of this function is efficient. Let this function be strictly - sometimes
called weakly - monotone, that is, let y'« y" (equivalent to y'ey"+ int D)
imply r(y') <. r(y"). Then each minimal point of this function is weaklY
efficient. Let this function be..J-strongly monotone, that is, let y'~ y"+ De
imply r(y')<r(y"), where DE' D( are defined as in (5). Then each minimal
point of this function is properly efficient with bound E.

Various parts of this theorem are well-known - see Yu and Leitman
(1974), Wierzbicki (1977), Jahn (1984), Sawaragi et al. (1985), see also
Wierzbicki (1986) for the proof of the proper efficiency with bound E part.
Observe that a function constructed with the help of a norm,
r(y) = II y- VII, is strictly monotone for all y ~ y if the Chebyshev norm
is used and strongly monotone for all y ? V if any other norm is used; a
composite norm of the form (18) where r(y) = s(y, oc) with some OCE A is
€-strongly monotone for all y > y if f is sufficiently small when comp~red

to OCm+1 •
The second concept, that of separation of sets, is actually used

implicitely or explicitely whenever necessary conditions of fcalar or
vector optimality are derived. We say that a function r: Rm

-+ R st10ngly
separates two dis joint sets Y1 and Y in R

m, if there is such p. E R that
r(y) < ~ for all YEo Y

1
and r(y) ~p tor all YE Y.:J,' Since the definition of

efficiency (1) requires that the sets F and~+'D are disjoint (or F and
Y+ int D for weak efficiency, or F and Y+ D£ for proper efficiency with
bound), they can be separated by a function. If F is convex, these sets can
be separated by a linear function of the form (11); this separation of sets
is precisely the primal concept beyond the dual conc~t of weighting
coefficients. If F is not convex, the sets F and Y+ D could be stil
separated at an efficient point y, but we need for this a nonlinear
function with level sets f y E R

m: r(y) ~ ~} which would closely approximate
the cone Y+ D. There mig~t be many such functions; we shall define first
their desireable properties and then give several examples of them.

(B4) Order-representing achievement functions are defined generally as
such continuous functions s: F)( \oJ _ R that s(y, w) is strictly monotone
(see Theorem 9) as a function of yE F for any WE'" and, moreover, posseses
the following property of order representation:

fYE R
m

: s(y, w) < OJ = w + int D, for all wE W;

which implies, together with the continuity of s(y, w), that:

s(y, w) = 0 for all w = yE F

(25 )

(26)

Here we assume'" = Rm or any reasonably large subset of Rm containing For,
at least, rw; the controlling parameter w is interpreted as aspiration
level point that might be attainable or not. A simple example of such
function is:

s(y, w) max oC. (y. - w.)
l'd"m 1 1 1

(27)

wi th IV = Rm and some fixed DC EA.
functions will be given later. ~t
order-representing function strictly

Other examples of order-representing
any weakly efficient point y, an

separates the sets Y+ int D and F.
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However, an order-representing function cannot be strongly monotone, since
it could not be continuous in such a case.

(BS) Order-approximating achieveme¥t functions are defined generally
as such continuous functions s: FX H_R that s(y, w) is strongly monotone
(see Theorem 9) as a function of yE F for any \yE;H and, moreover, posseses
the following property of order aproximation:

w+ DE C rYE ~m: s(y, w) ~ O} C w + D£ ' for all WE \"; (28)

with some small E. > e: ~ 0, for some reasonably large set H containig For,
at least, F; the requirement (28) implies also (26). A simple example of
order-approximating function is:

(29)

with 101= Rm and some « 1>_0 that is sufficiently small as compared to E
and large as compared ~6 £; this function is not only strongly monotone,
but also £ -strongly monotone. Other examples of order-approximating
functions will be given later. At any point y that is properly efficient
with~bound e, an order-approximating function strictly separates the sets
y + DE and F.

Order-representing and order-approximating functions are jointly
called order-consistent achievement functions. When the concepts of
monotonicity and separation of sets are used, the following theorem that
characterizes efficient solutions by minima of order-consistent functions
might appear simple to the point of triviality; but this is precisely the
power of arguments based on separation of sets that they simplify complex
problems.

Theorem lQ. Let s(y, w) be an order-representing function. Then, for
any wE \", each point that minimizes s(y, w) over yE F is weakly efficient;
if y is weakly efficient (or efficient), then the minimum of s(y, w) with
w = y over y E F is attained at y and is equal zero. Let s(y, w) be an
order-aproximating function with sone f,E as in (28). Then, for any w~W,

each point that minimizes s(y, w) over yE F is efficient; if y is properly
efficient with bound S (D£-optimal), then the minimum of s(y, w) with w=y
over YE F is attained at y and is equal zero. Let, in addition, s(y, w) be
i-strongly monotone in y; then each point that minimizes s(y, w) over y E F
is properly efficient with bound l.

For proofs of various parts of this theorem, also for
infinite-dimensional normed spaces, see Hierzbicki (1977), (1980), (1982),
(1986). Classes (B4, BS), without any convexity assumptions nor
restrictions on controlling. parameters w, completely characterize weakly
efficient elements and almost completely characterize properly efficient
and efficient elements (if we take the closure of sets of maximal points of
an order-approximating achievement function as £ -. 0). By adding the
requirement of uniqueness of mlnlma in Theorem 10, we could make this
characterization complete also for efficient solutions, but we forego this
generalization because it would mean the loss of robust computability. The
requirement that w = y in necessary conditions is not tautological, if we
want to use these conditions to check the efficiency of a given element: it
is direct and robustly computable, since we do not assume any a priori
knowledge of F, nor do we limit the minimization to a single point.
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These characterizations are not quite simple concepLually, but the
controlling parameters wand the values of the achievement function s(y, w)
are very well interpretable: while w is interpreted as aspiration levels,
the sign of the mlnlmum of achievement function indicates whether these
aspirations are attainable or not, and the value zero of this m"nimum
indicates that aspirations are attainable and efficient. These
characterizations are also very general, valid not only for nonconvex and
discrete or integer cases, but also easy to extend for problems of
multiobjective trajectory minimization see Wierzbicki (1980).
Computationally, their applications are either simple - if F is a convex
polyhedral set, then the problem of minimizing (27) or (29) can be
rewritten as a linear programming problem or more complicated for
nonlinear or nonconvex problems. In such cases, we must either represent
(27), (29) by additional constraints, or apply nondifferentiable
optimization techniques, since the definitions of order-consistent
achievement functions imply their nondifferentiability at y = w.

These characterizations are also, most probably, locally controllable;
before establishing Lipschitz-continuity of a parametric representation
corresponding to the simple achievement function (27) we must, however,
indicate the use of order-consistent functions for checking the uniqueness
of minima. The concept of separation of sets used in Theorem 10 implies the
following corollary:

Corollary. If y is a minimal point of an e: -strongly
order-approximating function s'(y, w) over yEF with any w~H,

also the unique minimal point of an order-representing function
with w = y over y~ F.

monotone
then y is
S"(y, "W)

ThiZ corollary is an i~~ediate consequence of the separation of the
sets y + D and F by the cone y + tr. On one hand, this confirms only an
easy theoretical conclusion that an order-representing function has unique
minima at all properly efficient points. On the other hand, however, the
corollary gives a constructive computational way of checking the uniqueness
of minima of an order-representing function.

If y is, for example, a minimal point of function (27), we can take
function (29) with some small oc and wyand minimize the latter
function; if we obtain the same re~~lt of this second minimization, we are
sure that the minimum of the former function is unique. This applies,
however, only to order-consistent functions in multiobjective minimization,
and is by no means a general way of checking the uniqueness of minima of
other functions, for which task we do not have constructive computational
methods.

The above corollary explains also why we can use rather strong
assumptions in the following theorem.

Theorem 11. Let the order-representing function s(y, w) be defined as
in (27) and consider the set W of such w E Rm that the minima of this
function are properly efficient elements of F, that is, are unique. Then
the parametric representation:

y =o/(w) = arg min s(y, w)
y~ F

(30)

is Lipschitz-continuous with the Lipschitz constant 4, that is,
1I'f'(w') -'t'(w")/1 ~ 41\w' - willi for all w', w"6 Wand for the Chebyshev
norm which implies also Lipschitz-continuity in any other norm in Rm•
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Finally. next theorem explains the impossibility of complete and
robustly computable characterization of efficient elements yE F.

Theorem 12. Let s: Fx A_R1 be a continuous substitute scalarizing
function for vector minimization problems over an arbitrary set F<::Rm•

(a) Suppose that for each efficient y E f there exists an OlE A c A such
that V is a minimal point of s(Y. ~ ) over y f F n Y(~). where y(n~) is an
additional constraint set. and that each minimal point of s(Y.«) over
y € F () y(~) is ,.eakly efficient for any ex EO A C A; let A () A -;. ftf. If. for
each y E F and the corresponding CiE A • the set y(~) cont~ins ~ neighborhood
U(y) of V. then the function s(Y. ~n) has the following property of local
order-representation:

{YEUCY): s(y.oc.)<s(Y.ot)}= (y + int D)OU(y) for all OCEAnflAs (31)

(b) If a continuous function s(Y. ~) has the property (31) then. for
sets F of arbitrary form. there exist minimal points ylof this function
over y € F () U(y) that are weakly efficient but not efficient; hence. a
complete characterization of efficiency by minimal points of such a
function is impossible. if we do not apply additional conditions of
uniqueness or repetitive minimization.

For proofs of Theorems 11. 12 see Wierzbicki (1986).

FURTHER EXAMPLES OF ORDER-CONSISTENT ACHIEVEMENT FUNCTIONS.

The definitions of order-consistent functions do not require that all
level sets of the function s(y. w) should represent or approximate order;
only the zero level set should have this property. Hence. there are many
examples of order-consistent functions.

A general form of an order-representing function can be written as
follows:

{

-v(w - y). if y - '" E D
s(Y. w) = (32)

dist(y-w.D). ify-w¢D

where v: Rm_R1 is a strongly monotone value (or utility) function with the
property that v(w - y) = 0 for all y - w E D\int D. and any norm in Rm can
be taken to define the distance. If we take a multiplicative form of v ­
for example. the Nash (1950) compromise function - and use the norm 1 with
p~2. then the function s(Y. w) is differentiable except for y- w E D\fnt D:

s(Y. w)

if y- wE D

(33)

where (y.- w.) = max(O. y.- w.). Another form of order-representing
f t · 1. 1 + . l' 1 d 1 b' d . 1unc lon 1S p1ece-w1se 1near an can e 1nterprete as an exact 1nterna
penalty function for the characterization (23) of efficient solutions:

s(Y. w)
m

max (~ max (y.- w.). (l/m)~(y.- w.))
l~i~m 1 1 i=l 1 1

(34)
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where the function is determined by the sum only for such y- w€D that
m

(l/m) L:(y.- w.) >" max (y.- w.).
i=1 1 1 ) l'i~m 1 1

The above function is useful when applied to linear vector
optimization problems. where F is a convex polyhedral set. In such cases.
we rewrite the problem of minimizing (34) by using additional variables
zi= Yi- wi' i= 1••• m. zm+l s(y. w). to the following form:

s( y. w) = z l'm+

m

zm+l ~ (l/m)L zi'
i=1

(35)

This function has been used in the DIDAS system of decision support - see
Kallio et al. (1980). Lewandowski et al (1982). Grauer et al (1984).
Similar transformations are possible for all convex or convex-like - see
Jahn (1984) - piece-wise linear functions s(y. w). such as (27). (29) or
their further modifications given below.

The prototype order-representing function (27) has also several
modifications in cases when additional information about F is available.
Suppose 've know not only a lower bound y < Y. 'but also an upper bound ~
such that F or FW is contained in y + D. Thus. for each objective variable
y .• a reasonable but not necessarily tight lower bound y. and upper bound
,~ are known. Suppose a user of a decision support systeffi wants to control
his selection of efficient solutions by two parameters: his aspiration
levels w' and his reservation levels wIt. where y.< w'. < wIt. < y. for all
. 1 Wh . . f" b h . 1 1 1 h ],1 = •••• m. en assumlng a satls lclng e aVlor. we can use t e ruzzy set
theory and membership functions to describe the satisfaction of the user ­
see. e.g •• Sakawa (1983). The membership functions describing the
satisfaction of achieving individual objectives can be postulated. for
example. in the form:

{

O.
lJ.. = (w". - y.)/(w".

11. 1. 1 1 1

if w". <:
if w'~ ~
• ,.., 1 ....
lf Yi ~

(36)

and the aggregate mambership function can be taken as the minimum of the
component membership functions. However. when maximizing such satisfaction
function. we must be certain that the reservation levels are attainable and
the aspiration levels are not attainable. which is equivalent to a priori
knowledge of F; otherwise. the maximization of this function would not
necessarily result in efficient solutions and only strictly satisficing
solutions would he obtained.

This drawback can be overcome if we forego the strict adherence to
fuzzy set theory and satisficing behavior. Instead. we postulate a
guasisatisficing behavior - see Wierzbicki (1985): a decision maker. aware
of his objectives and their scale (y; ,). is quasisatisficing if he
optimizes when his resevation or aspiration levels are not yet attained.
but he can further optimize or forego the optimization for additional good
reasons if his aspiration levels are attained. In any case. the decision to
forego optimization should be reserved for the user and a decision support
system should always propose to him efficient solutions. consistently
related to his aspiration and reservation levels but obtained through
optimization; such efficient solutions will be called guasisatisficing
solutions.
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In order to characterize and compute quasi satisficing solutions, we
have to extend monotonically the functions)l. also for w". < y. ~ y. and
Yi' Yi < w'i' while changing their signs be~ause we consiaer min1miz~tion
problems here:

{
~«y. - '1.)/(~. - 1~".)

, " 1 11 ,,1 ,p.(y,w ,w ) = (y. - w .)7(w . - w .',
1 A(Y. - ~'.)/(~'. -1".)r 1 1 1 1

+ 1),

- 1,

if w". <
if w'~,<
• ~ 1""-:
1f Yi ~

(37)

where ~,'lf are given positive parameters; we
LI.. = 0 if y. = w".,).L. = -1 if y. = w",fl. =
1~1 Old 1 J. . .1.. 1. 1. f
~= correspon s to torego1ng m1n1m1zat10n 1

s(y, w, w") = max JA.(Y, lv, w")
~i~m 1

. ';d
have)).. =~> 0 1f y. = y.,1. ~ 1 1-0+ ,) 1f y. = Yi' whereas
y.~w .• The functlOn:

1 1

(38)

is an order-representing achievement function, since it is strictly
monotone and has the property (25) if we interprete w" as the main
controlling parameter and w' as an auxiliary parameter. A special case of
this function, obtained when w' _ y (we cannot let w' ~ w", because the
function would become discontinuous) and without using the kn01~ledge of~:

s(y, w) = max (y.- W.)/(1L- y.) = max (y.- y.)/(w.- y.) - 1 (39)
l'i~m 1 1 1 1 l~i'm 1 1 1 1

can be interpreted as a generalization of the Raiffa-Kalai-Smorodinsky
compromise solution - see Luce and Raiffa (1957), Kalai and Smorodinsky
(1975) - which is obtained by directional search in the direction y. - w.;
minimization of (39) instead gives more robust results and is applicable
also to nonconvex problems. Observe that (39) can be either interpreted as
an order-representing function or as the Chebyshev norm (16) with weighting
coefficients (17). The latter interpretation was used by Steuer and Choo
(1983), Nakayama (1985), Sawaragi et al. (1985); however, the proofs of
characterization properties of this function become much simpler if based
on its order-representing properties and Theorem 10.

Order-approximating achievement functions can be obtained from
order-representing functions by adding linear terms. For example, function
(38) can be made order-approximating by modifying its form to:

m

s(y,W',1~1I) = [ m~x }J-i(y,w',w") + (~/m)~ fi(y,w',w")]/O + j) (40)
I~H.m 1=1

where ~E(O; m). A similar modification of (39) leads to a form which can
be interpreted as a transformation of the composite norm (18):

m
s(y, w) = max(y.- w.)/(w.- y,) + (~/m)L:(y.- 1~.)/(W.- y.)

l'i(m 1 1 1 1 i=1 1 1 1 1
(41)

This form has been used in Lewandowski et a1. (1985) for evaluating
discrete alternatives.

Extensions of the concept of order-consistent achievement functions to
multiobjective trajectory optimization lead also to many forms of
achievement functions - see Wierzbicki (1980). Another extension is to
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such a way that it
w (at the cost of

but preserving
transformation of

weaken the requirement of order-approximation (28) in
would admit functions that are differentiable even at y
the strength and clarity of neccessary conditions
sufficiency). An example of such functions is a simple
the I norm:

p

s(y, w) [1/m~l(y.- y.)/(w.- Y.)I P11 / p - 1
i=1 1 1 1 1 J (42)

which has the zero-level set that approximates w+D rather closely but
differentiably for sufficiently large p. Various penalty functions lead to
other forms of smooth order-approximating achievement functions see
Wierzbicki (1975), (1978).
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ON SCALARIZING METHOD IN VECTOR OPTIMIZATION

Dinh The Luc

1. INTRODUCTION

Let K be a closed,convex and pointed cone with a nonempty in­
terior int K in an n-dimensional Euclidean space R". The cone in­
duces preference orders in the space as follows: a, b .. R",

a ~ b if a - bE: K,
a ~ b if a - b E K\ lOt ,
a;>b if a-bE:intK. m

Further,let X and X' be two nonempty subsets of R ,let f be a
vector valued function from X into R" and let f' be a scalar
function on X' .We have a vector optimization problem associated
with (X,O:

Max f(x)
s.t. x E: X, (I)

and a scalar optimization problem associated wi th (X', f' ):
max f'(x)
s.t. x ~X'. (II)

Denote the sets of optimal solutions and weak optimal solu-
tions of (I) by E(X,O and WE(X',f'),respectivelY,i.e.

E(X,O = {x E: X: no y EX satisfies fey) ~ f(x) S
WE(X,O= i x" X: no y '" X satisfies f(y);. f(x) J
The set of optimal solutions of (II) will be denoted by

E(XI,f ' ).
A common method of solving (I) is to convert it to a scalar

problem of type (II) (see Jahn (1984),Wierbicki (1985) and the
cited references there).If the set of alternatives X' and the
objective function f' are suitably chosen,then we may have:

E(X' ,f').;: E(X,O or E(X' ,f ' ) c;; WE(X,O ,
i.e. it is possible to find optimal solutions of (I) by solving
scalar problem (II).This is very useful for the decision makers
who deal with vector problems because for scalar problems the
theory and computational algorithms are widely developed. The
choice of X' and f' depends on the vector problem to solve,also
on other requirements of the decision makers. The following req­
uirements are considered basic:

(i) The invariance of the alternative set:
X = XI ( or a t least XI c:= X ),

(II) The reservation of the preference orders:
x,yt:X and f(x)~ fey) imply f'(x)~ fl(y),
x,y X and f(x)~ fey) imply f'ex»~ fl(y)

(for the weak case f(x»f(y) implies f'(x»f'(y)).
Some other requirements such as the reservation of linearity,
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convexity (i.e. if (I) is linear or convex,then (II) is linear
or conv,ex',respectively) are also of interest.ln this paper,we
pay our attention to the scalarizing problems which satisfy (i)
and (ii).In Section 2 we give some separation theorems by mon­
otonic functions as they have a close relation to those func­
tions which yield (ii).In Section 3,the results of Section 2
will be applied to the getting of scalarizations of vector prob­
lems.

2.SEPARATION BY MONOTONIC FUNCTIONS

Definition 1. A function 9 from a subset A of Rn into R is
said to be monotonic on A (sometimes it is said to be monotonic
with respect to K) if for a,b" A,

a~b implies g(a»g(b),
and it is said to be weakly monotonic if for a,b A,

a~b implies g(a)~g(b),

a;>b implies g(a»g(b).

Definition 2. Let A and B be two nonempty subsets

let 9 be a scalar function on Rn.We say that A and B are separ­
ated by 9 if g(a)~ g(b) for every a IE A and b~ B.

Theorem 1. Let pE:'R n . Then (p + int K)nA =¢ if and only if

there exists a continuous , weakly monotonic function on Rn so
that p + int K and A are separated by it.

Proof. Assume that 9 is a weakly monotonic function separat­
ing~int K and A and suppose to the contrary that
(p+intK)rlA;t¢,i.e. p+bEA for some b€intK.
By Definition 2,we have

g(p)?g(a) for all aEA. 0)
However,it follows from the weak monotonicity of 9 that

g(p + b);:' g(p).
This contradicts 0) as p + b ~ A.
Conversely, assume (p + int K)nA = ¢ . Take a vector e€int K
and consider a function 9 given by the relation

g(x) = infCt: x ~ p + te ), x ERn. (4)
We prove that 9 is well defined and continuous, weakly monotonic

on Rn.lndeed, since e"int K, for every xER n , the intersec­
tion of (x + (e]) with (p + K) is nonempty, where [eJ denotes
the set (te: t ~ 0 ). This ensures the existence of t such that
x~ p + teo Moreover, as K is pointed, when a number T being
large enough, x - te ~ p + Keach t :;, T. Consequently, the in­
fimum of (4) exists and g(.) is well defined.lts continuity
is easily established by a direct verification. Now,for the

weak monotonici ty, let x, y "" Rn wi th x ~ y. We see that
y ~ p + te implies x ~ p + teo Hence g(x) ~ g(y).
Further, let x > y , then there is a positive ~ so that
x - /(,e ~ y.By the definition of 9 we have

g(x - te) = g(x) - ~ .
Thus, g(x) ~ g(y) + t and (2) holds. The proof is complete.

n .
Let p E. R , t ~ O. Denote

B(p , t) = {x ~ Rn: ilx - p \I ~ t ~ , and
let cone(A,p) be the cone generated by A - P and let clcone(A,p)
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be its closure.

Lemma I . Suppose that clcone(A,p) ,., K = 1OJ. (5)
Then there exists a convex,closed and pointed cone C so that

(iii) K\{OJc; int C,
(iv) Cf'\(A-p)~ fOI.
Proof. Observe first that (int K) I, (int Kit) I ¢ ,where

K· ~he nonnegative palar cone of K. Let b be a normed unit
vector of that intersection, and let

K(t) = t x~K: x.b = t~ ,t~O.

Consider the convex compact set K(l). It follows from (5)
that there is a posi tive ~ , 0< t .( 1/2 such that

clcone(A,p)", (K(l)+B(O, 't) = ¢
Let C be the cone generated by K(I)+B(O,t).It is obvious that
C is the cone to be constructed.

Theorem 2. Let p" Rn . Then (5) holfs if and only if there

exist a continuous,monotonic function 9 on Rn and a closed,
convex and pointed cone C containing K\lOI in its interior
so that 9 separates (P+C) and A.

Proof. If (5) holds, then by Lemma I there exists a cone C
satisfying (iii) and (iv). Take e Ii int K ~ int C and con­
sider a function 9 given by the formula:

g(x) = inf {t: x E p+te+C 1, x ~Rn
It can be verified without any difficulties that g(.) is well
defined, continuous and monotonic. (The monotonicity is derived
from (iii) and the definition of g(.) ).Moreover,

g(p+c) ~ 0 ~ g(a) for each c "C and a~ A.
Thus, 9 separates p+C and A.
ConverselY,if 9 separates the two sets, then

clcone(A,p)A(int C) =¢
Indeed, if that is not the case, then there is a vector a E: A
such that a to p+int C. Take a nonzero vector b f K wi th the
norm small enough so that a-b E p+C. Then by the monotonicity
of 9 we have

g(a) > g(a-b),
contradicting the fact that 9 separates p+C and A.
Further, since K\ I O} ~ int C,

(clcone(A,p))1"'I K = to l
and the proof is complete.

Lemma 2. Suppose that p E: Rn and
(clcone(A\B(p,t))", K = W~ for all t > 0 . (6)
Then there exists a closed set C with the following properties:

(v) K ~ c,
(vi) C+(K\\O\)S int C,
(vii) CI"'I(A-p) s 'Of.
Proof. As in the proof of Lemma I, we consider K(t), t >:: O.

By the condition of the lemma,for a fixed positive T,there is
a posi tive 'i:. such that

(K(t)+B(O, t ))f'l (A-p) = ¢ ,each t ~ T
and for every t , 0< t.::: T there is a posi tive '"t(t) such
that

(K(t)+B(O, dt)) ) ",(A-p) = l' .
It is not difficult to construct a continuous function s(.)
on R ,the set of nonnegative numbers,so that

s(+t) ~ minlt, t(t),f ~ ,for each t~O,
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p+K

to p+K.

?b.~ from
1

n, x EO R •
of Theorem l,we can conclude that
and monotonic.Besides,it separates

t < t' .if

C

set) ( set')
Now, define

~ (K(t)+B(D,s(t)/2) ).
t ~ D

The direct verification will show that C yields all the requir­
ements of the lemma. The proof is complete.

Theorem 3. (6) holds if and only if there exists a contin­

uous,monotonic function on Rn so that it separates (p+K) and A
Proof. Assume that (6) holds. By Lemma 2, we get a closed

set----csatisfying (v), (vi) and (vii). Let e (;; int K. Define a
function 9 by the relation

g(x) = inf \ t: x E p+te+C ~
Using a proof similar to that
9 is well defined, continuous
(p+K) and A.
ConverselY,assume that 9 is a continuous ,monotonic function
separating (p+K) and A. Suppose to the contrary that (6) does
not hold, i. e. there is a sequence j a. \ from A wi th

1

II a i -pll ~ T for some posi tive T, and

lim d(a ,p+K) = D
1

where d(.,.) stands for the distance from a i
The latter fact shows that there is a sequence

such that
1 i m II a . - b . II = D. ( 7 )

1 1

Further, as 9 is monotonic, for a given T we have
q= i n f 19 ( x ): X {, P+ K , 1\ x- P II ~ T/ 2 l > 9 ( P) .

We may ass ume II b i - P II ~ T/ 2 .

Hence g(b i ) > g(p)+(q-g(p»/2. (8)

For t =(q-g(p»/2,it follows from (7) that
a i (- bi - t-e+K if i is large enough.

Now, the latter relation gives us the relation:
g(a

i
) ~ g(b

i
)- '(.

Combining this with (8) we obtain
g(a i ) ~ g(b i )- ~ > g(p)+ t - f = g(p).

In this way,g does not separate (p+K) and A.The proof is comp­
lete.

3. SCALARIZATIDNS

Given a vector optimization problem (I).It can be seen that
if problem (II) satisfies conditions (i) and (ii), then

E(X' ,f') ~ E(X,f)
(or E(X',f') '= WE(X,f) in the weak case).
The conditions (i) and (ii) are equivalent to the existence of
a monotonic (weakly monotonic) function 9 on f(X) such that
f' is the composition of f and g.In this section we shall study
the existence of such functions by using the separation results
developed in the previous section.
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Proposition 1. XE WE(X,f) if and only if there exists a

continuous,weakly monotonic function 9 on Rn such that
xE E(X,g.f).

Proof. By definition, XE WE(X,f) if and only if
TITXJ+int K) ~ f(X) = ~

Now the proposition follows immediately from Theorem 1.

Proposition 2. x E E(X,f) and (6) holds for A=f(X) and p=f(x)

if and only if there exists a continuous, monotonic function 9

on Rn such that xc-E(X,g.f).
Proof. Note first that a monotonic function 9 separating

(f(x}+K) and f(X) if and only if x E E(X,g.f). Now,apply
Theorem 3 to get our proposition.

Definition 3. (see also Jahn(l984)) x E E(X,f) is said to
be a proper optimal solution of (I) if

(clconeU(X),f(x))" K = 10 l .
Denote the proper solution set of (I) by PrE(X,f). Below

we give some conditions for (6) to hold.

Proposition 3. (6) holds for A=f(X) and p=f(x) if one of
the following conditions is satisfied:

(viii) x Eo PrE(X,f)
(ix) x~E(X,f) and f(X) is compact.

Proof. The first condition is obvious as (5) implies (6).
For~second part,suppose to the contrary that (6) does not
hold,i.e. there is a sequence fx.\ from X with

1

lim U(xi)-tex)) E K \ \ oL
As f(X) is compact,we may assume lim f(x i )

s 0 meyE X. Hen ce f ( Y) - f ( x ) E K\ ~ 01, con t r a di c ti ng
The proof is complete.

Proposition 4. Xl;- PrE(X,f) if and only if
convex, pointed cone C containing K\lO\ in its
continuous function g which is monotonic with
that xE- E(X,g.f).

Proof. This is immediate from Theorem 2.

CONCLUSION: Some results similar to that of Propositions
1 and 2 have been proved by Jahn (19B4).However,the author uses
semi norms in the role of 9 and therefore the function is merely
weakly monotonic on some domain of the space (except for the
convex case). The argument used in our paper allows to get
some more interesting results.Namely, under appropriate assump­
tions about the alternative set and objective function,~t is
possible to construct a continuous, monotonic function g so that
by solving the scalar problem associated with (X,g.f) we can
obtain all the optimal solutions of problem (I). This result and
some others will be presented in a forthcoming paper.
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1. Introduction

If we have constructed a mathematical model about a
technical or economical topic, it is important for mathe­
maticians as well as for decision makers, to analyse this
mathematical model in order to get as much prior information
as possible concerning the problem. Especially information
about the existence of a solution, about estimations of the
values of the solutions in the criteria space, and about how
the solutions depend on perturbations, are desirable. This
knowledge is the background for numerical procedures,
particularly for interactive numerical procedures.

If the above mentioned mathematical modelling leads to
an optimization problem, for instance to

f(x) ~ max, x E~; f:;g -4 Z = RP, P ~ 1 integer, (P)

then in the case p = 1 (scalar optimization), the duality
principle is often used to get information about stability
in connection with perturbations and about estimations of the
maximal value of (P) lIfrom above ll

• Words such as dual, polar,
adjoint, complementary, conjugated and the co-terms, reflect
different and useful applications of duality for scalar
extremal problems (Gopfert 1982, 1986; Zeidler 1978).

If (P) is a real vector optimization problem, i. e.
p> 1, it also seems possible to derive advantageous dual
problems for the given primal multicriteria problem (p).
I am convinced, that such duality theories must be developed,
and I hope, that if we have a good duality theory, then we
will be able to use it successfully for practical purposes.
In picture 1 you see (in the case Z = R2, ordered with the

2customary cone K = R+) the set f(~) - K with the efficient
set (in the Pareto sense) Ep• A useful dual program (D) to
(P) would be

can be dominated by a point of f(~),

g(y)~ min, y£t.D ;

where no point of g(~~D)

g ::g.D -4 Z, (D)
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or more exactly, where

f(~) - K i\ g(,cD) + (K '{OJ) = ¢. (1)

(1) is often called w e a k d u a lit y. And (D) would be
very ~ood (or mathematically, s t ron g d u a lit Y is
valid), if there is I1 no gap l1 between Ep and the efficient
set ED of (D), look at picture 1. The both programs

>x = 0

Cx~ min,
(P ) Ax ~ bo

Ub ~max

(Do) 3v > O:vT(UA-C) <: 0
U ~ 0

fulfil (1), but there is a gap (picture 2), as you see,
choosing

(-2 0)
C = 1-1 A=(-1,-1), b=-1.

If you would have constructed a I1 good l1 dual vector
optimization problem, then (look at picture 1)
- firstly, if zD is in g( ~D)' you can I t fin d
poi n t s 0 f f(~) or points of Ep in g(~D) + (K 'foJ~

- secondly, if you have some points zD of g( ~D)' you have in
some sense an estimation of ED fro m abo v e,
- finally, you can use points zD E g( ~D) for the reference
point approach of Wierzbicki (1980). K. Lampe (1984)
calculated, using the stochastic search procedure of Timmel
(look up in K. Lampe 1984), the convex academic example

(
-X1 )

f(x) = x
1
+x~~ min,l('" E: ~)

and the Lagrange - dual problem

)~ max, (2)
-) L, x E ~D

"> 0,
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::}
(where the equations in ~D come from z~T(fx + 1hx) = aT)
a p pro x i mat ely. She got the dotted curves in
picture 3 and (because (2) is a "gap-free" dual problem) she
consider:d them as est i mat ion s of Ep from above
respectively of ED from below.

Now I state some results concerning duality theory,
which we got in Merseburg (Gerstewitz/Iwanow 1985). Some of
them were sharpened by Nehse and Iwanow in Ilmenau (look e.g.
in Gerstewitz/Iwanow 1985).

2. Duality for convex problems

Now about duality theory for convex problems in Z = RP,
ordered with a convex cone K, not necessary closed, but of
course a E K (and K I"l (-K) = {a 3-, Z = K-K). We used the
duality results (of the convex scalar optimization) with
perturbations. Imbedding the given primal convex problem

f(x)~ min, x E~.) (P1)

in a perturbed problem (perturbation u) with F(x,u) convex,
F(x,O) = f(x), then scalarizing F with a vector
Z.jtE RP, zi> 0, i=1, ••• ,p, z* F convex, proper, lower

t . It' * ( It ~)semicon 1nuous, then conjugating g=z F to gz~ x,u , we
can write the dual program

h -+ max, h E :C.
D1

:3 zit;> 0, .3 u'" E Rm with

... T < If ( .f\ ) lz h = -gz* O,-u S •

(3)

In the case p=1 the dual problem would be the customary one
;. ·lOi

-gz~ (O,-u )~ max.

Then (1) is fulfilled and s t ron g d u ali t y
the 0 rem s are valid (also in general spaces)such as:

~S~t~r~o~ng~~d=i=r~e~c~t~d~u~a~l~1~·t~y~t~h~e~0~r~em~:If f(xo) is properly
efficient relativ to (P1)' that is, Xo solves the scalar
problem

z'Jlo f(x) ~ min, x E £. ,
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* p .;., \.I.with a certain z E R , z. > 0 Y J.=1, ••• ,p, then f(x ) E ED 'J. 0
if the problem z~T F(x,O) is stable (in the sense of 1
Rockafellar) •

Inverse duality theorem: If -g.: .... (O,uv.-) is stable if zit"
mit z.lt'> 0, and if h O is efficient relative to (D1) with

oJ. 1
(z*) > 0, then there exist h E. '£-D' efficient in (D1) and

1*E g, properly efficient in (P1) with

Iwanow sharpened especially in the last theorem "stable"
to "normal" in the sense of Ekeland-Temam. And now the
following corollar to the last theorem is interesting
(U. Lampe 1981): If f(~) is compact, then to each efficient
hO in (D1) with (z~)o there is an efficient h2 of (D1) with
a properly efficient i of (P1), such that

f(~) = h2, (iit)oho =(z~)oh2, hO
_ h2 ~ R " (K" tO~ ) •

The last inclusion reflects, that K is not necessary closed.
The dual problem DL of Isermann for the linear problem

(PL )

is
Ub~ max, :3 v > 0 : vT(UA-C) ~ 0

and is a special case of (D1). For other examples look in
Jahn (1986).

3. Nonconvex duality

Now some remarks concerning nonconvex duality. The above made
demand "no gap between Ep and ED" on strong duality theorems
is, as the known duality theorems (see f. e. Gerstewitz/
Iwanow 1985, Jahn 1986, Nakayama 1984) show. somewhat sharp.
In the duality of (P1) and (D1) only the "properly" efficient
solutions of (P1) work! An other definition of proper
efficiency is the following (U. Lampe 1981): Under the same
suppositions as in 1. we say, that f(x) E f(~) is
pro per lye f fie i e n t in the sense of Lampe
if there is an open convex cone Cf Z, C:.:> K" to j. , and f(x) is
efficient even relative to C u toJ (instead of K).

Denoting x €~. with f(x) properly efficient in this
sense with Me and such x E ~, with f(x) properly efficient
incthe sense of Geoffrion (see (3)) with N, it is valid
N = Me. If P is concavelike, that is (for maximum-problems),
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if f(~)-K is convex, then N=Me • Especially N=Me for concave
problems (p) (or convex (P1)). The proof of N=Me is founded
ona separation theorem: Two convex sets (one of them is C)
are separated by a certain hyperplane, which finally deter-
mines the z~ in (3). With such i~ and such separation theorems
we established the convex multicriterial duality as in 2. And
now, Gerstewitz had the idea, to generalize the con e C to
a certain convex set C and, having this in mind, to
separate a nonconvex set (being in connection with efficient
points of (p)) from C by a con c a v e functional s
instead of ali n ear functional z~ (as in the convex
optimization). So we can state (also in general spaces) with
K as in 2. (Gerstewitz/Iwanow 1985):(K closed, Copen)

Proper efficiency with a convex set C(x e Me' ): If CC Z

is a convex set with C ::>K'{O~ , C4= Z, t! + (K '\O~) ~ C,
then x € ~ may belong to Me" if f(x) is efficient relative
to C U {O j (instead of K).

Theorem: Xo € Me' iff there exists a concave continuous
strictly monotoneous functional 1) s : Z~ R with

'>s(zo) = s(z) V Z E: f(~) (4)

where z = f(xo).o .
(4) is nothing else than generalizing the (linear) z*in the
proper efficiency of Geoffrion to (the nonlinear, i.e.
concave) s. And if

N'= -{xoe:€;. :3 s as in (4) with: X o solves s f(x)~max,xE:g},

then is valid N'= Me' (in pict. 4 we see an example for
Xo £ Me' = N'). The proof is done using a new separation
theorem: If AcZ, A:t=¢, A" C = ¢ , where C is (e.g.) our
convex set C, then 3 s (as in (4)) with

<
seA) = 0, s(C) > o.

With s and usi~ ideas of Klotzler-Krotov (see Gopfert/
Gerstewitz 1986), we can state a very general dual problem
(Dg ) to (P) and even can give strong duality theorems. With
this duality theorems we thus obtained the same generality
as in the scalar optimization. The reason for getting such
satisfactory general problems is~ that for the Lagrange
functionals all proper L : R ~n are admissible/whereas
in the customary (convex) case L is linear. And as in the
scalar case it is desirable for special problems, to diminish
the class of possible functionals L and s. For vector optimi­
zation problems, using an idea of Ester (e.g. in(Gerstewitz/
Iwanow 1985)), Gerstewitz discovered, that the solution
j-(t,x) :(R: ,{oj )x Rk~R of

1) s(z1) > s(z2) for z1-z2 E K .... {OJ
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p

11 (xi - }(t,x))= t ' xi - J(t,X) >0 'V t >0, X E Rk,
k=1

is concave (continuous and strongly monotoneous), and stated
together with Iwanow a dual problem and a strong duality
theorem for finite dimensional problems (P) with s of the
type as ~ , so that at least s is a member of a smaller class
of functionals.

Finally we represent the forementioned dual problem
(Dg ) to the primal problem (Fg ) and an appertaining strong
duality theorem (which is also valid in more general spaces);
K,Ky as in 2.

h ~ min, h ~ ~D = {k E Z = RP
g

3 s as in (4), 3 L: Y~ li

L(u) > ° V u i 0, s (k) >
y

sup (s(f(x))+L(g(x)))}. (Dg )
XEX

CTheorem: feMe') ED' i.e., properly efficient points
g

from (Pg ) are efficient relative to Dg •

With additional assumptions there is also a converse duality
theorem.
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CONCEPTS OF EFFICIENCY AND FUZZY AGGREGATION RULES

~ochen Ester, Technische Hochschule Karl-Marx-Stadt
9010 Karl-Marx-Stadt, PSF 964, GDR

1. INTRODUCTION

Some concepts of efficiency can be covered by an uni­
fied approach with a substitute parametric optimization prob­
lem. This was already shown by Gearhart (1933) for properly
efficient solutions in the sense of Henig (1932). In the
paper presented here other definitions of solutions are in­
cluded based on the classical Pareto concept (e.go set of
extremals, weakly efficient set)o
Using the Theory of Fuzzy Sets we can give an interpretation
of a special substitute scalarizing function as a generalized
aggregation rule of fuzzy sets. This rule depends on para­
meters, which control the (logical) properties of the aggre­
gation. Therefore, the aggregation rule can be adapted to
the logical structure of the concept for efficiency. This
concept must be given in the form of a hierarchical structure
with additionally given weighting coefficients on each level.

2. THE MCDM-PROBLEM AND SEVERAL SOLUTIONS

Let us assume that we have a vectormaximum problem
such as

max [q(x) I x'X~Rn, qfZCR
m}

with the denotations

( 1 )

T T
q = (q 1 ••• qm) , x = (xl ••• X n )

A basic solution for (1) is the Pareto set. which is
defined by

PM = { q0 /3 q : q ~ q0
, q, q°E z} , (2 )

where the binary preference relation ">- II me£lns (Elster,
Nehse 1979)
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( 3)

Z is a mapping of X and may be an arbitrary set. It can even
be a discrete set. Now, we have the following demands

~ M<+oo , i=l(l)mmax fqi r qEZ}=

min fqi I q € PM}= ~ N>-oo i=l(l)m

(4)

(5)

(7 )

All further considerations are related to the space of the
objectives and the set Z.
With + > max - minqi qi ,qi < qi ,i=l(l)m (6)

and
qi - qi

qi:= + ' i=l(l)m
qi - qi

we guarantee that the Pareto set of (1) lies in the unit
cube after the transformation (7).

PM = Argmax [q lqEZ}C~ER:/o~ qi ~ 1, i=l(l)m} (8)

Besides the Pareto set (or efficient set) we know a lot of
other concepts for efficiency, for instance: weakly effi­
cient set (Elster, Nehse 1979), properly efficient set in
the sense of Schonfeld (Schonfeld 1970), in the sense of
Salukvadse (Salukvadse 1975), in the sense of Nash, the set
of extremals (Makarov et.al. 1982) or set of partial
solutions etc.
The use of this great variety of concepts for efficiency
could not be justified from a practical point of view. We
can find a practical justification for the Pareto set only.
But, unfortunately, the Pareto set has mostly a very high
number of elements. Therefore, the Pareto set or one of its
approximations can only be a solution of a MCDM-Problem in
a first step of a decision making process. With the Theory
of Fuzzy Sets we can give now a practical interpretation
for some other solution sets.
This is possible due to the definitions of these sets by
corresponding substitute parametric optimization problems.

2.1. Weakly efficient set

Using the following preference relation

1\.. 2 1 2 1 2. mq rq +=+q >q ~q - q £ J.nt(R+) , (9)

where int(Rm) means the interior of the positive orthant
in the Eucltdean space, we get the weakly efficient set
of solutions PMS.
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PMS = [ qs [3 q: q >- q s , q , qs E Z} (10)

It holds PM ~ pr-1s. The same set may be obtained by solving
the parametric problem

PMS = Argmax fmrn(giqi) I q€ Z, g=(gl··. gm)T6 R:\[O}}, (11)

where 9 is a vector of parameters. This problem is known
as the Germeier problem (Germeier 1971). Therefore, it is
possible to name PMS the (properly) efficient set in the
sense of Germeier.

2.2. Hyperbola efficient set

(15)

(12)

•

Pf-1H ( a >0) ~ PM, PMH ( a =0 ) = PMS,

lim ( Pf'1H) = Pf'l
a~+O

With another preference relation

ql)-q2~LUl (qi- q~)gi>OJA~i- q~ >0, i=l( 1 )m]

we can determine the hyperbola efficient set PMN. We obtain
the same solution for

max[lr(qi)gi/ qEZ , g=(gl ••• gm)T€ R:\[OJ} • (13)

This problem, well-known from Game Theory for cooperative
games, was formulated by Nash. Therefore, it is possible
to name PMN the (properly) efficient set in the sense of
Nash. The following parametric problem belongs to the same
class

max[e I Tr(g.q·- e) = a, qfZ ,
i=l 1. 1.

with the solution set PMH. In
shown

The separating hyperplanes in (13) and (14) belong to the
same class (for m=2 we get hyperbolas).

2.3. Properly efficient set in the sense of Schonfeld

In this case the definition is given by the following
substitute parametric optimization problem

max [e = f="g.q. J qGZ. 9€R+m\fo}Cl. (16)i=l 1. 1. l' IJ
The solution set of (16) is called properly efficient set
in the sense of Schonfeld
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Pt1P = Argmax(e) •

It holds Pf'1P f PMS. In the case of strongly convex Z we
know

PM = Pt-lS = PMP •

(17)

( 18)

These results are well-known from the literature (Elster,
Nehse 1979)0

2.4. Set of extremals (Makarov et.al. 1982)

A generally rarely applied concept of solution is that
of extremals or of partial solutions, defined by

PME = V Argmax(qi!qEZ) , (19)
1.

which can be determined by (4). The elements of PME are
needed for the computation of the so-called utopia point o

It holds Pf'1E oS PMS. We can obtain the set PME by solving
the problem

maxfmax(g.q.)IqEZ, 9ERm\[OJ}. (20)
i 1. 1. +

2.5. Other concepts~

A lot of different definitions for solutions of MCDM­
problems has the same outcomes as described by (11),(13),
(16) and (19). For instance, we can use distance- or achie­
vement-functions with utopia points, nadir points, other
reference points etc., but the solutions are the same as
above. This can be explained by the fact that the separat­
ing hyperplanes in different substitute parametric optimi­
zation problems are similar.
Therefore, we do not discuss other definitions. In special
cases it is quite easy to prove the shape of the correspond­
ing hyperplanes.

3. GENERALIZED PARA>lETRIC CHAF~ACTE,nZATION

We introduce the auxiliary objective

with

e(q,p,g) = fi
m 'i 1

/
P

~g.(q.)p
1.=1 1. 1.

( 21)

( 22)
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and obtain that the weakly efficient set, the hyperbola
efficient set, the properly efficient set in the sense of
Schonfeld and the set of extremals are special solutions of

max {e(q,p,g) [qEZ}, (23)

where p = (-00),0,1, (+0'0) a In contrast to earlier in­
vestigations we have extensions in p from integer to real,
from positive values to positive-negative values including
zero,_plus and minus infinite a
The character of the function (21) changes from convex to
concave at the point (p=l), thus causing an essential deviat­
ion from the concept presented by Gearhart (1983). Note that
(21) can not be used in the sense of a norma
From the literature we know
THEOREM 1: The solution set EP of

max { e( q,p ,g) I q € z, g E int (R:), p real}

is a subset of the Pareto set

EP = U EP(g) = Argmax(e)f PM a
g

In (Ester,Troltzsch 1986) is shown the following
TH~OREM 2: It holds

EP f ES for all -00 ~ s ~ p ~ +00

fo r g E R: \(O} a

(25)

This means, there exists a chain of inclusions by varying
the parameter p. We get the highest number of solution ele­
ments for p=(-oo). If p is increasing now, some solution
elements must be cancelled and we get the partial solution
for p=(+oo).
It must be noted that the inclusion (25) is not strong.
In special cases the solution set is not strongly decreasing
with increasing power p.
Without proof we give
THEOREM 3: Suppose the point-to-set mapping (p~EP) is

continuous for all p<p'. Then we find p < p'
with the following condition for a givenO

arbitrary E.

I,J q E' PM: '3 q' € EP: !q - q 'I< E , p < po. (26)

This means from a practical point of view that we can compute
the Pareto set by using the auxiliary objective (21) if the
power p lies under a certain limit.
Using this approximation theorem the Pareto set does fit in
the chain of inclusions (25).
Without limitation of generality we can suppose

m
L g. = 1 • (27)
i=l J.
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Besides, that generalized parametric problem can be adapted
to the conception of preferences of a decision maker. It
has all properties of a preference function.

4. HJTERPRETATION OF THE AUXILIARY PROBLEM

Using the Theory of Fuzzy Sets (Zadeh 1965), we shall
investigate the connections between the solutions of (23)
and the structure of the concepts for efficiency of a
decision. Therefore, we need some membership functions
of fuzzy sets.

o The fuzzy set of all decisions, which are the best deci­
sions with respect to the criterion qi is

Ai = [q /zi(q)} I.J qER: ' i=l(l)m • (28)

o The fuzzy set of all decisions, which are the best deci­
sions with respect to all criteria is an aggregation
of Ai

A = aggr(A1 , ••• ,Am) = [q [Z(q)} I.J q€R:. (29)

z and z. are the membership functions of the corresponding
fuzzy s~ts, satisfying

o ~ z, z. ~ 1 •
~

Now we can choose

zi(q) = qi ' i=l(l)m (30)

and for z we take the following aggregation rule

j
1/P

z = ft=g.(q.)p =U.=l ~ ~ j
1/P

[~g.(z.)Pi=l ~ ~
= e • (31 )

We find the best element (the best decision) as follows

max [z {q=(Zl •••zm)T€Zf\ R:, g€ R:\{O}, p real} (32)

From fuzzy theory we know (Dubois, Prade 1980) a lot of
aggregation rules.
For instance:

o intersection of fuzzy sets (A = AlA A
2

1l ••• )

z(A) =

Z(A) =

min(z. )
i ~

m
1T (z. )
i=l ~

or

o union of fuzzy sets (A = A1 VA2 V ••• )
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z (A) = ma x(z. ) 0 r
. J.
J.

m
zeAl = k(Zi)

These agGregation rules are special cases of (32) or (23).
For p=(-oo) we obtain the "pure" intersection, and for
p=(+oo) we arrive at "pure" union. The transition from inter­
section to union lies between 0< p< 1. The opportunity to
vary p enables us to control the (logical) properties of the
aggregation in a soft manner. However, we recognize a very
surprising fact. The set of the best disjunctive decisions
is a subset of the best conjunctive decisions being the
weakly efficient set. At first sight we would expect the
converse relation!

5. HIERARCHICAL STRUCTURE OF EFFICIENCY

In many cases we have such a situation that we can find
disjunctive and conjunctive demands in the aggregation (29).
For instance, the decision maker can state:
AThe decision must be done with resoect to the criteria

q1 and Q2" and ••• and q7 g,c q1 and' q3 and ••• and qs g,c
••• et c.

This means
A = aggr(A1 , ••• ,Am) =

Aj = aggrj(Ai , ¥i€I j ) , ¥j€ J (34)

On the first level in the hierarchy we find the (basic)
fuzzy sets Ai. With (34) we can compute the fuzzy sets on

the second level A~. The fuzzy set A is the efficient set on
the top level J

A = aggr(A1 , ••• ,A ) = aggr (A~, ¥j € J). (35)
m 0 J

The corresponding membership functions are

zA = z.
i J.

zA' = z~

j J

= z

(36 )

( 37)

( 38)

Each "subsystem" has relevante criteria, special "weighting
factors A and its characteristic aggregation parameter p.




























































































































































































































































































































































































































