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PREFACE

This paper gives an introduction to the theory of parameter identification and state
estimation for systems subjected to uncertainties with set-membership bounds on the unk-
nowns.

The situation under discussion may often turn to be more a propos since here the
system and the environment are modelled as truly uncertain rather than noisy. The
described approach is purely deterministic.

On the other hand the techniques involved here for the treatment of systems with
nonquadratic constraints on the unknowns are proved to have some nontrivial interrela-
tions with those developed in stochastic estimation theory. This may lead to some furth-
er estimation schemes that would combine the deterministic and the stochastic models of
uncertainty.

The recurrence procedures of this paper are devised into relations that would allow
numerical simulations.

Alexander B. Kurzhanski
System and Decision Sciences Program
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IDENTIFICATION - A THEORY OF GUARANTEED ESTIMATES

A.B. Kurzhansk:

1. Introduction

A crucial issue in the process of mathematical modelling on the basis of available
observations is the problem of system parameter identification under observation noise.
The conventional area of applied mathematics within which the problem is usually dis-
cussed is mathematical statistics (1, 2|. The uncertainties in the system parameters and
the observation noise are taken here to be described by stochastic mechanisms. The infor-
mational scheme for the identification process usually assumes that there exists an ade-
quate statistical description for the unknowns. Within this framework a fairly complete
theory has been developed for linear systems with disturbances modelled by gaussian
noise and with quadratic criteria of optimality for the estimates [3, 4]. A large number of

investigations is devoted to statistical identification under more general assumptions.

However, the statistical methods are not the only mathematical tools for the treat-

ment of system modelling.

This paper gives an introduction to the theory of guaranteed identification. It
demonstrates for example that the classical system parameter estimation problem under
measurement noise may be posed in a deterministic setting rather than in a traditional
probabilistic framework. The adopted model assumes that there is no statistical descrip-
tion for the measurement “noise” or for the disturbances in the system and that the only
information on these is restricted to a set-membership constraint on their admissible

values or realizations. A considerable number of applications in engineering and systems
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analysis are treated under informational assumptions that justify this approach (see e.g.
[5-10]).

The basic techniques that are necessary for the treatment of the problems given here
are based on set-valued calculus so that the solutions are formulated in the form of set-
valued estimators. This approach also assures numerical robustness for the respective
approximation schemes. Other results related to the topic of this paper may be found in
[11-18].

Let us start with a trivial example. Suppose one is to identify a vector ¢ € R2 on
the basis of observations y(k) =c + £(k), k=1,..., N,. corrupted by “noise”
§(k).

Contrary to the conventional approach we will at first assume that there is no sta-
tistical data on £(k) being available in advance. However we will suppose that a restric-
tion

§(k) € Q(k)
is given with set Q(k) being known. We will assume that Q(k) , k > k, is a convex com-
pact set.

Every single measurement y(k) gives us some information on ¢, namely it indicates
that the following inclusion is true
c € y(k) - Q(k) (1.2)
Having had m observations y(1),..., y(m), we observe that inclusion (1.2) should
be true for every ¥ = 1,..., m. Hence, after m observations we will have
m

ce () (y(k) - QK) = Cl1, m]

k=1
where the set C [1 , m| is the "guaranteed estimate” for ¢ after m observations.
It is thus clear that every "new” measurement y(m + 1) introduces an innovation
into the estimation process by means of an intersection of the previous estimate C[1 , m]

with a "new” set { y(m + 1) — Q(m + 1) }, so that
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Ci,m+1=C1,mN{(yg(m+1)-Q(m+1)} (1.3)
Relation (1.3) is a recurrence equation which describes the evolution of the estimate
C[1, m] in m. (Figures 1 and 2 demonstrate set C[1 , m] for m = 4 with Q being (1) - a
square, (2) - a circle; ¢* stands for the unknown value to be estimated). The "accuracy”
of the estimate will now depend on the behaviour of the "noise” £(k). Let us trace this
fact more precisely.
Assume ¢* | £*(k) are the unknown actual values of ¢ , £(k), k€ [1,..., m] so that
the available measurement is

y(k) = c* + €' (k)

Then the estimate

where

m
N (£°(k) - Q(k)) = R*(m)
k=1
is the "error set” of the estimation process. It obviously depends on the behaviour of the
"noise” £*(k) ,k=1,..., m.
Let us examine the "worst case” solution (from the point of view of the observer).

Suppose

&(k)=o0 (1.4)
QKN=Q,Q=-Q (k=1,..,m)
("noise” constant, and "Q is stationary” and symmetric about the origin). Then, clearly
. m
R*(m) = kﬁ (-Qk)=-@=@
=1

and the range of the error of estimation is precisely Q. The "guaranteed” error is

max { [| ¢ [| | ¢ € @}
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It is obvious here that none of the new measurements do bring any innovation into
the estimation process.

In contrast an "adequate” behaviour of £(k) may considerably improve the estima-

tion. For example, assume that Q is a square: @ = S,

S={g:]g[<1,i=12}

is the unknown vector to be identified.

If

then the error set
R*(2)={¢(1) - @ N{&R) - e} ={0
and the estimation is exact, (Figure 3).
For another example take Q = S(0) to be a unit circle, m =3, £'(1) = (1,0),
£*(2) = (0,1), €*(8) = (0, — 1), and ¢ = ¢; = 2.5 (Figure 4).
Let us now suppose that the noise £(k) is governed by a random mechanism. Namely

suppose that £(k) is a random variable uniformly distributed in @ =S for any

k=1,..., 0o and that all the vectors £(k) are jointly independent.
Taking two points W =(11), @) = (-1,-1) , consider two sets

QM (e = @ MM +8,0)
Q® () = @ N(6? +8,(0))

where

S, 0)={g:]¢g|<e,i=1,2}

For a random sequence

E[] € {&(k), k=1,...,00}
consider the event A (k) that
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€k ¢ QU U @2
for a given k. Denote A4, to be the event that

£(k) ¢ QW (o) U @®)(e), vk
Then

Ac= Alk)

k

and

P(A(k)) < p(e) <1,k .

Due to the joint independence of £(k), we have

P(40 = TP (4.(K) =0 (1.5)
If we denote

A=J{A} ¢>0,Vi=1,..,00,¢—0,1—o00

3

and A€, A¢ to be the complements of 4, 4, then, obviously, 4 C Ae“ for any ¢; > 0 and

A€ = {A¢}, so that
‘. '

P(Ag) =1, P(A°) = ] P{4g} =1 (1.6)
]
Hence for any ¢ > O the sequence £[] = {{(k), k = 1,...,00} will satisfy the inclusions

6(k) € @W(e)
§(k) € QP)(e)

with probability 1 for some k = k’ , k = k”. (Otherwise, we would have £[-] € Ae)-

Thus for any €; > 0, for “almost all” sequences £[-] there exists an M > 0 (depend-
ing on the sequence) such that for m > M the error set

R*(m) € (@M)(e) - @) N (QB)(e) - Q) = S,(0)

or otherwise

lim h(R*(m), {0}) <¢

m-— oo

where
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h(R*, {0}) = max {||2|| | z € R*}

and ||z|| is the Euclidean norm of vector z € RZ.

It follows that with probability 1 we have

h(R*(m), {0}) — 0

m — oo
where {0} is a singleton — the null element of R2.

Therefore, under the randomness assumptions of the above the estimation process is
consgistent with probability 1. Under the same assumptions it is clear that the "worst case”
noise (1.4) (€*(k) =0, k=1,..., co) may appear only with probability 0.

The few elementary facts stated in this introduction develop into a theory of
“guaranteed identification” which appears relevant to the treatment of parameter estima-
tion, to dynamic state estimation problems, to the identification of systems with unmo-
delled dynamics and even to the solution of inverse problems for distributed systems [19).

It may also be propagated to the treatment of some problems for nonlinear systems [20].

The first part of the present paper deals with the simplest identification problem for
a linear model describing the respective guaranteed estimates. Here the basic results are
those that yield the recurrence relations for the estimates. They also lead to the discussion

of the problem of consistency of the identification process.

The second part, written in a more compact form, deals with the "guaranteed” state
estimation problem for discrete time linear systems with unknown but bounded inputs.

This is followed by an introduction into the basic facts of “guaranteed nonlinear filtering”.

The paper mainly deals with nonquadratic constraints on the unknowns. It also
deals with nonlinearity and nonstationarity. This is partly done with the aim of remind-
ing the reader that identification and state estimation problems are not merely linear-

quadratic and stationary as it may seem from most of the available literature.

A special item discussed in the sequel is the relation between guaranteed and sto-

chastic estimation procedures in the case of non-quadratic constraints on the unknowns.



2. Notations
Here we list some conventional notations adopted in this paper:

R"™ will stand for the n-dimensional vector space, while R™ * " - for the space of
m X n - dimensional matrices, /, will be the unit matrix of dimension n, A ® B - the

Kronecker product of matrices A , B, so that

(A ® B) will be the matrix of the form
epB, - a1,B

anlB y Ty annB
The prime will stand for the transpose and A - for an mn - dimensional vector

obtained by stacking the matrix A:{a(l),...,a(")}, with columns o) € R™

(a](i) = a;j), so that B~ b+ = a](i) ,(t =1,...,n), (=1,...,m), or in other

terms

A=

t

(e(i) ® (A e(t’)))

n
=1

where (") is a unit orth within R" (e](i) = 6,5, with §;; the Kronecker delta : §;; =1 for

i)
t1=7,6;=0for1 #71).

If C = {C} is aset of (m x n)-matrices C, then C will stand for the respective set of
mn-vectors C : C = {C}.

The few basic operations used in this paper are as follows:

If <A, B> = tr AB’ is the inner product of matrices A, B€ R™ > " and (p, gq) -
the inner product of vectors p , ¢ € R" thenfor z € R", y € R™ we have

y®z =yzr'e RM*"
<A,y®z' >=(Az,y) (2.1)

Other matrix equalities used here are

(A B 1=4"1g B!
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(A, B are n x n dimensional and their determinants | A | #0, | B | #0)

(A®B) =4 Q@B
(A ® B) K= BKA~ (2.2)
A sequence of integers 1 =k ,..., s will be [k, s]. A finite sequence of vectors
{é(1) : 1=k ,...,s} will be denoted as £ [k, s|, while an infinite one {{(1) ,1=s,..., 0o}
as £[s; -] with £[1, -] = £[-]. Similar notations will be used for sequences of sets. For

example R[k , s] will stand for a sequence of sets R(1) k < 1 < s.

Symbols conv R"™ and co R"™ will denote the varieties of all conver compact and

closed convez subsets of R" respectively,

p(€] Q)=sup{(£,q) | g€ Q}
will be the support function of set Q C R".

With Q € conv R" the operation of sup in the definition of p(£ | Q) may be substi-

tuted for maz. Further on int Q will be the set of all interior points of Q.

S(zo) ={z:[lz-zo|[<r;z,20€ R"}
will denote the Euclidean ball with center z; and radius r, (|| z || = (=, z)1/2), while
k(P , Q) will stand for the Hausdorff distance between sets P , Q@ € conv R™. Namely

h(P,Q)=min{r:PCQ+rS0), QCP+rS0)}.

The symbol ep7 fstands for the epigraph

epi f={z={z,y}:y> fz),ze R* 1}
of function f - a subset of R® ! and co Q stands for the convez hull of set Q with co Q

being the closure of co Q.
For a given set P C 1 the symbol P¢ will stand for the complement P¢ of P.

The basic scheme will be first interpreted through the following “elementary” param-

eter estimation problem.
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3. The Basic Problem

Consider a system

y(k) = C p(k) + §(k) (3.1)
ke TN:{I gy N}

where y(k) is the available measurement, p(k) is a given input, C is the matriz parameter
to be identified and £(k) is the wunknown disturbance. We further assume

peR", ye R™ Hence £€ R™, Ce€ R™*" (where R™* " stands for the space of
real matrices of dimensions m X n.)

The available additional information on C, £ [1, s] is given through restrictions on

these values which are taken to be specified in advance.

The types of simple restrictions on C, £ [1, s] to be considered in the sequel are as

follows:

constraint), or

(C-CYL(C-C) <1 (I11.B)

$ (€ [k — €°[k))" N(k) (€[K] - €'[K)) < 1

which is the separate quadratic constraint, or

CeCy, E(k) € Qk) (IIL.C)

which is the geometrical or instantaneous constraint. Here Cy, Q(k) are assumed to be

convex and compact in R™ * ® and R™ respectively.
p p y

The restriction on the pair {C, £[1,s]} =¢[1,s| (whether given in the form

(III.A), (II1.B) or (II1.C)) will be denoted by a unified relation as

1, N e (3.2)
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With measurement y[1, s| given, the aim of the solution will be to find the set of all
pairs ¢[1 , s] consistent with (3.1), (3.2) and with given y [1 , s|. More precisely the solu-

tion will be given through the notion of the informational domain.

Definition 8.1. The informational domain C[s] = C[1, s| consistent with measurement
y[1, 8] and restriction (8.2) will be defined as the set of all matrices C for each of which
there ezists a corresponding sequence £[1, s| such that the pair ¢[1,s] = {C, €1, s|}

satisfies both restriction (8.2) and equation (8.1) (for the given y[1 , 5] ).

Hence the idea of the solution of the estimation problem is to find the set C[1, s] of
all the possible values of C each of which (together with an adequate £[1 , s]) could gen-

erate the given measurement sequence y|1 , s|.

It is obvious that set C[s] = C[1, s] now contains the unknown actual value C = C°

which is to be estimated.
With set C[s| being known, one may also construct a minmaz estimate C,[s] of C° -
for example through the solution of the problem
max {d(Cy[s] , Z) | Z € C]s]} = (3.3)

= mgn max{d(C , Z) | Z € C[s]}, C € C[s] | = ¢(s) ,

where d(-, ) is some metric in the space R™ * "

The element Cg[s] is known as the Chebyshev center for set C|s].

Once Cys] is specified, the estimation error d(Cyls], C°) < €(s) is guaranteed by
the procedure.

However, for many purposes, especially under a nonquadratic constraint (IIL.C), it

may be convenient to describe the whole set C[s] rather than the minmax estimate C,[s].

If s varies and even s — oo it makes sense to consider the evolution of C[s] and its

asymptotic behaviour in which case the estimation process may turn to be consistent, i.e.

Jlim_Cls] = {C) (3.4)
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The convergence here is understood in the sense that

lim k (C[s], C") =0

8§ — CO

where h(C’, C”’) is the Hausdorff metric (see Introduction), and C° is a singleton in
Rm x n.

In some particular cases the equality (3.4) may be achieved in a finite number s, of
stages s when for example

Cls]=C°, s°> 1,

The main discussion will be further concerned with the nonquadratic geometrical
constraint (III.C). However it is more natural to start with the simplest “quadratic” res-
triction (III.A). In this case, as we shall see, the set C[s| turns to be an ellipsoid and the

respective equations for C[s] arrive in explicit form.

4. The Joint Quadratic Constraint. Recurrence Equations

As equation (3.1) yields

§(k) = y(k) - Cp(k)
the set C[s] consists of all matrices C that satisfy (III.A), i.e.
(C-CYL(C-CY+ (4.1)
kgl (v(k) = Cp(k) — £°(k))" N(k)(y(k) - Cp(k) - £(k)) <1

In view of the equality (2.2) which here turns into
I.Cp=(p'®1,)C
we may rewrite (4.1) as

(C = C') P[s](C— C*) - 2(D[s],, C - C*) + ~¥s] < 1

where

Plsj=L+ 3 P()
k=1



Dls| = 3 D(¥
D'(k) = v (k) N(¥) (p'(k) ® I,,)
(s) = g v (k) N(E) v (k) (4.2)
v'(K) = y(k) - C'p() - €'(k) (4.3)

Hence the result is given by

Theorem {.1. The set C[s] is an ellipsoid defined by the tnequality

(C-C*~P[s|D[s]) , P[5 (C- O~ P s| D[s)) S 1-A%s] (4.0
with center
C,[s] =P~ ![s] D[s] + C*
Here
h2[s] = +*(s) — (D[s] , P~[s] D(s])
P[s] = P[s—1] + P(s), D[s] = D[s—1] + D(s)
7vi(s) = v*(s=1) + y*'(s) N(s) y*(s) , 7(0) = O (4.7)
P[0] =L ,D(0) =0
P ls|=P s—1]-P Ys—1G(s- 1)K (s —1) G'(s—1)P[s - 1] (4.8)
Gs-1)=p(s-1)® I,
K(s—1)=N1Ys-1)+ G(s—1)P[s — 1] G(s ~ 1)
Relations (4.4) - (4.8) are evolutionary equations that describe the dynamics of the
set C[s] (which is an ellipsoid) and its center Cgy|s| which cotncides precisely with the min-
maz estimate C,[s] for C|s] (assuming d(C , Z) of (3.3) is taken to be the Euclidean

metric).

Remark 6.1 A standard problem of statistical estimation is to find the conditional distribu-
tion of the values of a matrix C after s measurements due to equation (3.1) where £(k),
k € [1, 0o) are non correlated gaussian variables with given mean values E€(k) = €' (k)

and covariance matrices

E¢(k)E (k) = N™1(k) .
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The initial gaussian distribution for the vector C is taken to be given with EC = C*,
ECC =L~

A standard application of the least-square method or of some other conventional
(e.g. bayesian or maximal likelihood) techniques yields an estimate

C.ls| =P~ ![s|D[s] + C*

with P[s], D[s] governed by equations (4.6), (4.8) [4]. The estimate is therefore similar to
that of theorem 4.1: C,[s| coincides with Cy[s|. Here, however, the analogy ends - equa-
tions (4.5), (4.7) are specific only for the guaranteed estimates. The estimation errors for
the stochastic and for the guaranteed deterministic solutions are defined through different

notions and are therefore calculated through different procedures.

The next step is to specify the “worst case” and "best case” disturbances for the esti-
mation process. From the definition (4.3) of y*(k) it is clear that if the actual values
¢lL,s]={€[1,s], C}flor¢[l,s] = {1, s], C} are taken to be

Cll,sl=¢1,s],C°=¢C" (4.9)
then

y*[1,s]=0,D[s]=0
and therefore
h%[s] =0 (4.10)
The ellipsoid C]1, s| is then the “largest” possible in the sense that it includes all the
ellipsoids derived through other measurements than the “worst” one
yu(k) = C* p(k) + &(k), ke [1 ) s]

(Note that whatever are the admissible values of y[1, s], all the respective ellipsoids C|s]
have one and the same center C,[s| and matrix IP[s]. They differ only through k[s] in the

right hand part of (4.4)).

The "smallest” possible ellipsoid is the one that turns to be a singleton. It is derived

through the "best possible” measurement y(b)[l , §]. The latter is defined by the pair
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{c®) | ®)1, 5]}

where C(?) = C* and £(P)[1, s] satisfies conditions

kZ (€®) (k) - € (k) N(k)(p' (k) ® 1)) =0 (4.11)
=1
kE (£®) (k) - € (k) N(k)(EPU(K) - € (k) =1 (4.12)
=1
with ¢(®) = ¢* and with (4.11), (4.12) fulfillled we have
y(k) = C* p(k) + €P)(k) (4.13)
y* (k) = €0)(k) — € (k)
which yield D(k) = 0, k € [1, s] and further on, due to (4.5), (4.12), (4.11)
Rls] = 1) = 1
Hence from (4.4) it follows that C(s) is a singleton
C(s) = C,|s]
It is worth to observe that the set Zy(:) of disturbances ¢(®)[1 , s] which satisfy (4.11),
(4.12) is nonvoid. Indeed, to fulfill (4.12) it suffices that s > m, det N # 0 and

(r’i[l ’ s]’ pj[l ’ s]) =0

for any ¢, € [1, m]. Here

(k) = (EP)(k) — € (k) N(k)
Relation (4.11) defines a linear subspace L,(,") generated by vectors n(k) and therefore also
a linear subspace L, generated by respective “vectors”

f1, 8] = €1, 8] - €1, o]
due (4.14). The required values

E(b)[l , 8] = E(b)[l , 8] = €1, ¢
are then determined through the relation

E®1, 5] € Le M on(1)

where o (1) is the sphere
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The last results may be given in the form of

Lemma {.1. (a) The "worst case” estimate given by the "largest” ellipsoid C|s] is gen-

erated by the measurement

yW[l ) ‘9] = Ctp[l ) s] + ft[l ’ s]

(b) The "best case” estimate given by a singleton C[s] = C, is generated by the measure-

ment

y(b)[l ,8)=C"p[1,s]+ E(b)[l ,8]
where f(b)[l , 8] 1s any sequence £[1 , s| that satisfies (4.11), (4.12).

Case (b) indicates that ezact identifiability is possible even in the presence of disturbances.

The terms used in the relations of the above are also relevant for exact identifiability

in the absence of disturbances.

5. Exact Identifiability in the Absence of Disturbances

The equation
may be rewritten as

which yields

(p(k) @ Ipy) N(k) y(k) = (p(k) ® Ip) N(k) (p'(k) ® I,)C
for k € [1, s]. This leads to equation
D[s] = P(s) C
Hence for resolving (5.2) it suffices for the matrix IP(s) to be invertible.
The matrix IP[s] may be rewritten as
3

Pll= 3 MR @k ()= 33 (p(6) »'(H) @ N(K)

(5.1)

(5.2)
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8
The invertibility of IP[s] with N(k) = I, is then ensured if W(s] = Y p(k)p'(k) is
k=1

nonsingular.
Lemma 5.1 For the ezact identifiability of matriz C in the absence of disturbances it
ts sufficient that

det P[s] # 0

2 2

where IP[s] is an m*® x m® matriz.

With N(k) = I, it is sufficient that
det W[s] #0
where W(s| ts m x m dimensional.

In traditional statistics W[s] is known as the informational matriz. We shall now

proceed with the treatment of other types of constraints.

6. Separate Quadratic Constraints
Let us treat constraints. (II1.B) .by substituting them with an equivalent system of
Joint constraints.
a(C—-CYL(C-C)+ (6.1)
(1) 33 (€l#] - €[H) M)LK - € &) <
which should be true for any o € (0, 1.
For any given a € (0, 1], the respective domain C,[s] will be an ellipsoid of type

(4.4) with L substituted for I, = ol and N(k) for N, = (1 — a)N(k). The actual
domain C|s| for constraint (II1.B) should therefore satisfy the equality

Clsl = {N Cals] [0 < a <1} (6.2

The latter formula shows that the calculations for C[s] may be decoupled into those

for a series of ellipsoids governed by formulae of type (4.4)-(4.8) in which the matrices

IL , N(s) are substituted for IL,, N,(s) respectively, each with a specific value of
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ac(0,1].
Thus each array of relations (4.4)-(4.8), L =L, , N[1, s] = N,[1, s], produces an

ellipsoid C,[s] that includes C|s|. An approximation c(") [s] to C[s] from above may be

ol

reached through an intersection of any finite number of ellipsoids

c) [s] = A €, |s] (6.3)
1=1

where a; runs through a fixed number of r preassigned values a; € 0,1;5=1,...,r.

By intersecting over all the values of a € (0, 1] we will reach the ezact solution (6.2).

These facts may be summarized in

Lemma 6.1 The set C[s]| for constraint (6.1) may be presented as an intersection (6.2) of
ellipsoids C,[s] each of which is given by relations ({.4)-(4.8) with I , N [1 , s]| substituted
forL,, N1, s].
Restricting the intersection to a finite number r of ellipsoids Caj,[s] as in (6.8), one
arrives at an approzimation of C[s] from above:
C[s| ¢ c([s] .
It is not difficult to observe that for obtaining the exact solution C|s| it suffices to

have only a denumberable sequence of values o, 7=1,..., co.

The relations given here are trivial. However they indicate that the calculation of

C[s| may be done by independent parallel calculations for each of the ellipsoids C,, [s].

This suggestion may be further useful for the more complicated and less obvious

problems of the sequel.

Another option is to approximate C[s| by a polyhedron. This may require the

knowledge of the projections of set C[s| on some preassigned directions () e R™.

Since C|[s] is obviously a convex compact set, it may also be described by its support

function, [21]

p(€| C[s]) =max {(£,C)| CeC|s]},Le R™ |



- 20 -

Denote

(&) = inf{p(£]| Cyls]) | @€ (0, 1]}

The function f(£), being positively homogeneous, may turn to be nonconvez.

We may convexify it by introducing (co f)(£€) - a closed convex function such that

co (epi f) = epi (co f).

The support function may now be calculated as follows.
Theorem 6.1 Assume f(0) =0. Then p (€| C[s]) = (co f) (¢).

The function f(£) defines a convex compact set C[s] as one that consists of all those

C € R™" that satisfy
(£,C) < f(e) ,VeLe R™ (6.4)
or in other words
Clsj={C:(¢,C)<p(t|C,ls]),Yac(0,1],£€ R"}
However (6.4) is equivalent to
(£,C)<(cof) (O ,YeLe R™

according to the definition of co f. Being closed, convex and positively homogeneous, co f
turns to be the support function for C[s].

This result shows that provided C|s] is nonvoid, (f(0) = 0), the function p(£ | Cls])
may be estimated through a direct minimization of p(€ | C,[s]) over a - rather than
through the procedure of calculating the “infimal convolution” of the supports p(£ | C_[s])

as required by conventional theorems of convex analysis.

The knowledge of p(£ | C[s]) allows to construct some approzimations from above
for C[s]. Taking, for example r directions ¢ ¢ R , (1=1,... r) we may solve optim-

ization problems in & € (0, 1] : p;[s] = inf { p(€(*) | C,ls]) | @€ (0,1]}
Denoting

Lis] = {C : (e}, &) < p,ls]}
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we may observe

Clsc{NLlsl|1<i<r}=L,]s

Where L, [s] is an mn-dimensional polyhedron with r faces.

7. Geometrical Constraints
Returning to equation (3.1) assume that the restrictions on £(k) and C that are
given in advance are taken to be geometrical (i.e. of type III (C)). Namely

E(k) e Q(k) , ke (1, 4] (7.1)
cec, (7.2)

where Q(k) , C, are convex compact sets in R™ and R™ * " respectively. The informa-
tional set C[s] will now consist of all those matrices C that satisfy (7.2) and also generate

the measured value y[1 , s] together with some disturbance £[1 , s| that satisfies (7.1).

Using standard techniques of convex analysis and matrix algebra we come to the fol-

lowing sequence of operations.
The system equations (3.1), (7.1) may be transformed into
y(k) € (p'(k) ® 1,,)C + Q(k) ;
since I, C p = (p’ ® I,,;) C according to (2.2).
The set C[s] will then consist of all matrices C such that for every k€ [1, s] we

have

¥ (k)(p(k) ® I,) C < (9(k) , y(k)) + (7.3)
+o((k) | - Q(k)) ,
together with

(A, C)y<p(A|C,) (7.4)

for any ¢(k) € R™ ,Ae R™".

(Recall that symbol p(¥ | Q) stands for the value of the support function

p(¥ | @) =sup{(¥,q) | g€ Q}
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of the set Q at point ¢.)

This leads to the inequality
3

kX_DI v (k)P (k) ® I,)C + (R, C) <

< B {008, 3(0) + p6(8) | = Q) + #(F | o)
for any ¢(k) € R™,Ae R™

Therefore, with A € R™" given we have*

(%, 0) <o = 8 v REF® @ 1) [T+ (75)

+ 30 (($(k), y(K) + p(¥(k) | - Q(K)))

k=1

For an element C € C[s] it is necessary and sufficient that relation (7.5) is true for any
Y(k)e R™ ke |l,s]
Hence we come to

Lemma 7.1. The informational set C[s] consistent with measurement y[1 , s| and with res-

tricttons (7.1), (7.2) is defined by the following support function.
p(A [ Cls]) = f(A) (7.6)

where

f(r) = inf {p(A" -

k

(k) (k) ® 1) | Co) +
1

3 k) v(k) + p(Bk) | - QUR)) | w(k) € R™ k=11, }

k=1

It e

The proof of Lemma 7.1 follows from (7.5) and from the fact that f(A) is a convex,

positively homogeneous function, [21].

A special case arrives when there is no information on C at all and therefore

C, = R™ X" Following the previous schemes we come to

* When using the symbol p(p | Q) for the support function of set @ at point p we will not distinguish a
vector-column P from a vector-row p .
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Lemma 7.2. Under restrictions (7.1), C, = R™ * ", the set C[s| is given by the support

function,
p(A | Cls]) = (7.7)
= inf| 3 {p(= 9(K) | QUK + ¥'(H) 3(k)}
over all vectors (k) that satisfy
3 (k) (' (K) @ Iy) = & (1.8)

k=1

A question may however arise which is whether in the last case the set C{s] will be
bounded.
Lemma 7.8. Suppose C, = R™ X ™ and the matriz {p(1),..., p(s)} = P(s) for s> n is

nonsingular. Then the set C[s| is bounded.

Taking equation (7.8) it is possible to solve it in the form
v(k) = (p'(k) ® Iy) (I, ® W(s))7H A (7.9)
where as before

Wl = 3 (@ p®)6 (k) @ 1)

Indeed (7.8) may be transposed into

S (I @ p(R)6(K) = A (1.10)

k=1

and the solution may be sought for in the form

Y(k) = (p'(F) ® I,)¢ (7.11)
In view of (7.8) this yields equation
(I, ® W[s))e = A (7.12)
where the matrix W/s] is invertible (the latter condition is ensured by the linear indepen-
dence of vectors p(k) ,k=1...s,s>n). Equations (7.10)-(7.11) produce the solution

(7.9).
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Substituting (k) of (7.9) into (7.7) it is possible to observe that the support func-
tion p(A | Cs]) is equibounded in A over all A € S[*" (0) where S{*™*(0) is a unit ball in
R™". This proves the boundedness of C[s].

Remark 7.1 Assuming that £[s] is bounded by a quadratic constraint (III.B) with IL. =0
(so that there is no initial bound on C), and that P(s) is nonsingular, the set C[s| again

remains bounded.

The result of Lemma 7.3 therefore remains true when the geometrical constraint on
£[k] is substituted by a quadratic constraint on £[-]. It is not difficult to observe that the

result still remains true when &[] is bounded in the metric of space £,

g’l ((€lk] - €°[K)" N(k)(ELK] - € R))P/2 < 1

with 1 < p < o0,

8. Recurrence Equations for Geometrical Constraints

One could already observe that equations (4.4)-(4.8) of theorem 4.1 are given in a
recurrent form so that they would describe the evolution of the set C[s| that estimates the
unknown matrix C. The next step will be to derive recurrence evolution equations for the

case of geometrical constraints.
Starting with relation (7.5), substitute
W) = & M(K)
where M(k) e R™ X ™ 1 <k <s.

Then (7.5) will be transformed into the following inequality

(R, 0) < oK | (I~ 3 MB'(K) © Ln)T,) + (8.1)

+ Z:l (A", M(k) y(K)) + p(R | M()(-Q(k)))
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Denote the sequence of matrices M(k) € R™ X ™ ke [1,...,s] as M[1, s].
Lemma 8.1 In order that C € C|s| it is necessary and sufficient that (8.1) would hold for
any A € R™", and any sequence M[1 , s] € M]1, s].

The proof is obvious from (7.5), (8.1) and Lemma 7.1. Hence in view of the proper-
ties of support functions for convex sets we come to the following assertion.
Lemma 8.2 In order that the inclusion

C € CJs]
would be true it 1s necessary and sufficient that
CeC(s,C,,M[1,s])
for any sequence M[1 , s] € M|l , s| where
3

C(s,Co s M1, 8]) = (I, — kZI M(k) (p’(F) ® I))) C, +

3
+ kZ M(k) (y(k) - Q(k))
=1
From Lemma 8.2 it now follows
Lemma 8.3. The set C[s] may be defined through the equality

Cls]=N{C(s,C,, M[1,s]) | M[1,s] € M[1, 5]}

In a similar way, assuming the process starts from set C[s] at instant s, we have

Cls+1]C(I,-M(s+1)(p'(s+1)®I,)) Cls] + (8.2)
+ M(s+1)(y(s+1) - Q(s+1))=C(s +1,C|s], M(s + 1))
for any M(s + 1) € R™" * ™ and further on

Cls+1=N{C(s+1,C[s],M) | Me R™*"} (8.3)
This allows us to formulate
Theorem 8.1 The set C[s] satisfies the recurrence inclusion

Cls+1]C C(s+1,Cls], M), C[0] = C, (8.4)

- whatever is the matriz M € R™" X " . and also the recurrence equation (8.3).
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The relations of the above allow to construct numerical schemes for approximating

the solutions to the guaranteed identification problem.

Particularly, (8.4) may be decoupled into a variety of systems
Gy ls + 11 C Cls + 1, Tfls] , M(s) , Cl0] = € (85)
each of which depends upon a sequence M[1, s] of “decoupling parameters”. It therefore
makes sense to consider
Cy [s] = {N Cmls] | M[1, s]} (8.6)
Obviously C [s] C Cy [s]
From the linearity of the right-hand side of (8.2) and the convexity of sets C , Q(s)

it follows that actually C[s] = Cyls].

Lemma 8.4 The set C[s] = Cy|s] may be calculated through an intersection (8.6) of solu-
tions Cpyls] to a variety of independent inclusions (8.5) parametrized by sequences
M[1, s].

This fact indicates that C[s| may be reached by parallel computations due to equa-
tions (8.5). The solution to each of these equations may further be substituted by
approximative set-valued solutions with ellipsoidal or polyhedral values. The precise

techniques for these approximations however lie beyond the scope of this paper.

An important question to be studied is whether the estimation procedures given here
may be consistent. It will be shown in the sequel that there exist certain classes of

identification problems for which the answer to this question is affirmative.
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9. Geometrical Constraints. Consistency Conditions
We will discuss this problem assuming C, = R™ * ". Then the support function
p(A) | Cls]) for set C[s] is given by (7.7), (7.8).
The measurement y(k) may be presented as
y(B)=(p (k)®1,) C+&(k),(k=1,...,9) (9.1)
where C* is the actual vector to be identified, £*(k) is the unknown actual value of the

disturbance.

Substituting (9.1) into (7.7), (7.8) we come to

p(A | Cls]) =
= inf él p(w(k) | €'(K) — Q(k)) +
+ é}l ¥R (k) ® 1) G L,
over all vectors (k) that satisfy
Y1, s € Ufs A (9.2)

where

This is equivalent to

p(A ] Cls]) = (A, C*) + o(A | R*[s]),
where
p(A | R*[s]) =

= inf} 5 p(0(k) | €() ~ QUK | 911, sl € Vs, Al =p(n)  (03)
In other terms

Cls] C C" + R*[s]
where R*[s] is the error set for the estimation process. The support function for R*[s] is

given by (9.3).
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Since &*(k) € Q(k) we have

p(A| R*s]) >0, VA R™*"

Hence every sequence ¢° [1 , s] € ¥ (s, A) that yields

3 p(o() | €4 - Q(k) = 0

will be a minimizing element for problem (9.3).

The estimation process will be consistent within the interval [1 , s] if

R*[s] = {0}

or, in other terms, if

p(A| R’[s])=0,9AeR™ ™"

(9.4)

Lemma 9.1 In order that p(A | R*[s]) =0,VA € R™ X" it is necessary and sufficient

that there would ezist mn + 1 vectors Al') € R™" ,t=1,..., mn, such that

and

mﬁlaiﬂ(“)740,{\7’a:(a,a)#0,a,~_>_0,\7’i€[1,...,mn+1]}
=1

(a=ay,. ., 0n 1)

p(A0) | R*[s]) =0 ,Vie[l,. ., mn+1]

Vectors Al*) that satisfy (9.5) are said to form a simplicial basis in R™",

Every vector A € R™” may then be presented as

_ mn-+1 .
A= E a"/—\_('),Q"ZO

=]

Hence for any A € R™" we have

mn-+1 .
p(N RS =0 Y o A | R¥[s]| <

=1

mn-+1 .
< Y app(AD | Rs)) =0
=1

In view of (9.4) this yields R*[s] = {0}.

(9.5)
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We will now indicate some particular classes of problems when the inputs and the
disturbances are such that they ensure the conditions of Lemma 9.1 to be fulfilled.
Condition 9. A
(i) The disturbances £*(k) are such that they satisfy the equalities

(°(k) , ¥*(k)) = p(¥* (k) | Q(K)) (9.6)
for a certain r-periodic function ¢*(k) (r > m) that yields

Rank {¢*(1),..., ¥*(r)} = m.

(i1) The input function p(k) is g-periodic with ¢ > n + 1
Among the vectors p(k) , (k=1,..., q) one may select a simplicial basis in R™, i.e.

Jor any z € R"™ there exists an array of numbers oy > 0 such that

r= 3 oy p(k)
k=1
(1ii)) Numbers r and q are relative prime.
Lemma 9.2 Under Condition 9.A the error set R*[s] = 0 for s > rq.
We will prove that R*[sy] =0 for sy = rg. The condition R*[s] =0 for s > s, will
then be obvious.

Due to (9.3), the objective is to prove that under Condition 9.A there exists for

every A € R™ X ™ a set of vectors $°(k) , k=1,..., s°, such that

s
3 o(8(8) | £(6) - @) =0, (0.7
WO (1, 5ol € ¥[sg, A] -
Condition 9.A implies that there exists such a one-to-one correspondence k = k(i , )
between pairs of integers {¢, j} (1 €[l ,..., 1] ,j€[1,..., ¢]) and integers k € [1 ,..., o]
that

p(k) = p(i) , (k) = ¥(4) (9.8)

Indeed, if k* is given, then it is possible to find a pair #* , 5*, so that
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=1 +4r k*=j5"+o0q,

where v , o are integers. Then we assume p(k*) = p(7*) , ¥(k*) = ¥(;*).

The latter representation is unique in the sense that pair 7* , 7* may correspond to

no other number k** than k*.

(If, on the contrary, there would exist a k** > k* such that

k"=i*+70r,k“=j*+t70q,

then we would have

=k = (v - 7)r
k** — k* = (0g — 0)g
and k** — k* would be divided by sy = rq without a remainder. Since k** — k* < s, it

follows that k** = k*).

As the number of pairs {7, 7} is so and as each pair {7, j} corresponds to a unique

integer k € [1, sg], the function k = k(7 , ) is a one-to-one correspondence.

Thus if A€ R™* " and sequence v* [1, s| satisfies Condition 9.A (i), then there

exists a sequence z[1, so| , (z(k) € R"), such that

3 $() 2(8) = A

1=1

Due to Condition 9.A (ii)

for some values a,; > 0.

Therefore

S Y ey vt ) = A

(9.9)
1=1 j=1
Assigning to every pair {7, 5} the value k = k(7 , j) we may renumerate the values
a,; with one index, substituting i for k = k(7 , 7)

. Having in mind (9.8), we may rewrite
(9.9) as
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iol ag (k) p'(k) = A (9.10)

k=1

The transition from (9.9) to (9.10) is unique. Hence, for each A € R™ X " there

exists a sequence afl , sg| of nonnegative elements a; > 0 such that

30

kX_DI ag (k) (p'(k) ® 1) = A (9.11)

Substituting #°(k) = a,¢*(k) and taking into account equalities (9.6) we observe

that (9.7) is fulfilled. Namely

30

Y play ¥*(k) | € (k) ~ Q(k)) =0

k=1

while (9.11) yields ¢° [1 ,s] € ¥[sy, A]. Lemma 9.2 is thus proved.
A second class of problems that yield consistency is described by

Condition 9.B.

(i) function p(k) s periodic with period ¢ < n. The matriz W(q| = é p(k) p’'(k) 1s
k=1

nonsingular,
(i1) the disturbances £(k) are such that if {/'\_(i)} ,t=1,..., mn +11s a given simplicial

basis in R™" and vectors ¢(i)(k) € R™ are those that yield

> ) (K) @ I,) = A1) (9.12)
k=1
then the sequence £(7) ,7=1,...,q(mn + 1) does satisfy conditions

(&Ck +9) , $U(k) = p(v(k) | Q(K)) (9.13)
(k=1,.,9;¢=1,...,m(n+1))

Lemma 9.8 Under Condition 9.B the set R[s| = {0} for s > ¢(mn + 1)
The proof of this Lemma follows from Lemma 7.1 and from direct substitution of
(9.12), (9.13) into (9.3) (since the required set of vectors ¥()(k) does always exist due to

condition | W(q) | #0)
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A simple particular case when Lemma 9.3 works is when C is a vector (C € R™) and

when the restriction on £(k) is | £(k) | < p.

Then A(*) € R” and (9.12) turns into

3 w(8) 5 () = A0
k=1
where {(9)(k) are scalars.

Relations (9.13) now yield
E(k + 1) = p sign () (k) (9.14)
Therefore the “best” disturbance £(j) = £p now depends only upon the signs of
tﬁ('.)(k) ,7 =1+ k. Here the order of pluses and minuses is predetermined by relation
(9.14). However a natural question does arise. This is whether the consistency condition
would still hold (at least asymptotically, with h(R[s], {0}) — 0, s — o0)) if £(j)

would attain its values at random.
The answer to the last question is given below.

Condition 9.C

(1) function p(k) , k=1,..., 00, is periodic with period ¢ < n; the matriz W(q) is non-
singular.

(ii) the sequence £(1) is formed of jointly independent random variables with identical

nondegenerate probabilistic densities, concentrated on the set
QK)=Q, Qe comp R™,int Q £ o
Condition (ii) means in particular that for every convex compact subset

Q. CQ, (Q, € comp R™) of measure ¢ > 0 the probability

P{é(k)e Q) =6>0,Vke[1, o0
At the same time it will not be necessary for values of the distribution densities of

the variables £(¢) to be known.
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Lemma 9.4 Under Condition 9.C the relation
h(R*[s] , {0}) —0,s — oo
holds with probability 1.

We will prove that for every ¢ > 0 with probability 1 for a sequence £[ -] there exists

a number N > 0 such that for s > N one has

MR'[s] , {0)) < e (9.15)
Since W(q) is nonsingular, there exists for a given A € R™ X " a sequence ¢° [1 , g]

such that

Let Eo(k) € Q@ denote a respective sequence of elements that satisfy the relations

(€%(k) , vO(k)) = p(v°(K) | Q) (9.16)
It is clear that elements £°(k) belong to the boundary dQ of set Q. Without loss of

generality we may assume that all the vectors Eo(k) are chosen among the eztremal points
of Q.
(A point €0 € Q is said to be eztremal for Q if it cannot be presented in the form
EO:aE(1)+(1—a)E(2),O<a<1,
for any pair of elements ¢(1) | £(2) € Q)

Hence each £9(k) of (9.16) is either already extremal - if (9.16) gives a unique solu-

tion - or could be chosen among the extremal points for set
En={€: (&, ¢O(k)) = p(¥°(k) | Q) which yields extremality of £&°(k) relative to Q ).

Consider a sequence of Euclidean balls S; (€°(k)) with centers at £°(k) and radii
§ > 0. Denote

Qs(k) = @ M Se(E°(k))
Then with int Q # ¢ the measure u(Q4(k)) > O for any 6§ > 0.
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Let us consider ¢ infinite sequences

&(es + k), (9.17)
(7=0,...,00;k=1,..., q)

generated by the "noise” variable £(1).

Denote A4(k) to be the event that

§(g7+ k)¢ Qs(k),(7=1,..., 00)

and
A(k) = {As(K) | 6,>0,86;,— 0,1 — 00}
Then obviously P({[:] € A4 (k)) =0 for any 6; > O (due to the joint independence

of the variables £(¢)) and due to a Lemma by Borel and Cantelli [22] we have (for any

P(¢[-]e A%(k) =1

Hence with probability 1 for a sequence £[ - | there exists a number j(k) such that

§(g7(k) + k) € Q4(k) (9.18)
Denoting rqj A(k) = B, we observe
k=1
PEl € B)=P(el"] € (1 A(K) = (9:20)
= 10 Pleleai)=1

due to the joint independence of the random variables £(1).

Hence each sequence £*[:] may be decoupled into ¢ nonintersecting subsequences
(9.17) each of which, with probability 1, satisfies for any § > O the inclusion (9.18) for

some 1 = qj(k) + k (due to (9.20)).

Therefore, with § > 0 given, we may select

¥(i) = ¥O(k)
fori=gj(k)+k,k=1,..., ¢,



-35-

Y1) =0,0 £ qj(k) + k,
N =yqjq) +q
Substituting  ¢*(i), £*(1) into (9.3) and using the

p(3) (p(gg + k)=p(k) ,7=1,...,00;k=1,...,9q)

we have
N
ARIND = 2 o970 | €100) - Q) =
=% + B[ €0k + 1) - Q)
with

¢ (91 (k) + k) € Qs(k)

(9.21)

periodicity  of

(9.22)

In view of (9.16), (9.21), (9.22) and the definition of Q(k) one may observe

A!REN])=
i (k) — Q) +

k=1

+ p(WO(k) | € (s (k) + k) — €(k)))

<530 || ¥o(k)
k=1

Therefore, with A , o given, one may select ¥/° [1, g , 6, so that

IA

5i||¢° Bl <o

Summarizing the discussion of the above

AER™XM® 4>0, there  exists a

we observe that for every

number  N(A,o) that  ensures
p(A| R[s])<o,8>N,N=N(A,0).
If K(()") = ¢(9) is an orthonomal basis in R™" (e](i) =6;;3=1,...,mn)and

Ny(o) = max{N(A§) ,0) , N(-A§) o)}, (i=1,...
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then

p(xel) | R[s]) <o, (Vi=1,.,mn), s> N, (o)
and
h{R[s] , {0}} < Vmn o
Taking € = vVmn 0, N = Nyo we arrive at the relation (9.15). Lemma 9.4 is now
proved.

The examples given in Cases A and C indicate two important classes of disturbances
£(k) of which one consists of pertodic functions and the other of a sequence of equidistri-
buted independent random variables. In both cases one may ensure consistency of the
identification process. However this requires some additional assumptions on the inputs
p(k). Basically this means that function p(k) should be periodic and its informational

matrix should be nondegerate as indicated in the precise formulations, (see also [23, 24]).

10. Identification of the Coefficients of a Linear Autonomous Dynamic System

Consider a dynamic process governed by a linear system

z(k + 1) = Az(k) + B u(k) + £(k) (10.1)
kelo,s]

The input u(k) and the output y = z(k) are taken here to be given, the constant
coefficients A, B are to be identified and the input noise £(k) is taken to be unknown but
bounded by a geometrical constraint

E(k) e Q(k) , ke [0, s (10.2)

Here as usual z€ R" ,u€ RP, ve RI, A€ R"*" Be R"*P and there is

some additional information on A,B. Namely it is assumed that

A€eA,BeB, (10.3)

where A , B are convex and compact sets in the matrix space of respective dimensions.

We will derive a recurrence equation for the related informational domains. These

are given by the following definition.
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Definition 10.1 The informational domain A[s] x B[s] = H[s| consistent with system
(10.1), restrictions (10.2), (10.3) and measurement z(k) , k € [0, s] is the set of all matrix
pairs {A , B} for each of which there exists a sequence £[0, s] € Q[0 , s such that rela-
tions (10.1)-(10.3) would be fulfilled.

Since the input u[0, s] is taken to be given, the domain H|[s| will obviously depend
upon u[0, s]:

H[s] = H[s ,u[0,s]) = H(s, )

In order to solve the estimation problem we introduce a matrix C and a vector p(k).

z(k
C = [A, B|, p(k) = u(k)

Then taking

y(k) = z(k + 1),

we come to the standard measurement equation of § 3:
y(k) = Cp(k) + £(k)
Applying the recurrence equation of (8.2) we come to the relations that describe the
dynamics of set H(s , u[0, s]) = H[s|.
The consistency theorems of § 9 may be applied if there is some additional informa-
tion on A , B and on the known inputs u[0, s] that would ensure that the conditions of

these theorems would be fulfilled.

Another formal scheme for obtaining a recurrence equation for H[s] may be

presented as follows. Introducing a vector

“[s
and an n x n(n + m)- matrix

G(k) = (2'(k) ® I, v'(K) ® 1)

we arrive at the system
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2k +1) = 2(k) (10.4)
y(k) = G(k) 2(k) + €(k) ,0< k < s, (10.5)

where the aim is to identify the informational domain Z(s) = H|[s| of the states of system

(10.4) consistent with measurement y[0 , s| and constraints (10.2), (10.3).

Following formally the results of § 13 (formula (13.6) for the one-stage process) and
rewriting them in terms of the notations of this paragraph we come to the recurrence rela-

tion

Z(k+1) C O {(I - M" G(k)) Z(k) + (10.6)
M

+ M(y(k) - Q(K))} , 2(0) = l ]

ZERn(n+m),M€ Rn(n+m)xn

s RN

which at each stage is true for any matrix M € Mnn+m)xn According to the conven-

tional scheme we arrive at

Lemma 10.1 The set-valued estimate for the vector C of coefficients for system (10.1) is

given by the solution Z(s) = H(s) for equation (10.6).

It is now natural to consider in greater detail the issue of state estimation for linear
systems with unknown but bounded measurement noise and input disturbances. We will

start with the first case.

11. The Observation Problem

Consider a recurrence equation

z(k + 1) = A(k) z(k) , z(k,) = z°, (11.1)
ze R, A(k)e R"* "™ k>k

together with a measurement equation

y(k) = g'(k) z(k) + &(k) , k> k, + 1

with vector g(k) € R" and "noise” £(k) restricted by a geometrical constraint.

E(k) € Q(k), Q(k) € comp R™
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The objective is to estimate the initial vector z° by processing a given measurement
y[1, s|, taking A (k) , g(k) , Q(k) to be given in advance. We will further call this the
observation problem (in the presence of unknown but bounded “noise” with set-

membership bounds on the unknowns).
Observing that z(s) = S(s) z° , where S(s) is the solution to the matrix equation

S(k + 1) = A(k) S(k) , S(k,) = I,

we may denote

p'(k) = g’(k) S(k) (11.2)

transforming our problem to the conventional form of § 3 with

y(k) = p'(k) 2° + £(k)

and with z° replacing the unknown C.

The condition for the identifiability of z° in the absence of “noise” now turns to be
again | W(s) | # O with

W(s)= Y, S'(k) g(k) g°(k) S(k) (11.3)

o

The latter relation is known as the observability condition (3, 4] for system (11.1)

with measurement

y(k) = ¢’(k) z(k) (11.4)
Condition |W(s)| #0 is obviously ensured if vectors p(k)= S'(k) g(k),

(k=1,..., k) are linearly independent.

The general solution will now consist in constructing the informational domains

X°[s] for the vector z°. They are the direct substitutes for C[s].

Following (8.2), (11.2) we will have a system of recurrence relations

Xf(k+1)C (1, — M(k+1) g (k+1) S(k + 1)) XE (k) +
+M(k+ 1)(y(k+1) - Q(k+ 1)), X(k,) = X° (11.5)
S(k+1)= A(k) S(k), S(k,) =1,
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which are true for any sequence Mk, + 1, s].
The results of the previous paragraph then leads us to

Lemma 11.1 The solution z° to the observation problem may be estimated from above by

X°[s] = { M) X§y(s) | Mik, +1, 5]} (116)
Namely

z° € X%s| ,Vs>k, +1

The solution will be consistent with

h{X3(k),z°} —0,k— o (11.7)
if for example the problem falls under one of the conditions 9A - 9C of the previous para-
graph.

Particularly, for an autonomous system (11.1), this will be ensured if
(a) the function p(k) = ¢"S(k) is n-periodic,
(b) the vectors
9 ,gA,. . . gA"!
are linearly independent (the system (11.1), (11.4) is completely observable).
(c) the noise is uniformly distributed in the interval Q(k) = Q = — Q.

Lemma 11.2 Under conditions (a) - (c) the solution X°[s], (11.5), (11.6) to the observation

problem 1s conststent in the sense of (11.7).

A simple example, when the conditions of Lemma 11.1 are satisfied, is given by a

system (11.1) in R3

'=(1,0,0),4= k)| <1

<
I
—_— O O
O O -
O = O

Here

(a) p(k) = p(37 + j) is periodic with period 3,5 =1,2,3;:=0,...,00;31+ 5=k
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(b) p(j) = el = bk » k=1,2,8so0that p(1), p(2), p(3) are linearly independent,
(¢) & (k) is taken to be equidistributed in the interval [-1,1].

The solution to this problem may be given by a polyhedral approximation so that,
assuming X °|k] given, we will seek for an approximation of X°[k] by a polytope X°[k + 1]
through the formula

p(€] XClk + 1]) = inf {H(¢, m , XC[k]) | m)
H(e, m,X[k]) = {p(t| (I, - m" p(k + 1)) X°[k]) + (£, m) y(k + 1) +
+p(~t| m Q(k+1)}, € R%, me RY,
taking for each step a set of orthonormal vectors {e(i)} with a set of vectors {—e(i)}, and
assuming £ = el e =— ¢li) (i=1,...,3)

Therefore, in order to define X°[k + 1] with X°[k] given, we will have to solve 6
independent unconstrained minimization problems, in 3 variables each, so that the ver-
tices of X[k + 1] would be given by 3 coordinates each, selected from the variety of
numbers

p(+el) | X[k +1]), —p (-e) | X[k+1)),(i=1,2,3).

A simpler algorithm involves only one optimization problem (in three variables, the

coordinates of m) so that one should minimize in m the function

Vi(m, k+1)= ﬁ [H(e(") ,m X)) + H(—e() , m X° [k])]

1=1
which for a given m, is equal to the volume of a polyhedron X(m , k + 1) 2 X[k + 1]
The last inclusion is true for any m € R3 and one should therefore seek for the optimal

m. The projections of X[k] on the axes {z,, 23}, {z,, z5} are shown in Figure 5.
A separate issue is the construction of an ellipsoidal approximation for X[k + 1].

A more complicated problem is to estimate the state of a linear system with unk-
nown input on the basis of measurement corrupted by noise. We will therefore deal with
the problem of guaranteed state estimation for a linear system subjected to unknown but

bounded disturbances with nonquadratic restrictions on the unknowns.*

* The treatment of quadratic constraints is known well enough and may be found in references [15, 16
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12. Uncertain Dynamic Systems

An uncertain dynamic system is understood here to be a discrete-time multistage
process, described by an n-dimensional equation
z(k + 1) = A(k) z (k) + B(k) v (k) (12.1)
where A(k) , B(k) ,k=0,..., s are given matrices. The input v(k), and the initial stage
0

z° are vectors of finite-dimensional spaces R? and R" respectively. They are assumed to

be unknown being restricted in advance by instantaneous “geometric” constraints

z(0)=2€ X%, v(k) e P(k) ,k=0,...,s , (12.2)
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where X°, P(k) are given convex and compact sets. It is further assumed that direct
measurements of the state z(k) are impossible, the available information on the process
dynamics being generated by the equation
y(k) = G(k) z (k) + €(k) ; k=1 ,..,s (12.3)
with measurement vector y(k) € R™ and matrix G(k) given. The disturbances £(k) are
unknown and restricted as before by an inclusion
(k) € Q(k) (12.4)
with convex compact set Q(k) € R™ given in advance.
We will use the symbol z(k, v[0, k — 1], z°) to denote the end of the trajectory
z(7) for system (12.1) formed for [0 , k] with v[0 , k — 1], z° given.*
Let us assume that after s stages of system operation there appeared a measurement

sequence y[1, s], generated due to relations (12.1)-(12.4).
The knowledge of y[1 , s] will allow us to consider the following construction.

Definition 12.1 An informational domain X[s] = X(s,0, X°) will be defined as the set
that consists of the ends z(s , v[0, s — 1], 2°) of all those trajectories z(j) formed for the
interval j € [0, s] that could generate the measured sequence y[1, s| under constraints
(12.2)-(12.4).

More generally, with ylk + 1 ,€] ,(k+ 1< ¢) and F € co R" given, X(£, k , F) will
be the set of the ends z(€, v[k, € — 1], z*) of the trajectories z(j) of system (12.1) that
start at stage k from state z(k) = z* and are consistent with realization ylk + 1, £] due to
equation (12.3) with constraints

t*e F,v(i)eP(i),k<i<e-1,

€ e, k+1<j5<¢,

The dynamics of the total system (12.1)-(12.3) will now be determined by the evolu-

tion of sets X[s]. It is clear that set X|[s| includes the unknown actual state of system

* In order to simplify some further notations of this paragraph we will generally start the process at stage
kO = 0 instead of arbitrary kO = k*, although the basic system is nonstationary.
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(12.1).
In particular X[s] = X(s,0, X°).
From the definitions of the above it is possible to verify the following assertions.

Lemma 12.1 Assume F |, P(k), Q(k) to be convez compact sets in spaces R™ | RP /| R™

respectively. Then each of the sets X(s , £, F) will be convez and compact.

Lemma 12.2 Whatever is the set F C R", the following equality 1s true (s > £ > k)
X(s,k,F)=X(s,,X(€,k,F)) (12.5)

Condition (12.5) indicates that the transformation X(s, k, F) possesses a semi-
group property generaling a generalized dynamic system in the space of convex compact
subsets of R™. The generalized system will then absorb all the informational and
dynamic features of the total process. Here each X|[s] contain all the prehistory of the pro-
cess and the process evolution for r > s depends only upon X|s| but not upon the previous
X[1],1<s.

The general description of X|[s] requires a rather cumbersome procedure which does
not follow directly from § § 7,8. Our objective is to obtain a description of sets X|s]
which are the set-valued state >estimators for the system (12.1)-(12.4). The situation
therefore justifies the consideration of approximation techniques based on solving some
auxiliary deterministic or even stochastic estimation problems. In order to explain the

procedures, we will start with an elementary one-stage solution.

13. Guaranteed State Estimation. The One-Stage Problem

Consider the system

z=Az+Bv,y=Gz+ ¢ (13.1)

where

z,2€ R" ve R? (£ R™,
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and the matrices A , B, G are given. Knowing the constraints

ze X, veP, €@, (13.2)

where
X € comp R, P€ compR? , Q € comp RY
and knowing the value y, one has to determine the set Z of vectors z consistent with

equations (13.1) and inclusions (13.2).

Denote
Z,= AX + BP
Z,={z:y- Gz€ @}
Then obviously

zZ=2,M32, (13.3)

Standard considerations yield a relation for the support function

p(l| Z) =max {(£,2) | z€ Z}
Applying the convolution formula of convex analysis [21]
o(£] 2) = inf (o€ | Z)+ p (€ 2,) | £+ £ = 8)
Lemma 18.1 The support function p(€ | Z) = Y(£) where
(€)= inf {®(¢,p) | p€ R™} (13.4)
®(l,p)=p(A"L~A"Gp|X)+p(BEE-B Gpl|P)
+o(-r Q) +(p,v),

The set Z may be given in another form. Indeed whatever the vectors £,p , € #0
are, it is possible to represent (13.4) p = M€ = p[f, M| where matrix M € R™ * ™. Rela-
tion (13.4) will then turn into

V() = inf{®(L, p[t, M]) | M e R™ X "} (13.5)

Problem (13.5) will be referred to as the dual problem for (13.3). The latter relation

yields the inclusion

ZC(l,- M G)(AX + BP) + M'(y - Q) = R(M) (13.6)
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which will be true for any matrix M.

Equality (13.5) thus leads to set-valued duality relations in the form of (13.6) and

further on in the form of
Lemma 18.2 The following equality is true

Z= (M R(M) | M) (13.7)
over all matrices M € R™ * " Here set Z 1is a "guaranteed” estimate for z which may be

caleulated due to (13.5).

The necessity of solving (13.5) gives rise to the question of whether it is possible to
calculate p(£ | Z) in some other way, for example, by the variation of the relations for
some kind of stochastic estimation problem. A second question is whether there exist any
general relations between the solutions to the guaranteed and to the stochastic filtering

problems.

In fact it is possible to obtain an inclusion that would combine the properties of both

(13.6) and of conventional relations for the linear-quadratic Gaussian estimation problem.

14. Relation Between Guaranteed and Stochastic Estimation. The One-Stage
Problem

Having fixed a certain triplet h = {z , v, £} that satisfies (13.2) (the set of all such

triplets will be further denoted as H), consider the system

w=A(z+4q)+Bv,y=Guw+€+n, (14.1)

where ¢ ,  are independent Gaussian stochastic vectors with zero means

and with covariance matrices

Eq¢ =L Enm =N
where L , N are positive definite. Assume that after one random event the vector y has

appeared due to system (14.1). The conditional expectation E(w | y) may then be deter-
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mined for example by means of a Bayesian procedure or by a least-square method. We

have

E(w|y)=Az+ APA" G Ny - GAz — GBv - €) + By, (14.2)
Pl=L"1+4"G N1GA

or in accordance with a conventional matrix transformation [25].

P=L-LA"GK!GAL, (14.3)
K= N+ GALA' G,

an equivalent condition

@, = E(w | y) = Az + ALA" G K™' (y - GAz - (GBv + £)) + Bv  (14.4)

We observe that the conditional variance

E((w - 3,)(w - 3,)" | y) = APA’ (14.5)

does not depend upon h and is determined only by pair

A={L, N}

where L > 0, N > 0. (In the latter case further we will write A > 0.)

Therefore we may consider the set of all conditional mean values
W(n) ={U | he H)

that correspond to all possible h € H. Here
W(A)= (I, - ALA" G K1 G) (AX + BP) + ALA" G" K 1 (y - Q) (14.6)
Having denoted

W(A)= K~ ! GALA’

we come to
Lemma 14.1 The set W(A) ts convez and compact: W(A)E comp R™. The following
equality ts true

p(] W(A)) = @(€, p(£, A)) (14.7)

where

p(£,A) =¥(A) 2L
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We may now observe that function ®(€, p(€, A)) differs from ®(¢, p(€, M]) used
in (13.5) by a mere substitution of p(£, A) by p[€ , M]. Comparing (14.7) and (13.5), we

conclude

Lemma 14.2 Whatever is the paitr A > 0, the inclusion

ZC W(A) (14.8)

18 true.

We will see that by varying A in (14.8) it is possible to achieve an exact description

of set Z.

In order to prove this conjecture some standard assumptions are required.
Assumption 1{.1 The matriz GA is of rank m.

We shall also make use of the following relation:
Lemma 14.8 Under assumption 14.1 take A=A(1,a) = {I,,al,}. Then
¥(A(l,a)) G — I, witha — 0.

The given relation follows from equality W(A(1, a)) G' = (al,, + D)"!D where
matrix D = GALAG' is nonsingular, L=1,
Theorem 14.1 The inclusion z € Z 1s true if and only if for any £ € R™ , A > 0 we have

(£,2) < ple| W(N) = (€, A) (14.9)

Inequality (14.9) follows immediately from the inclusion z € Z due to Lemma 14.2.
Therefore it suffices to show that (14.9) yields z € Z. Suppose that for a certain z* the
relation (14.9) is fulfilled, however z* € Z = Z, (M Z,. First assume that 2z* € Z,. Then

there exists an ¢ > 0 and a vector p* such that

(—p*,y)+ (G p*,2*)>p(-p* | Q) +¢ (14.10)

Now we will show that it is possible to select a pair of values £* , A* that depend upon p*

and are such that

(£, 2%) > o | W) = f(&, AY) (14.11)
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Indeed, taking £* = G" p* , A(1, a) = {1, , al,,} we have

£ AL, @) = @(E, AL, @) £ ((*, 4) + p(=p* | Q)) (14.12)

From Lemma 14.3 and condition
p(&*,A(1,a)) = K }a) GAI, A" G’ p* , K(a) = al,, + GAA'G"
it follows that
p(* ,A1,a)) —p*,a—0 (14.13)

But then from condition (14.13), from Lemma 14.2 and from the properties of function
f(€, A) it also follows that for any € > O there exists an ay (¢) such that for a < ag(e) the
inequality

| (¢, A1, a)) = ((p*, 9) + p(=p" | Q) | < ¢/2 (14.14)

1s true.
Comparing (14.10), (14.12), (14.14) we observe that for a < ag(e).
(€ ,z2')=(G p*,2*)> f(& ,A(1,a)) +¢/2.
Therefore, with A* = A(1, a*) , a < ag(¢) the pair {€*, A*} yields the inequality
(14.11).
Now assume z* € Z,. Then there exists a vector £ for which

(€, 2)2¢() +0,0>0.

where
(&) =p(A L[ X)+ p(B" £]| P)
Taking £ = 0, A = A(1, a) we find:
Y(A(l,a)) —0,a — oo .

But then for any ¢ — 0 there exists a number a®(g) such that

|f(£0,/\(l,a))_§(£0)’50,/2

provided a > a%o). Hence, for a > a%0) we have

(ZO ,2') > f(&0, @) + a/2
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contrary to (14.9). The theorem is thus proved.
From the given proof it follows that Theorem 14.1 remains true if we restrict our-
selves to the one parametrical class
A = {A(1,a)},A(1, @)= {I,,al,}
Therefore, the theorem yields:
Corollary 14.1 Under the conditions of Theorem 14.1 the inclusion z € Z 1s true if and
only tf for any £ € R"™ we have

(¢,2) < f(9), (14.15)

where
[ =anf{f(¢,A(1,0)) | a>0}
Being positively homogeneous, the function f;(£) may, however, turn out to be non-
convex, its lower convex bound being the second conjugate fi*(€) where, [21],
9'(q) =sup {(£, 9) — 9(O)}, g"* (&) = (9°)"(®)
The convexification of fi(£) in (14.15) will not violate this inequality. In other
words, (14.15) will yield
Corollary 14.2 Under the conditions of Theorem 14.1, we have
p(e12) = 17(8) < 1,(8) (14.16)
However, if we move on to a broader class A(2) = {L | N} where L >0 and N >0

depend together on at least m independent parameters it is possible to achieve a direct

equality immediately, 1.e.

(L] 2) = £,(0) (14.17)

where

f2(&) = inf {f(€,A) | AC A} = fi*(0), (14.18)
Problem (14.18) will be called the stochastically dual for (13.5). The following asser-

tion is true.
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Theorem 14.2 Under assumption 14.1 relations (14.17), (14.18) are true, where the
infimum 1s taken over all L >0 N > 0.
The proof of Theorem 14.2 is rather long and will be omitted in this text. It may be
found in paper [26].
The stochastic dual problem (14.18) may therefore replace (13.6).

On the other hand we may again turn to set-valued duality, now iii terms of a sto-

chastic problem. Due to Corollary 14.1 the set of inequalities (14.15) will lead us to
Lemma 14.8 The following equality is true
Z={N W (n) | renll)} (14.19)
The relations of this paragraph indicate that set Z may be described by deterministic

relations (13.7) as well as by approximations (14.19) generated due to the stochastic esti-

mation problems of the above.

The results of this paragraph allow to devise solutions to multistage problems.

15. A Multi-Stage System

Returning to system (12.1)-(12.4) let us seek for X[s] = X(s , kg, X°). We further

introduce notations

Y(k) = {z : y(k) - G(k) z € Q(k)}
and X*(s, j, F) is the solution X(s) to the equation

X(k+1)=A(k) X(k) + B(k) P(k) ,j<k<s-1 (15.1)
with X(7) = F. Then it is possible to verify the following recurrent equation similar to

(13.3).
Lemma 15.1 Assume ylkg + 1, k| to be the realization for the measurement vector y of

system (12.8), (12.1). Then the following condition s true.

X[kl=X(k, ko, X°) = X" (k,k-1]|X[k-1))N Y(k) (15.2)
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Formula (15.2) indicates that the innovation introduced by the k-th measurement
Y(k) appears in the form of an intersection. Therefore X* (k, k — 1| X[k — 1]) is the
estimate for the state of the system on stage k before the arrival of the k-th measurement

while X[k| is the estimate obtained after its arrival.

Relations (15.2) may be interpreted as a recurrence equation. One may rewrite
them in a somewhat different way, namely through (13.6) and (13.7). Applying (13.7) for

each stage k we come to

Lemma 15.2 The set X[k| satisfies the following recurrence equation

X[k +1]={N (I, - M'G(k))(A(k)X[F] + B(K)P(k)) +

+ M (y(k) - Q(k))| M}
X[ko] = X©

A nonlinear version of this scheme is given further in §§ 18-20. However, the topic of
this paragraph is another procedure. It is the scheme of stochastic filtering approzimation
which follows from the results of § 14, (Theorem 14.1). Together with (12.1, (12.3) con-

sider the system (involving almost sure equalities)

w(k + 1) = A(k) w(k) + B(k) v(k) + C(k) u(k) (15.3)
k=ky,1,...,s l;w(ko):zo+w0,
z(k) = G(k) w(k) + &£(k) + n(k) , u(k) € R, (15.4)

where the inputs z°, v(k) , £(k) are deterministic, subjected to “instantaneous” con-
straints

20 € X0, v(k) € P(k) , £(k) € Q(K) ,

while w® , (k) , n(k) are independent stochastic Gaussian vectors with

@ = Euw® =0, a(k) = Eu(k) =0,
(k) = En(k) =0, Ev® w* = PO, (15.5)
Eu(k) u’(k) = L(k), En(k) En(k) = N(k) ,

where L , N are positive definite.
Suppose that after k — k, stages for system (15.3), (15.4) measurement

z[ky , k] € R™* = %) has been realized. Having fixed the triplet
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€0, k| = {29, vikg , k — 1], Elkg , k]}
and having denoted w(k) = {v(k — 1), &(k)} , D(k) = { P(k — 1), Q(k) } we may find a
recursion for the conditional mean value

w(k + 1) = E{w(k + 1) | w(k) , ©(k) , 2(k + 1)}
Define

Wik+1,F| = W(k+1,L(k), Nk +1),F)
U { ok + 1] | w(k) € D(k) , ©(k) € F}

From Theorems 14.1, 14.2 and Lemma 14.3 we come to the following propositions

Theorem 15.1 Suppose Assumption 1.1 holds for A = A(k), G = G(k+ 1),k € [ky, s
and the sequence of observations ylk, , s|, z[k, , s| for system (12.1), (12.3) and (15.3),
(15.4) coincide: y[k, , s] = z[k, , s|. Then the following relation 1is true
X[s|={ W(s,L,N,X[s—1) | reAD} s>k, (15.6)
X[ko) = X%, A={L,N},P°=0,
moreover, with P° =0 and
S, s)=uinf{p (€| W(s,L,N, X[s - 1])}
overall(L,N)zACA(i),i:1,2,wehave
p(f | X’s]) = i“ (e ’ s), p(£|X[S]) = f2(£ ’ s) ’
where the second conjugate 1s taken in the variable £.
Theorem 15.2 Under the condition of Theorem 15.1 for each positive definite matriz pair
{L(k - 1), N(k)} = A(k), the following inclusions are valid
Xk+1]C W(k+1,L(k), Nk+1), X[K) (15.7)
=R(k+1,A(k+1), X[k]), k>0,
where
R(k+1,A(k+1), X[k])= (I, — H(k +1) G(k + 1)) (A(k) X[k] + B(k)P(k) +
+ H(k+ 1) (y(k+1) -~ Q(k+ 1))
X[o] = X,

Hk+1)=C(k) L(k) C'(k) G'(k+ 1) K~1 (k+ 1),
K(k+1)=N(k+ 1)+ G(k + 1) C(k) L(k) C'(k) G'(k + 1),

)
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The recurrence relations (15.7) thus allow a complete description of X|[s| through

equation (15.6). Solving the system

Wik +1) = R(k+1, Ak + 1), W(R)) ,
w(0) = X°
we find
X[k+1)C Wk+1)
where

p(¢| X[k +1]) =inf{p(t| Wk+1)) |A(j+1);5=ko,..., k; P°=0}
with each pair A(F +1) = {L(5), N( + 1)} belonging to the class Al2). The total
number of parameters over which the minimum is sought for does not exceed km.

The procedure given above is similar to the one given in (14.2). It is justified if the
sets X[k] are to be known for each k > 0. Note that in any way with arbitrary
L(j) ,N(7 +1),57=0,..., k— 1, the set W(k) always includes X[k|.

Let us now assume that the desired estimate is to be found for only a fixed stage
s > ky. Taking z[ky, s] to be known and triplet £[kg , s| for system (15.3), (15.4) to be
fixed, we may find the conditional mean values
and the conditional covariance

P(k) = E{ w(k) — w(k)) (w(k) - @(k))" | [k, + 1, k] , &[ko , K]}
where
Eu(ky) = 20, P(kg) = P°
Denoting
olk, g, Fl=E{wk) |2+ 1,k 0[5, k-1],¢7+1,4,a(5)}
Wik,j,Fl=U E{w(k) | 2[5+ 1,k ,v[j,k~1]€P[5,k-1],

7 +1,keQi+1,k,®(5) € F}
Wik, ko, X°) = W(k),
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and having in view the Markovian property for the process (15.3), (15.4) it is possible to

conclude the following:

Lemma 15.8 The equality

W(k)= Wik, j, W(j)| (15.8)
holds for any 5 , k , 7 < k.

The corresponding formulae that generalize (14.2), (14.3) have the form

W(k +1) = (E - S(k+ 1) G(k + 1)) (A(k) W(k) + B(k)P)
+ S(k+1) (2(k+1) - Q),
S(k+1)=Dk+1)Gk+1)K 1 (k+1), (15.9)
P(k+ 1) = D(k) — D(k) G'(k+ 1) K~Y(k + 1) G(k + 1)D(k) ,
D(k) = A(k) P(k) A°(k) + C(k) L(k) C'(k)
K(k+1)= N(k+ 1)+ G(k+ 1) D(k) G'(k + 1)
P(koy =L,

If we again suppose z|kg , s] = y[kg , 5|, then due to the inclusions

W(k+1)D Wk+1,k,X[k]], k> kg

that follow from Lemma 14.2 and to the monotonicity property

W[k+l)k)FI]gW[k+lak:F2]’F1gF2)

that follows from (15.9) we obtain in view of (15.8)

X[k] € W(k), for k> 1 (15.10)

Consider the following condition:

Assumption 15.1 The system (12.1), (12.3), v[0,s — 1] =0, £[1, s| =0 4s completely

observable on [k, , s].
The given property is defined for example in [4].
In the latter case the following proposition is true:
Theorem 158 Under the conditions of Theorem 15.1 and assumption 15.1 assume

ylko , 8] = z[kgy, s]. Then the equality

X[s]={M W(s) | P°, N(k+1),L(k) ,k=kg,...,s — 1} (15.11)
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is true for any P° > 0 and any diagonal N(k) > 0, L(k) > 0. Moreover for the given class

of matrices we have

p(e| X[s])=f*(L,s),f*(€,s)=tinf{p(¢| W(s)) | P°,L>0,N>0,ke[ky,s]} (15.12)
Therefore, the precise estimate is again attained here through a minimization pro-

cedure.
Remark 15.1 The relations (15.9), (15.10) may therefore be treated as follows

(a) In the case of a set-membership description of uncertainty as in (12.2), (12.4) with
u(k) =0, n(k) =0, equations (15.9), (15.10) contain complete information on

X[k + 1] as stated in Theorem 15.3.

(b) In the case of both set-membership and stochastic uncertainty, as in (15.3)-(15.5),

equation (15.9) describes the evolution of the set of the mean values of the estimates.

(c) In the case of pure stochastic uncertainty with sets X°, P(k) , Q(k) consisting of one
element (20, p(k) , g(k)) each, the relation (15.9) turns out to be an equality which

coincides with the conventional equations of Kalman’s filtering theory.

Remark 15.2 Following the scheme of Theorem 14.1 it is possible to demonstrate that

relation (15.11) holds for P° | N(k) , L(k) selected as follows:

PP=4],

n

> N(k) = a(k) Im > L(k) = ﬂ(k) In

where

Example

Consider a two-dimensional system

, €
ewz, 1

z(k+ 1) = l B ]z(k) (15.13)

with a scalar observation

y=z1+¢§ fe@={&g <} . (15.14)
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The initial state 2z°€ X° where X°=2z'(0)+S, z' is given and
S = {z:|z;] < 1; 1 =1, 2} is a square.

The aim is to estimate the state z(k) at each stage k. Making use of formula (13.6)
at each stage k, we will estimate X[k + 1] = X(k + 1, k, X[k]) by a rectangle X|k]

oriented along the axes {z,, z,}. Here the calculations are as follows.

If X is a rectangle such that X = z* + X where

X = {z:|zy| < py, 20| < g}
then

pUIX) = (L, 2%) + mlly] + pally] (15.15)
Thus we may calculate some values of the function p({|X(k + 1, k, X(k))) with X(k)

given. Using formula (13.6) for our example we have

1 - ml, O 1 - ml, 6(1 - ml)
F(M):(I'n_MG)A: - my, 1 A= _m2_€w2,—em2+l
M = (my, my)
Therefore
p(l|X(k + 1, k, X[k])) = (15.16)

= inf {p(I'"F(M)|X[k]) + p(I'M"[y(k) - Q)} ,
Starting with rectangle X° and calculating p({|X[1]) for

Lo L2112

due to formulae (15.15), (15.16), we define a rectangle X[1] 2 X[1] - the “smallest” rec-

)

tangle that includes X[1] and is oriented along the axes {z,, z,}. Further on, taking X[1]
instead of X[1], and repeating the procedure, we come to a rectangle X[2] etc. Thus, after
k stages, we will find a rectangle

X[k] 2 X(k, 0, X%) = X[k|

which is an upper estimate for X[k]|.
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The respective calculations were done for a system described by relations (15.13),
(15.14) with y(k) being an actual realization of the system generated by an initial vector
z* € X° unknown to the observer and by an unknown “noise” £(k) that attains either of

the values + u or — u due to a random mechanism.

The results of the simulations for several starting sets X° are given in Figures 6-8
with € = 0.2, w? = 1.2, v = 0.5. In Figure 9 we have the same problem with an additional

"horizontal” input disturbance

v(k)
added to the right hand part of (15.13), assuming v(k) being unknown, random and uni-

formly distributed in the interval — 0.25 < v(k) < 0.25. The calculations are the same as

before except that due to (13.6) we have to substitute p(!"F(M)|X(k)) by

p(UF(M)|X(k)) + p(I'(I; - M'G)|BP)

where

BP ={p:p; =0, |py] <0.25} .
The ideas of the above allow to approach nonlinear systems. Some of the basic facts

related to guaranteed nonlinear filtering are given in the sequel.

16. Nonlinear Uncertain Systems

Consider a multistage process described by an n-dimensional recurrence incluston

z(k+1)€ F(k,z(k)), k>ky>0 (16.1)
where k € [k, , 00), z(k) €IR™, F(k,z(k)) is a given multivalued map from [k, , 00) x R"

into comp R"™.
As before suppose the initial state z(ky) = 20 of the system is confined to a preas-

signed set:

Lex® (16.2)
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Let Q(k) be a multivalued map from [k; , 0o) into compIR™ and G(k) - a single-
valued map from [k, , 00| into the set of m x n-matrices. The pair G(k), Q(k), introduces
a state constraint

G(k)z(k) e Q(k), k> ko+1 | (16.3)

on the solutions of system (16.1).

The subset of R"™ that consists of all the points of R"™ through which at stage
8 € [kg,00) there passes at least one of the trajectories z(k , kg, 20), that satisfy constraint

(16.3) for k€ [kq,7], will be denoted as X(s | r,kq,z°).

If set Q(k) of (16.3) is of a specific type

Q(k) = y(k) - Q(k)
where y(k) and @(k) are given, then (16.3) transforms into

y(k) € G(k)z(k) + Q(k) (16.4)
which could be interpreted as an equation of observations for the uncertain system (16.1)
given above. Sets X(s |7, kg, X°) therefore give us guaranteed estimates of the unknown
states of system (16.1) on the basis of an observation of vector y(k), k € [kq,7] due to equa-
tion (16.4).

For various relations between s and 7 this reflects the following situations
(a) for s = 7 - the problem of "guaranteed filtering”

(b) for s > 7- the problem of "guaranteed prediction”
(¢) for s < 7- the problem of "guaranteed refinement”

The aim of this paper will first be to study the informational sets
X(r|7, ky, X°) = X(r, kg, X°) similar to those of the above and their evolution in
"time” 7.

The sets X(k,k%z%) may also be interpreted as attainability domains for system
(16.1) under the state space constraint (16.3). The objective is therefore to describe the

evolution of these domains. A further objective will be to describe the more complicated
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sets X (s |7,kp,z°) and their evolution

17. A Generalized Nonlinear Dynamic System

From the definition of sets X(s | 7,k0,20) it follows that the following properties are
true.
Lemma 17.1. Whatever are the instants t,s,k, (t > s>k >0) and the set F€EcompR"”,
the following relation 1s true
X(t,k,F) = X(t,s,X(s,k,F)). (17.1)
Lemma 17.2. Whatever are the instants s,t,r,kl(t>s>1,7>1>k;t>1) and the set
F € comp R" the following relation 1s true
X(s|t,k,F) = X(s|t,L,X(I|,k,F)) . (17.2)
Relation (17.1) shows that sets X(k,7,X) again satisfy a semigroup property which
allows to define a generalized dynamic system in the space 2R" of all subsets of R™. On
the other hand, (17.2) is a more general relation which is true when the respective inter-
vals of observation may overlap.
In general the sets X(s|t,k,F) need not be either convex or connected. However, it

is obvious that the following is true

Lemma 17.8. Assume that the map F is linear in z:
F(k,z) = A(k)z+ P
where P€convR™ Then for any set FeconvR"™ each of the sets
X(s|t,k,F)EconvIR(t > s> k>0).
Therefore the next step will be to describe the evolution of the set
X[kl = X(k, k, , X°). This will be later given in the form of a decoupling procedure.

However it is convenient to commence with a description of the one-stage problem.
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18. The One-Stage Problem

Consider the system

ze F(z), GzeQ, z€X,
where ze R®, XecompR", Qe€convlR™, F(k) is a multivalued map from R" into

conv R" G is a linear (single-valued) map from R" into R™.

It is clear that the sets F(X) = { | JF(z)|z€ X} need not be convex.

Let Z, Z* respectively denote the sets of all solutions to the following systems:
(a) zeF(X), GzeQ,
(b) *ecoF(X), Gz*e€Q,

It is obvious that the following statement is true

Lemma 18.1. The sets Z, coZ, Z* satisfy the following inclusions

ZCc0ZCZ (18.1)

Denote

®(lp,g9) =(1-G'p,q)+p(-r| Q)
Then the function ®(l,p,q) may be used to describe the sets co Z,Z*. The techniques of

nonlinear analysis yield

Lemma 18.2. The following equalities are true
p(l] Z2) = p(l|co Z) = sup inf (l,p,q) , g€ F(X), peR™ (18.2)
g »
p(l| Z*) = infsup ®(l,p,q) , geF(X),peR™ (18.3)
P 9

The sets co Z , Z* are convex due to their definition. However it is not difficult to
give an example of a nonlinear map F(z) for which Z is nonconvex and the functions

p(l|coZ), p(l] Z*) do not coincide, so that the inclusions Z Cco Z, co Z C Z* are strict.

Indeed, assume X = {0} , z € R?

F(0

{z 621+1:2<3 )4+ 62, < 3,2, >0,29 >0}

)=
G=(0,1),Q=(0,2).
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Then
Y={2:Gz€Q}={z:0<12,<2}

The set F(0) is a nonconvex polyhedron O K D L in Figure 10a while set Y is a
stripe. Here, obviously, set Z which is the intersection of F(0) and Y, turns to be a non-
convex polyhedron O A B D L, while sets co Z, Z* are convex polyhedrons O A B L and
O A C L respectively (see Figures 10b and 10c). The corresponding points have the coor-
dinates
A=(0,2),B=(1/2,2),C=(1,2),D=(3/7,3/7),K=(0,3),L=(3,0),

0 =(0,0).
Clearly ZCco ZC Z* .

This example may also serve to illustrate the existence of a “duality gap”, [21]
between (18.2) and (18.3).

For a linear-convex map F(z) = Az+P (P€convIR"™) there is no distinction
between Z, co Z, and Z*:
Lemma 18.8 Assume F(z) = Az+ P where Pc€convR", A s a linear map from R"
tnto R". Then Z =coZ = Z*.

The description of Z, co Z, Z* may however be given in a “decoupled” form which,
allows to present all of these sets as the intersections of some parametrized varieties of

convex multivalued maps of relatively simple structure.

19. The One Stage Problem - A Decoupling Procedure.
Whatever are the vectors [,p(! # 0) it is possible to present p = M“l where M belongs
to the space M™ * " of real matrices of dimension m x n. Then, obviously,
p(l| Z) = sup i}c{f S, M1l,q)=p(|coZ),gqe F(X), MeM"*™, (19.1)
q
p(l|Z‘)=ii1'!i'supd>(l,M'l,q) g€ F(X), MeM"* ™
q

or
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p(1]2*) = inf{®( , M) | MeM"X ™} (19.2)

where

(L, MI1)={®(,Ml,q)| g€coF(z)} =
=p((E- G M)l|co F(X))+p(-M'1] Q) .
From (19.1) it follows

2C U NRMOSN U R(Mg), MeM™m (193
qe F(X) M M g€ F(X)
where
R(Maq) = (En_MG)q —'MQ

Similarly (19.2) yields

¢ U {(B.-MG)g-MQ}. (19.4)
M g€co F(X)

Moreover a stronger assertion holds.

Theorem 19.1. The following relations are true
Z=2(X)= U N R(My) (19.5)
geF(X) M
Zx = Z*(X) = N R(M,co F(X)) (19.6)
M

where Me M™ X",

Obviously for F(z) = AX+ P,(X,P€coR") we have F(X)=coF(X) and
Z2=2"=coZ.

This first scheme of relations may serve to be a basis for constructing multistage
procedures. Another procedure could be derived from the following second scheme. Con-
sider the system

ze F(z) (19.7)

Gze Q, (19.8)

for which we are to determine the set of all vectors z consistent with inclusions (19.7),
(19.8). Namely, we are to determine the restriction Fy(z) of F(z) to set Y. Here we

have

F(z) if zeY
Fy(2) =14 it zey
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where as before Y = {z:Gz€ Q}.

Lemma 19.1 Assume F(z)€compR" for any z and Q€ convR™. Then

Fy(z) = rD (F(z) - LGz + LQ)

over all n X m matrices L, (LeM"* ™),
Denote the null vectors and matrices as {0},, € R™, {0},, , € R™™", and the

(nxm) matrix L, as

Im
{0}, m

Suppose z€ Y. Then {0},, € Q — Gz and for any (nxm) -matrix L we have

Lmn =

{0}, € L (@ — Gz) . Then it follows that for z € Y.

F(z) C rD (F(z) + L(Q — Gz)) C F(z)
On the other hand, suppose z € Y.
Let us demonstrate that in this case

FD{F(I)+L(Q—GI)}=¢‘

Denote 4 = F(z), B= Q — Gz. For any A >0 we then have

MN(A+LB)C(A+AL,,B)n(A-A)L,,,B)
L
Since {0},, ¢ B we have {0}, ¢ L,..B. Therefore there exists a vector € R", | #0 and

a number 4> 0 such that

(,z) >4>0 forany z€lL,B,
Denote

L={z:(l,z)>~}.
Then IL. 2 L, B and

(A+AL,.B)N(A—-AL,,,B)C(A+AL)N(A ~AL)
Set A being bounded there exists a A >0 such that
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(A+AL)N(A - AL) = 6.

Hence

N(A+LB)=¢

L

and the Lemma is proved.

If in addition to (19.7), (19.8) we have

zeX (19.9)

then the set Z, consistent with (19.7)-(19.9) may be presented as

LX) = U M (F(z) - LGz + LQ) (19.10)
zeX L

Therefore each of the sets Z(z), Z°(z) (z € X) may be respectively decoupled into the cal-
culation of either set-valued functions R(M , g) or

R,(L,z)=F(z) - LGz + LQ
according to (19.5), (19.10). It may be observed that each of these are also applicable

when Z(X) , Z,(X) are disconnected.

In the linear-convex case

F(z) = Az + P, P €conv R",

we have

Z(X)=N{(F - MG)(AX + P) + MQ}
M

Z,(z)=N{(A - LG)X + P + LQ}
L

20. Solution to the Problem of Nonlinear "Guaranteed” Filtering

Returning to system (16.1)-(16.3) we will look for the sequence of sets

X[s] = X(s,ko,X°) together with two other sequences of sets. These are

X*[s] = X*(s,kq,X°)

- the solution set for system
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z(k+1)€co F(k,X*[k]), X*[ko] = X° (20.1)
G(k+1) z(k+1) € Q(k+1), k> kg (20.2)
and X,[s] = X,(s,kq,X°) which is obtained due to the following relations:

X,[s] = co Z|s] (20.3)

where Z[k+1] is the solution set for the system

z2(k+1) € F(k, X [k]), Z[k°] = X°, (20.4)
G(k+1)z(k+1)€ Q(k+1), k> k. (20.5)
The sets X,[r], X*|r] are obviously convex. They satisfy the inclusions
X[ € X, [r] < X*[1]
while each of the sets X[r], X,[r], X*[7] lies within
Y(1)={z:G(Nz€Q(n}, r2ko+1,
The sets X[r] , X,[7] , X*|7] may therefore be obtained by solving sequences of prob-
lems
z(k+1) € F(k, z(k)) (20.6)
G(k+1) z(k+1) € Q(k), k>k, (20.7)
for X[s], (20.1), (20.2) for X*[s] and (20.3) - (20.5) for X,]s]
In order to solve the “guaranteed” filtering problem with Q(k) = y(k)—Q(k) one
may follow the first scheme of § 19, considering the multistage system
Z(k+1) = (I, — M(k+1)G(k+1)) F(k,S(k)) + M(k+1)(y(k+1) — @(k+1)) (20.8)

S(k) = {NZ(k)| M(k)}, k>ky, S(ky) = X°, (20.9)
where M(k+1)e R"*™.

From Theorem 19.1 one may now deduce the following result

Theorem 20.1 The solving relations for X[s], X,[s], X*[s] are as follows

X[s] = §(s) for FO(k,S(k)) = F(k,S(k)) (20.10)
X*[s] = S(s) for FO(k,S(k)) = co F(k,5(k)) (20.11)
X,[s] = coS(s) for FO(k,S(k)) = F(k,coS(k)) . (20.12)

It is obvious that X|r] is the ezact solution for the guaranteed filtering problem while

X.[7], X*|7] are upper conver majorants for X[r]. It is clear that by interchanging and
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combining relations (20.11), (20.12) from stage to stage it is possible to construct a broad
variety of other convex majorants for X|7]. However for the linear case they will all coin-
cide with X|7].

Lemma 20.1 Assume FO(k,S) = A(k)S + P(k) with P(k), X° being convez and compact.

Then X[k] = X*[k] = X,[k] for any k> k.
Consider the nonlinear system

Z(k+1) = (I, — M(k+1)G(k+1)) F°(k,2(k))
+ M(k+1)(y(k+1) = Q(k+1)), Z(ky) = X°,

having denoted its solution as

Z(k;My(+)) for Fo(k,Z) = F(k,Z)
Z,(k,M(+)) for FO(k,2) = F(k,oZ2)
Z*(k,M(+)) for FO(k,Z) = co F(k,2)

Then theorem 20.1 yields the following conclusion

Theorem 20.2 Whatever is the sequence M(-), the following solving inclusions are true

X[s] € 2(s,M,(+)) (20.13)
X,[s]CZ,(s,M,("))
X*[s] € 2*(s,M,( ), 5> ko,

with Z(s,M,(-)) C Z.(s,M,(*)) C Z*(s,M,(-)).

Hence we also have

X[s] € M {2(s;M,(+)) [ M(-))} (20.14)
X,[s] € N{Z.(s:M,(+)) I M,(+)) } (20.15)
X*[s] € M{Z(s:M,(+)) I My(+))} (20.16)

over all M,(s).
However a question arises which is whether (20.14)-(20.16) could turn into exact
equalities.

Lemma 20.2 Assume the system (16.1), to be linear: F(k,z) = A(k)z+ P(k) with sets

P(k), Q(k) convez and compact. Then
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X[s] = X*[s] = M {Z,(-.,M,(+))} (20.17)

where Z,(+ M,(+)) is the solution tube for the equation

Z(k+1)=(I,— M(k+1)G(k+1)) (A(k) Z(k) + P(k)) + (20.18)
+ M(k+1)(y(k+1) - G(k+1)), Z(k,) = X°
Hence in this case the intersections over M (k) could be taken either at each stage as

in (20.10), (20.11) or at the final stage as in (20.17).

Let us now follow the second scheme of § 19, considering the equation

z(k+1) € iy(k](k,z(k)), 0 = z(ky), z%€X?, (20.19)
and denoting the set of its solutions that start at z°¢ X? as Xo(k,ko,zo) as

U { 20k, ko,20) | 2°€ XO} = XO(k,ko, X°) = XO[k] .

According to Lemma 19.1 we may substitute (20.19) by equation

z(k+1) € (F (k,z(k)) - LG(k)z(k)+ LQ(k)) , z°€ XP,
L

The calculation of X°[k] should hence follow the procedure of (19.10)

Xk+1)= U (O (Fkz) - LG(K)z+ LQ(k)), X(ko)=X". (20.20)
z€X(k) L
Denote the "whole” solution tube for this solution (ky< k<s) as )?}E’O[ -]. Then the

following assertion will be true.

Theorem 20.8 Assume X,‘:O[k] to be the cross-section of the tube )2}:0[ *| at instant k and
X°=X°M Y(k,). Then
X[s] = Xp'[s] if F(kz) = F(k,z),
X* = XpH(s] if F(k,z) = co F(k,2)
Here Xio[s]gfi(fl[s] and the set Xgo[s] may not lie totally within Y(s), while
s+1
always X; " [s] C Y(s) .
Solving equation (20.19) is equivalent to finding all the solutions for the inclusion

z(k+1)€rLj(F~‘(k,z(k))+L(y(k) — G(k) z(k) — Q(k)), z(ky)e X°  (20.21)
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Equation (20.21) may now be “decoupled”into a system of “simpler” inclusions

z(k+1)€ F(k,z(k))+ L(k) (y(k) — G(k)z(k)) - L(k) Q(k), z(ko) € X° (20.22)
for each of which the solution set for ky < k < s will be denoted as
Xic’o( ) ’kO’XO’L( )= Xic’o[ L(+)]
Theorem 20.4  The set X} [ -] of solutions to the inclusion
241 € F(k,2(K))
y(k) € G(K)z(k) + Q(k), ky<k<s
13 the part of the solution tube
XEP 1 =N XL (ko s
L
which is restricted to stages [ky , s|. Here the intersection may be taken only over all con-
stant matrices L(k) = L.

This scheme also allows to calculate the cross sections X,‘:O[s]. Obviously

Xi < N X s, L)) (20.23)
L[]
over all sequences L[] = { L(ky), L(ky+1),...,L(s+1) }. Moreover the following proposi-

tion is true, and may be compared with [5, 9-11].

Theorem 20.5 Assume F(k,z) to be linear-convez: F(k,z) = A(k)z+ P(k), with P(k),

Q(k) convez and compact. Then (20.23) turns to be an equality.

The next estimation problems are those of “prediction” and “refinement”.

21. The "Guaranteed Prediction” Problem
The solution to the guaranteed prediction problem is to specify set X(s | ¢, k, , X°)

for s > t It may be deduced from the previous relations due to (17.2) since

X(s |t k,, X =X(s|t,X(t,k,,X°)

Similarly we may introduce set

X'(s|t, ky, XO)=X"(s|t,X"(s]t,X*(t,k,, X))
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where X*(s | t, z) is the attainability domain for the inclusion

z(k+1) € co F(k , z(k))
witht <k < s, z(t) =1z
The description of X(s|t,k, X°),X*(s|t,k, X°) may be given through a
modification of theorems 20.1 - 20.5, by the following assertion
Theorem 21.1 The solving relations for the prediction problem are

X(s|t,k, X° = X|s]

X*(s | t,k, X°) = X*s]
where X|[s| , X*(s| are determined through (20.10), (20.12), (20.8), under the condition

S(k) ={M Z(k) | M(k) e R"*™}
S(k) = Z(k) for k > t

For the linear convex case an alternative presentation is true. Denote
L{ (+) ={L(k,),...,L(s)} to be a sequence of (nxm) - matrices L(1) , k, < ¢ < s, such
that L(i) =0for t <1< s.
Theorem 21.2 Assume F(k,z) = A(k)z + P with P, X° convez and compact. Then
X(s |tk , X)={N X} [s, Li()] | L(-)} (21.1)
The solution to the prediction problem may therefore be decoupled into the calcula-
tion of the attainability domains A;io [s , L{(+)] for the variety of systems

z(k+1) € (A(k) — L(k) G(k)) z(k) + L(k) y(k) + L(k) @(k) + P(k) (21.2)
L(k) =0for k >t

each of which starts its evolution from X?.

The forthcoming “refinement” problem is a deterministic version of the interpolation

problem of stochastic filtering theory.
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22. The "Guaranteed” Refinement Problem

Assume the sequence y[k , t] to be fixed. Let us discuss the means of constructing

sets X(s | t, k, F), with s € [k, t|]. From relation (17.2) one may deduce the assertion

Lemma 22.1 The following equality 1s true

X(s|t,k,F)=X(s|s,t,X(t,k,F)) (22.1)
Here the symbol X(s | s, t, F), taken for s < t, stands for the set of states z(s) that
serve as starting points for all the solutions z(k , s, z(s)) that satisfly the relations

z(k + 1) € F(k, z(k)), z(t) e F
z(k)e Y(k), s<k<t

Corollary 22.1 Formula (22.1) may be substituted for
X(s|t,k,F)=X(s, k,F) X(s]|s,t,K) (22.2)
where K 1s any subset of R™ that includes X(t , k , F).

Thus the set X(s | t, k, F) is described through the solutions of two problems the
first of which is to define X (s, k, F) (along the techniques of the above) and the second
is to define X(s | s, t, K). The solution of the second problem will be further specified
for F € comp R" and for a closed convex Y.

The underlying elementary operation is to describe X - the set of all the vectors

z € R" that satisfy the system

z€ F(z), z€Y
(X={z:F(z) N Y #4})

Using suggestions similar to those applied in Lemma 19.1 we come to
Lemma 22.2 The set X may be described as

X=U{N{Ez- MF(z) + MY | Me M"*"} | z€ R"}
From here it follows:

Theorem 22.1 The set X(s | s,t, R) may be described as the solution of the multistage

system (in backward "time”)
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Xkl = Y(k) N X |[k] (22.3)
where

Xkl=U{N{Ez— MF(z) + MX[k+1] | Me M™" } | z€ R"},
k<

s < t, X[t]= Y[t].

Finally we will specify the solution for the linear case

z(k+ 1) € A(k) z(k) + P(k), Y(k) = {z : y(k) € G(k)z + Q(k)}

Assume

X={z:2€6Az-P,z€Y,2€2} , Y={z:Gz€ Q -y} (22.4)

where A € M™*" . Ge M™*"® P, Q, Z are convex and compact.

Lemma 22.8 The set X may be defined as
p(L] X) =inf{p(A | P)+p(A | Z2) +p(p | @ - ¥)}
over all the vectors A € R™ | p € R™ that satisfy the equalityl= A" A + G'p.
The latter relation yields:
Lemma 22.4 The set X may be defined as
XCL(Z+P)+ M(Q-y)=H(L, 6 M) (22.5)
whatever are the matrices L € M™" and M€ M™*" that satisfy the equality

L A+ M G=E,. Moreoverthe following equalities are true

X={MH(L,M)|L,M) (22.6)
p(L| X)=inf{p(l| H(L,M)) | LM}
over allL € M™" M e M™*",

Corollary 22.2 Suppose | A | #0. Then conditions (22.5), (22.6) may be substituted for

XC(E,-MG)A Y (Z+ P)+ M(Q-y)=H(M),
X =M{HM) | M},p(l| X)=inf{p(l| H(M))| M}

where

MeM™X",
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The latter relations may be used for recurrent procedures. These are either

X[k =N{H, (L ,M)| LA
Hy(L,M)=L(X[k+ 1]+ P(k)) +
<

(k) + MG(k) = E, } (22.7)
M (y(k) - Q(k), X[t] = Y[¢] ,

s<k<t
with
X(s|s,t, Y[t]) = X[s] (22.8)
X[k] C H(L(k) , M(k)) , X[t] = Y[t] (22.9)
s<k<t
with
X(s|s,t,Y(t))=NAX[s] | Ly (+), M,(-)} (22.10)
where

L(-)=(L(s),..., L(2)) ; M,(-) = (M(s) ,..., M(t))
Theorem 22.2 The set X(s | s,t,Y) may be derived due to either equations (22.7) or

(22.9), (22.10).

Conclusion

This paper gives an introduction to the theory of guaranteed identification and state
estimation under uncertainty with unknown but bounded observation "noise” and input
disturbances. The whole problem is considered within a deterministic setting so that the
results are given in the form of set-valued estimates the description of whose evolution is

the objective of the solution schemes.

The mathematical techniques applied here are mainly those of convex analysis, set
theory and related topics [21, 27|. A respective continuous version of the given problems
would thus further lead us to the techniques of differential inclusions and viability theory

of nonlinear analysis, |28, 29|.
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An important issue is that the purely deterministic solutions to the guaranteed
filtering problems may be well approximated by solutions to related problems of stochas-
tic filtering as shown in §§ 14, 15. (This idea also applies to the identification problems of
§§ 7, 8.) Thus the well-developed computational techniques of stochastic estimation
theory may be modified through some procedures of parallel computations to solve the
problems of the above. Basically this gives a robust procedure for solving the specific class

of inverse problems discussed in this paper (see also [30, 31]).

One may raise the question of what is more adequate in the analysis of systems - a
stochastic or a “set-membership”, deterministic description of uncertainty? The author’s
opinion is that this question is not correct — the specific informational assumptions for a
given problem may require either of these approaches and techniques or perhaps a combi-
nation and interaction of both, [32-34]. It is the specific modelling problem that should

dominate the tools.

The author wishes to thank F. Stettinger for the computer simulations.
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