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Foreword
The IIASA Water Resources Project addresses the development and application of methods
and procedures needed t o identify policy strategies for water resources planning and operation.
Due t o population growth, industrial and agricultural development, increased pollution and the
impact of global climatic change, the reliability of water supply may substantially decrease in
various parts of the world, causing serious social and economic problems. There is a need for
studies on possible policy actions, aimed a t the development of more resilient and more robust
water systems, based on a sound understanding of geophysical processes which regulate the
hydrological cycle in a changing environment.
Professor Zdzislaw Kaczmarek's paper concerns methodological tools for the sensitivity analysis of the water balance components t o changing climatic forcings. It presents a, new meso-scale
hydrological model based on the stochastic stora.ge theory, and its applica.tion to the sensitivity
a.nalysis a.nd to wa.ter balance impact studies. The model allows to calcula.te runoff' c1la.ra.rt,eristics, evaporation and catchment storage on the basis of standard climatological data, a.nd
eventually on the basis of alternative climate scenarios. It was tested for a number of river
ca.t,chments in Europe a.nd Africa.
The possible effects of the expected changes in air temperature and precipitation will give
rise to various problems in many fields of water resource management. For this reason, the pa.per
ma.y be of interest not only t o hydrologists but also to decision makers in water indust,ry.
Professor Bo Doos
Lea.der
Environment Pr0gra.m

Sensitivity of Water Balance to
Climate Change and Variability
Zdzistaw Kaczmarek*
Dariusz Krasuski**
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Introduction

Scientists and politicians are faced with a n unusual problem, in t h a t mankind is going t o change
the global environment due t o increased population stress, industrial development and often unwise resource management. Serious disturbances in climatic processes may be expected during
the XXI century due t o increased concentration of greenhouse gases in the Earth's atmosphere
and related changes in the radiation balance. In spite of all the uncertainties associated with the
climate issue, the world scientific community is expected t o evaluate possible consequences of
atmospheric processes on vegetation, hydrology, sea level rise, economic a.ctivities and global security. This paper is concerned with the possible impact of climate variations on water resources,
in particular on water balance components.
T h e concept of a decisive role of climate in shaping hydrological processes was formulated
more than a hundred years ago by the Russian climatologist A.I. Voejkov by saying t h a t "rivers
are the product of climate" (Voejkov, 1886). In the pioneering paper on runoff processes Langbein says sixty years later t h a t "runoff, like soil moisture, evaporation, and other components
of the hydrological cycle, may he regarded as a manifestation of climate" (Langbein 1949). In a
recent Sta.tement of the Second World Climate Conference we read: "Among the most important
impacts of climate change will he its effects on the hydrological cycle a.nd water management,
systems, and through these, on socioeconomic systems" (Climate Cha.nge, Science, Impacts and
Policy, 1991). It is clear that the problem of interrelations between atmospheric and hydrological
processes is of great concern both from a. theoretical and a practical point of view.
There are a t least five main a.rea.sof research related t o the climatelwater resources interface:
1. Studies aimed a t detecting changes in atmospheric processes by means of hydrological
indicators, including paleohydrological investigations;

2. Analysis of the sensitivity of water balance components t o changes in climate characteristics;

3. Assessing the possible implications of climate fluctuations on water supply and demand,
and consequently on water management;
4. Studies on t h e impact of climate change on physical, chemical and biological processes in
rivers, lakes and reservoirs;

5. Research aimed a t sound and more a.ccura.te parameterization of land surfa.ce processes in
global and meso-scale atmospheric models.
'On Leave from the 1nst.itute of Geophysics, Polish Academy of Sciences
"1nst.itute of Geophysics, Polish Academy of Sciences, Warsaw, Poland

T h e progress in all these directions during the last ten years is evident, but niost of the
relevant theories, methods and models a.re open to improvements.
This paper describes a methodological framework for the climate/water bala.nce sensitivit,y
analysis. In the next section we present a simplified a.pproa.ch t o a quantitative a.ssessment
of possible changes in average annual runoff due t o future varia.tions in climate forcing, and
some critical comments on earlier works in this field. I t should be added t h a t a rough estima.te
of possible increase o r decrease of mean annual runoff may be informative for those who are
interested in a global-scale picture of t h e influence of possible climate shifts on hydrology. It
is usually of limited value for t h e regional water resources assessment a s well as for analyzing
socioeconomic implications of changes in t h e catchment-scale availability of water.
T h e main part of t h e paper is devoted t o a description of a IIASA modeling scheme aimed
a t t h e simulation of monthly o r seasonal responses in main water balance components - runoff,
water storage a n d evapotranspiration - t o future changes in climatic forcing. This model, based
on the stochastic storage theory, allows t o calculate mean values, standard deviations a.nd the
correlation structure of hydrological variables. Combined with simulation techniques i t coultl
be used for generating time series of monthly or seasonal flows. It was required t h a t input da.ta
should be based on standard climatic and hydrological observations and on typical outputs from
t h e Atmospheric General Circulation Models. T h e model has t o be calibrated and validated
for historical d a t a sets, and then could be run for alternative equilibrium climate scenarios in
order t o provide differences between water balance elements calculated on the ba.sis of various
meteorological inputs. T h e model was intended t o serve as a methodological tool for studying
river catchments' reaction t o changes in climatic forcing, but it can be a.pp1ied for grid cells
inside the catchment if necessary d a t a and model parameters can be determined for ea.cl1 cell.
T h e model has been documented in F77L for t h e IBM compatible PC-AT microcomputers
and in R P N for t h e Hewlett-Packard 48-SX calculator. T h e report includes a number of numerical examples in order t o illustrate t h e way in which t h e described methodology may be
applied.
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Sensitivity of Annual Runoff to Climate

We shall now try t o quantify the sensitivity of annual catchment runoff t o changes in annual
climatic characteristics, such as annual precipitation or mean annual air temperature. In this
study sensitivity will be defined as t h e ratio of change in runoff t o the change of a given climatic
value. Lets assume t h a t the annual ruiioff R is a known function of T (temperature) and P
(precipitation)
R = R ( T ,P) .
(1)
In an approximate way the differential

describes the relative importance of changes of P and T on dR. In t h e hydrological literature
one cam find a number of formu1a.e relating annual runoff t o the mean annual clima.tic para.meters
- from simple empirical equations t o more physically based models. Common examples are
the Langbein diagrams (Langbein, 1949) where annual runoff is a function of the catchment.
mea.n annual precipitation and of the weighted mean annual temperature, the Budyko method
(Budyko, 1948, 1984)' and the Turc formula (Turc, 1954). If we assume t h a t a given relationsllip
is valid for future clima.tic conditions (this a.ssumption may, however, be questioned), then it.
can be applied for the runoff/climate sensitivity analysis by calculating numerical values of
derivatives in the equation ( 2 ) . Lets first investigate t h e Turc formula

+

where La = 300 + 25T, 0.05T:. Parameter c may be estimated for each river catchment on the
basis of known values of annual runoff R,, the a.nnua1 sum of precipita.tion Pa, and the mean
annual temperature T,. A generalized value c = 0.9 has been suggested by Turc if there is no
possibility for calibration. T h e formula (3) is valid only if Pa > (1 - C)'.~L,.
Assuming that for the present (1 x C o n ) conditions Pa = Pa, and Ta = T,,, we may calculate
sensitivity indicators
and

(2)

Pa=Pao,Ta=Tao

in equation (2). In Table 1 numerical values of these indicators for four European river basins,
with highly differentiated climatic conditions, are presented. We may find for example, t11a.t if
for a 2 x C 0 2 equilibrium climate precipitation in the Vistula catchment will increase by 1076,
and a t the same time the mean annual temperature increases by 3.0°C, then

which means the runoff decrease of 7.5%.
Table 1: Sensitivity of runoff to precipitation and temperature (Turc formula)
River Basin

Jticar

6R
TP

(km2) 42,900
519
(mm)
13.7
("C)
0.88
69
(mm)
0.43

6R
-

-10.53

area
Pa o

Ta o
c
Rao

6T

Vistula

Seine
(Paris)
194,900 427,000
604
715
7.5
10.0
0.55
0.76
173
231
0.80
0.76
-20.40

-21.03

Volga
(Upper)
161,700
520
2.8
1.16
226
0.79
-13.05

I n the case of the Budyko method the annual runoff is a function of precipita.tion a.ntl of tlic
net radiation balance, given in the form

R a = Pa - d r a ~ [I
a - exp (-ra/Pa)] tanh (PaIra)

(5)

where ra is the water depth equivalent of the mean annual net radiation balance
ra = 12.61 [Q,,(l - alb) + Ql,]

(6)

expressed in m m , why the incoming short-wave radiation Q,, and the long-wave radiation
balance Ql, are given in (W/m2). Because ra is a function of a number of meteorological factors
(including air temperature), a method for its numerical evaluation has t o be decided before
the runoff (5) can be calculated. After consideration of a number of methods, an algorithm
proposed by (Morton, 1983) has been selected for the purpose of this study. It allows t o calculate
monthly values of Q,,, QI,, and albedo provided that monthly d a t a on air temperature, relative
air humidity and sunshine duration are available. Assuming that the relative humidity and
sunshine duration can be considered as constant from the present clima.te t o 2 x C 0 2 conditions,
we may transform equation (2) t o be presented in the form

where r is defined by (6) and an approximate value of its derivative is done by

(index a has been omitted for simplicity). As an example, numerical values of sensitivity parameters for the Vistula basin ( r , = 640mm) calculated by means of the Budyko formula are

(E),

= 0.66, and

(2)(2)

= 4-11

a

0

Comparing the results of the Turc and Budyko methods for this and other catchments, we may
come t o the conclusion that the sensitivity of the Budyko formula to changes in air temperature
is generally lower than in the case of the Turc formula. Numerical results should, however,
be taken with necessary caution because of the empirical character of relations involved. It
should also be remembered that some important features are disregarded in this analysis, as for
example the possible direct effect of CO;! increase on evapotranspiration. The results obtained
by the Budyko method seem t o be in good agreement with the conclusions of a sensitivity stud)
done for the United States (Karl and Riebsame, 1989). Analyzing runoff changes associated
with the recent climate fluctuations on the U.S. territory, the authors conclude that "Thr effrcts
of recent temperature fl~~ctuations
on streamflow are minimal, but the impact of relatively
small fluctuations in precipitation (about 10%) are often amplified by a factor of two ol more,
depending on basin and climate characteristics".
The relative effect of precipitation change on runoff may be better illustrated by dividing
both sides of equation (2) by the mean annual runoff

where 9, is the mean annual runoff coefficient calculated for the present climatic condit.ions.
The paxameter

is equivalent t o the elasticity measure introduced by Schaake (Schaake, 1990), but numerical
values of (10) differ from Schaake's annual model for which @ is always equal to one. The
elasticity parameter ( l o ) , calculated for the Turc formula on the basis of data in Table 1 is
J k a r catchment
Vistula catchment
Seine catchment
Volga catchment

@
@
@
@

= 3.23
= 2.79
= 2.35
= 1.82

.

In general, values of the elasticity parameter (10) will be higher in arid and semi-arid regions,
where the coefficient of runoff is usually low.
A somewhat different approach t o the sensitivity analysis of runoff has been proposed by
Wigley and Jones (1985). They define sensitivity of runoff change t o changes in annual precipitation and annual evapotranspiration as

Scr =
where

6C
-,

6a

and So = 6D

are ratio values of water balance components for future (index 1) and present (index 0) climatic
conditions. It can easily be shown that

C=

a

-PP-

Po)

Po

where p0 is the runoff coefficient. Assuming that a and
sensitivity measure was defined as

P are independent

variables, a relative

Recause the coefficient of runoff is always less than one, the authors conclude tha.t ". . .runoff is
always more sensitive t o precipitation changes than to evapotranspiration changes, particularly
for higher values of yo".
I n this connection two comments can be made. First, that the parameter SC represents the
sensitivity of runoff change C, but not of runoff itself. Second, the above argumentation would
be valid if changes in precipitation and evapotranspiration were mutually independent. This
may be true in the case of potential evapotranspiration, but is obviously incorrect for actual
evapotranspiration, which highly depends on moisture conditions, i.e. on precipitation. Taking
into account that /3 depends on a we will get

and consequently

It is obvious that numerical values of (16) depend on the form in which annual eva.potranspiration
is dependent on annual precipitation. It can be shown that if we apply the Turc formula (3),
then after some transformations

sC= c (1 - $71)~

1 - $70
where cpl is the coefficient of runoff for future climatic conditions. For almost all the world's river
catchments, the parameter S( defined by (17) will be less than one, what evidently contradicts
conclusions of the Wigley and Jones paper.
It should be stressed again that the above considerations are based on simplified transfer
functions, linking the annual runoff with annual climatic variables. Their results should be
understood rather as a qualitative description of the climate/runoff sensitivity problem, than
as a quantitative estimation of sensitivity parameters. In the next sections more sophisticated
methods will be presented, taking into account the intraannual distribution of hydrologica.1
elements and, in particular, the decisive role of catchment storage in the formation of runoff and
actual evapotranspiration.

3

A Seasonal Stochastic Water Balance Model

In this section we will describe a stochastic hydrological model aimed a t simulation of seasonal
characteristics of catchment storage, runoff and evapotranspiration. It will be called "stochastic"
because both input and output contain probability distributions and/or their parameters of water
balance components. T h e term "season" means usually a month but it may refer to any other
time interval shorter than one year. Essential requirements for the model are as follows:

1. Input d a t a should be based on standard observations of hydrological and meteorological
elements;
2. Averaged (lumped) characteristics of climatic elements and land surfa.ce processes should
be used;

3. The number of calibrated parameters should be kept as small as possible;
4. By replacing "historical" input d a t a by d a t a for alternative climate scenarios, the model
should be able t o evaluate the sensitivity of water balance t o climate.
Spatially lumped, deterministic water balance models were applied for climatelwater resources impact studies in a number of regional investigation~(see e.g. Cohen, 1986; Gleick,
1987; Schaake, 1990; Vorosmarty, 1991). Our model differs substantially from previous nlethods
for two main reasons: first, i t takes into account random properties of input and output variables, and second, t h a t in contrary t o most of the earlier studies it allows t o evaluate not only
the sensitivity of runoff, but also t h e possible impact of climate perturbations on the catchment
storage and on evapotranspiration.
Figure 1 provides an overall structure of the seasonal stochastic water balance model. T h e
first step is t o establish a,nd t o solve the fundamental water balance equation, a.nd t.o select
methods for calculating its components, e.g. the ra.te of potential evapotranspira.tion. During
the second phase, a number of stocha.stic matrices should be calculated in order t o define the
proba.bilistic structlire of catchment storage levels. Once this structure is determined we may
move t o the third step and calcula.te statistical cha.racteristics (mean valnes, standard deviations,
etc.) of the seasonal water balance components. T h e calibration of model parameters will be
done by minimizing the mean quadratic difference between observed and computed runoff va.lues.
Finally, in the last step the input d a t a are disturbed by assuming alternative clima.t,e scenarios
in order t o evaluate the impact of climate change on the water balance components.

3.1

Water Balance Equation

Since the end of the XIX century hydrologists were concerned with the problem of connections
between precipitation, evapotranspiration, the catchment storage, and runoff. In the year 1896,
the water balance equation was formulated by Penck (1896), and since then this technique has
been applied t o many hydrological problems. Recently it was suggested as an efficient tool for
the climatelwater resources impact studies.
For the purpose of our model the water balance equation will be used in a form of a differential
formula
dz
Smax= P ( t ) - RS(z, P , t ) - R g ( z , t ) - E v ( z , P E T , t )
(18)
dt
where:

SmaX
(mm) is the catchment water-holding capacity,
z = S(t)/Sma, is the relative storage level, defined as ratio of actual storage t o the ca.tchment,

capacity,
P ( t ) ( m m day-') is the effective catchment inflow based on rainfall measurements and snow
budget estimates,
Rs(z, P , t ) ( m m day-')
Rg(z, t ) ( m m day-')

represents surface runoff,

represents subsurface runoff,

E v ( z , PET, t ) ( m m day-')
t,ra.nspira.ttion rate.

is t h e actual evapotranspiration, and PET is the potential evapo-

y
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Y
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RUNOFF
EVAPORATION
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Figure 1: Structure of stochastic water balance model

Lets shortly comment on some of the above water balance elements.
The effective catchment precipitation for a given time interval can be calculated a.s
P(t) =

-

measured precipitation x correcting factor
snow accumulation snow melting.

+

-

interception -t

It is generally recognized that the existing precipitation gauges underestimate precipitation due
t,o tlie wind effect, wetting losses and eva.poration from the gauge itself. Unfortuna.tely, t,here is
no universally accepted methodology for correcting the measured values of rainfall, although in
some countries such adjustments are made. The correcting factor largely depends on the type of
the precipitation ga.uge and on the geographical location of the catchment. There is little hope
that a standardized methodology for adjusting precipitation d a t a will be developed in the i1ea.r
future.
The amount of water intercepted by the canopy is usually small, except for some specific
regions as, for example, the tropical forests. In addition, there is no sa.tjsfactory theory of
interception and existing field experiments show widely variable results. For all these reasons
we provisionally assume that no correction in measured values of precipitation will be made, and
that the interception loss can be neglected. The resulting errors should be partly eliminated 11~.
the calibration procedure.
The role of snow a.ccumula.tion and snow melting in hydrological processes is significant in
some regions of the world and cannot be neglected. Several methods for incorporatiilg tlie
effects of snow budget into the water balance models were proposed (see e.g. Yevjevicli. 1989;
Vehvilainen, 1989). In some countries routine snow measurement d a t a are available and may
be used for developing regional relationships for snow balance estimates. The user of the model
should decide which of the existing methods suits best his needs for including snow processes
into the computational scheme.
A very significant role in modeling water balance components ha.s a proper estimation of
potential evapotranspiration. PET has a considerable seasonal variability, but for a give11
month the interannual variability is usually rather low. We decided therefore to use Inean
monthly (seasonal) values of potential evapotranspiration as consta.nt model pa.ra.met.ers. A
number of methods for calculating P E T values have been developed alid docunlen~ed,ainoiig
t.hem t,he best known a.re:
nlldyko-Zubenok method (World \?later Ba,la.nceand Wat.er Resources of the I?'orld. 1971),
Priestley and Taylor formula (1972), and
Thornthwaite formula (1948).
Our model may be run in conjunction with each of these methods, but the Budyko-Zubenok
submodel has been used for our case studies because of its sound physical basis. It will be
described below.
According to the Budyko-Zubenok method, the mean monthly rate of potential evapotranspiration is calculated by means of the formula
0.622~

PET = 86400-D[e,(Tw)

- e] (mm d a y - ' )

P P W

where the air density p = 1.293 (kg m-3), density of water pw = 1000 (kg m-3), p is the air
pressure in ( h P a ) , and e ( h P a ) means the mean monthly vapor pressure. The integral coefficient
of diffusion was assumed by the authors t o have two numerical values, namely D = 3.0 ( m m s-')
during the cold part of the year, and D = 6.0 ( m m s-') for months with positive values of mean
air temperature. In addition, Zubenok observed (World Water Balance, 1978) that. in arid
regions D may increase up to 10.0 ( m m s-'1. In order to get a continuolls relation betureen

D and T , and taking into account the dependence of D on the level of catchment aridity, the
following heuristic rules are proposed:
If T
If T

< 0,
> 0,

then
then

D = 6.0
D = 5.2

+ 0.3T,
+ (349 + 70Pa)/Ta

where Ta and Pa are annual values of the mean air temperature and the catchment precipitation.
T h e saturated vapor pressure e,(Tw) may be calculated by means of an approximate formula
e8(Tw) = 6.11 exp

(,:::,2Zw)
+

0-09(~max- ~ h n ) 'd2e8(Tw)
d2Tw

where TmX and Th, are the mean monthly extreme temperature values. T h e second component
on the right side of the equation (20) presents a correcting factor aimed on eliminating an error
caused by calculating e, (Tw) based on mean monthly values of Tw. T h e second order derivative
in (20) may be replaced by an approximate relation

The parameter T w in the Budyko-Zubenok method would be an apparent land surface tempera..
ture, would the catchment be supplied with an unlimited amount of water. To find its numerical
value, the energy balance equation
Qsr(l -alb)

+

Q1,-G-

0.622pL
D[e,(Ttu)
1ooop

-

e]

+

has to be solved for Tw. L is the latent heat of vaporization equal 2,470,000 ( J kg-'), c p =
1005 ( J kg-' deg-') is the specific heat of dry air, G (W m-2) is the energy flux between
surface and soil, and other elements were defined earlier.
For long-wave radiation balance in (22), the slightly modified Brunt formllla (Brutsa.ert,
1982) may be used

+

Qe = 5.5 x lo-' [0.552e1/'(~ 273.2)4 - (Tw

+ 273.2)4](0.2 t 0 . 8 ~ ~ ~ )

(23)

where 12, is the monthly relative sunshine duration. For calculating G we use the Albrecht
formula (Henning, 1989)
K

G = O . O O ~ ~ V L [ Q-~ alb)
,(~

+ Qelma, sin (;(Mo

- MO,.,

+ 4))

(24

where cpr, is the average catchment latitude (negative in the Southern Hemisphere), M o is a
number of a current month, and Mo,,,
is the number of the month for which the net radia.tion
balance reaches maximum.
After defining P ( t ) and P E T we shall now return to the water balance equation and integra.te
it for z and t. In our model runoff and actual evapotranspiration depend on the ca.tchment
st,orage. Various expressions were discussed in the 1itera.ture to conceptua.lize these relationships.
For example, in the case of evapotranspiration, some authors assume linear approximation

(see e.g. Schaake, 1990, World Water Balance, 1978). In the G F D L - G C M parameterization
(Delworth and Manabe, 1988)
E v = PET&, if r < 0.75, and
E v = P E T , if 0.75 5 z 5 1.00 .

In another paper (Wood et al., 1991) this relation has a non-linear form

I

EV= P E T 1 - ( 1 - z)513]

.

Similar differences may be found in the case of runoff conceptualization. At present there is no
way to prove in adva.nce that one approach is better than another and we ha.ve to a.gree wit11
Gburek (1971) that " . . . a model system is merely a researcher's idea of how a physical system
interacts and behaves, and in the case of watershed research, watershed models are usually
extremely simplified mathematical descriptions of a complex situation . . .".
In our water balance model we apply the following conceptualization of relations between
runoff, evaporation and storage

R g ( z , t ) = crz 2

,

E v ( z , P E T , t) = P E T . z
where E and cr are parameters with constant values during the year. Their values as well as S,,,
should be estimated by means of model calibration. Substituting (25) - (27) into (18) we obta.in

Before integration some additional assumptions have t o be established. We have examined two
a.pproa.ches leading to somehow different solutions:
r

Alternaiive (A): catchment storage changes 1inea.rly in a given month from the initial level
z, to the final level z j ;
Alternative (B): P is assumed t o be constant during the month, and equal t o the mean
monthly effective precipitation.

It can experimentally be shown that if the time interval is not longer than one month,
the resulting probabilistic structure of catchment storage will be similar in both alternatives.
The reason for this result is that integration of equation (28) under alternative ( B ) lea.ds to
the relation z = z(l) not far from a linear form. Computer programs are available for both
alternatives and it is a user's decision to select the one he prefers.
In the case of alternative (A) we may write

where

and r is the length of a month expressed in days. Substitution to (28) leads t o an expression

and the mean monthly value is
1

Pij =

lo
r7

Pdt

,

Algebraic manipulation of (29) and (30) leads to the following relation between mean monthly
ca.tchment inflow and the initial and final storage levels:

Equation (31) is valid if

zj

#

zi. In the opposite case

In the case of approach (B), the effective precipitation rate is assumed t o be constant for ea.ch
month, and consequently the integrated water balance equation may be written as

In order t o obtain P;j a.s a function of storage levels z; and zj, the equation (33) is solved in our
model by means of iterative numerical integration. The procedure requires few seconds a.t tlie
IBM-386 microcomputer.
Because Pij 2 0, for its lower limit a minimum value zj = zl,mjn may be found by means
of equation (31) or (33). For alternative (A), Pij should be set equal t o zero in (31) and then
z j = zj,mjn m a be found by solving the resulting equation. In the ca.se of a1terna.tive ( B ) , by
integration of (33) for Pi? = 0 we get
zj,mjn =

(az,

+

PETz;
T PET
P E T ) exp
- 'YZ,

'

It can easily be shown that for the conceptualization (28) the following inequalities are always
valid
Z j , ~ , < Zj < 1 ,
zj,dn > O (35)
Expressions (31)
storage levels.

3.2

-

(34) will be used in the next section t o calculate the stochastic ma.trices of

Stochastic properties of Storage Dynamics

To properly model the water balance components, the dynamics of catchment storage described
by equations (28) t o (33) become a crucial factor. Because the effective precipitation P ( i ) is a.
stochastic process, random properties of z(2) and as a result of runoff are investiga.ted in our
model. To this end we will utilize concepts and techniques developed some time ago in the
framework of stochastic storage theory originally intended t o solve problems connected witli
design and operation of water reservoirs. Although some papers were published in Russian
literature in the forties (see e.g. Kritskij and Menkel, 1940), the main stream of work started
with Moran's paper on the stationary probability distribution of storage levels (Moran, 1954).
Since then, a number of mathematicians and engineers were developing an elegant theory that
on the one hand became a. part of "pure" mathematics, but on the other hand also provided
a suitable basis for solving practical water resources problems. An excellent sta.te-of-the-a.rt
summary of stochastic storage models may be found in (Klemei, 1981) and (Phatarfod, 1989).
Up till now, the stochastic storage theory has not been applied for developing hydrological
catchment models. There is however a clear similarity between the conceptualization of the

wa.ter balance model done by (28), and the dynamics of a water reservoir described by a. mass
conservation equation
dz
, ,S
,
- = in f low(t) - out f low(2) .
dt
It can be proved (Kaczmarek, 1963; AbramiSvili and ~ i t a ~ v i l1969)
i,
that if:
1. inflow is a m-order Markov process,

2. storage level is always kept between 0 and 1, and

3. a unique value of mean inflow Pij can be found for each pair ( t i , z,),

+

then storage levels will form a (m 1)-order Markov process. It means, in particular, that for
white-noise monthly (or seasonal) precipitations, the resulting storage levels z ( l ) , z(2), . . .z(n)
form the first-order Markov process, where z(n) is the storage level at the beginning of nth
month.
T h e stochastic storage theory in a form presented e.g. in (Kaczmarek, 1974) may be, in
principle, applied for any type of inflow processes. Unfortunately, the computational burden
rises dramatically with the increase of the order of lags, and consequently only the white noise
process and first-order Markov process were applied in practical applications. In the case of
catchment modeling it is generally accepted that for periods long enough (e.g. one month)
precipitation values may be approximately assumed t o be independent for consecutive time
intervals. For example, in (Delworth and Manabe, 1989) the authors ohserve that except for a
few small regions, the time series of monthly runoff give lag-one auto-correlations near zero. The
fvhite-noise assumption was therefore employed in our water balance model. It can of course be
verified for each particular region by means of standard statistical testing procedures. We shall
further assume that the probability distributions of monthly precipitation may be approximated
by log-normal density function with two parameters estimated by means of sample moments.
The first step in analyzing random properties of storage dynamics requires calculation of
conditional probabilities (see Figure 2)

for ea.ch month (or season), and i, j = 1 , 2 , . . . , h'. The accuracy of the model depends on the
nurnber K of intervals into which the storage space has been divided. Our experience sliows t1ia.t
11' = 20 should in most cases be the suficient number of storage sta.tes. For ea.ch time pel.iod
we need Ii2 probability values (35).
The sequence of storage states for months 1 to S = 12 forms a discrete-state Markov chajn
over the space {1,2, . . . , K) with transition probability matrices

It should be remembered that effective precipitation rates Pij and Pi,j+lshould be obtained from
equations (31) or (33), and that the probability values are calculated using standard procedures
for the log-normal distribution function.
T h e second step in our analysis comprises steady-state or ergodic probabilities of storage
levels. In this connection we employ a widely accepted concept of stationarity of water balance
components, storage levels included, for time moments separated by an interval of one year. It
means, for example, that the probability distribution of storage levels by 1st Ja.nuary will be
the same for consecutive years. Denoting steady-state probabilities by
q,,(,)

= ergodic probability of

qij,(n) -

ti

a t the beginning of nth month,

ergodic probability of a conjunction (q,zj)
of initial and final storage levels in month n,

n

-1

n+l

n

Time

Figure 2: Schematic overview of storage levels
and the respective matrices

a.nd assuming that M Q I ( l ) = M Q I ( l + s ) ,we may find q;,(,) by solving a system of linear c q u a t,ions
S

M Q I ( 1 ).

MCP(,) - MQI(1) = 0
n=l
in which the last equation should be replaced by

Note that MQI(,) are matrices of one row and Ii columns. Once q,,(,) are evaluated, all other
matrices MQI(,) are obtained by successive multiplications

In order to calculate the joint ergodic probabilities q,,,(,), the matrix M Q I ( , ) should be tramsformed into a diagonal matrix M D ( l ) ,where q ; ( l ) are its diagonal elements. Then

and

MQIJ[,+*) = MQIJ(,) - MCP[,)

,

n = 1,. ..,( S - 1)

(42)

This completes the evaluation of the storage level probabilities for the water balance model,
conceptualization of which is done by (28). It should be remembered tha.t these probabilities
depend not only on input data, but also on the form of functions (25) - (27), linking various
components of water balance with the level of stora.ge. This implicates certain subject,ivity in
our results, a typical phenomenon associated with conceptual hydrological models.
I n the third and final step, in the examination of storage dynamics, we shall calcula.te for
each month (or season) a number of numerical characteristics, demonstrating in a concise wa,y
the influence of climatic input on temporal variability of storage. T h e most important a.nd
commonly used measures are mean values, standard deviations and lag-one autocorrelation
coefficients. T h e way in which climate processes influence these measures may be helpful in
overall explanation of linkages between atmospheric and hydrological processes.
The long-term mean values of storage for the beginning of nth month can be calculated as

Similarly, the standard deviation and lag-one coefficient of correlation are

where q;,(,) and q,j,(,) were defined earlier. It should again be stressed that the accuracy of
formu1a.e (43) - (45) depends on the number I{ of intervals into which the stora.ge space is
divided. Our calculations done for a number of river catchments show that particularly sensitive
t o Ii' is the coefficient of correlation. It should also be noticed that (43) and (44) measure mean
we may easily
value and standard deviation for the relative storage, but by multiplying by S,
get respective values for the storage itself.

3.3

Runoff and Actual Evapotranspiration

From the practical point of view, the most important impact of climate change is on runoff
and actual evapotranspiration. In most of the World's regions the catchment runoff is the
main source of water used for meeting requirements of population, agriculture, industry and
the energy sector. There are still a lot of controversies concerning the sensitivity of runoff t o
changes in climatic and land-use processes. Our model is intended t o serve as a technical tool
in the climatelwater resources sensitivity studies.
T h e way in which runoff and evapotranspiration may be calculated depends on assumptions
laid down before the integration of equation (28). We shall first consider alternative (A), according t o which the catchment storage is for a given month a linear function of time. It is
obvious that because precipitation and storage are random variables, also runoff and evapotranspira.tion have random properties. Lets denote by C any of the water balance components under
investigation, and by

its pa.rtial mean value, calculated under the condition that the catchment storage changes from
2; t o z during a given month. T h e overall expected value of C in the nth month will therefore

J

i=l

o

where f ( P ) is the log-normal density function of the effective precipita.tion. Substituting rela.t,ions (25) - (27) into (46) we will get, after necessary algebraic manip~ilations.the following
expressions for partial mea.n values:
For surface runoff:

-

2arth

€(ti

+t

& ( t- t;)
- 2) - 2(ti - l ) ( z - 1)

For subsurface runoff:

For evapotranspiration:

-

-

PET

C(zi, z)(,) = E v ( t i , z)(,) = - ( ~ i
2

+ Z)

-

Expressions (48) - (50) should then be substituted into (46). Before numerical integra.tion will
be possible, an approximate rela.ttion
2 = z(zl,P )
(51)
ha.s t o be established for each month. Skipping technical details it should be mentioned tlla,t ( 5 1 )
may be obtained on the ba.sis of relation (31) and then incorporated into (47). Finally, int,egration
of (47) gives for each month the expected values of runoff and evapotranspiration. In a similar
way one may calculate the second moment of C, and consequently standard deviations

T h e algorithm for calcula.ting the lag-one coefficient of correlation is more coin plicat.ed and \rill
not be discussed here.
In case of alternative (B), when Pij = P is assumed t o be constant in a given month,
the algebraic procedures leading t o expected values and standard deviations of water balance
components are similar, with t h e only difference t h a t t h e partial mean values -6(z;, z)(,) are
obtained by means of numerical integration. Consequently

where
~ ( t )= l+c-z
~ ( t )= a t 2
w(z) = PET

t

for surface runoff,
for subsurface runoff, and
for actual evapotranspiration.

Similarly t o the alternative (A), numerical integration of equation (53) requires that the
relation z(z;, P ) should previously be established.
It can be seen from the above considerations that characteristic values of water balance
components depend on climatological input d a t a presented in the form of:

probability distribution functions of monthly effective precipitation, with pa.ra.mete~sestima.ted for each month,
mean monthly values of potential evapotranspiration, usually calculated on the basis of
standard climatological data.
and E , which a t the moment have to be
They also depend on three parameters: S,,,,a
calibrated by comparing computed and observed values of monthly runoff. The calibration
procedure is a standard one and will not be discussed here. One of the future tasks may be a kind
of generalization of the model's parameters by relating them t o catchment characteristics, such as
physical properties of soil, types of vegetation, and catchments topography. Such generalizakion
would allow broader application of the water balance model in regions where runoff data, are not
easily available, or if the calculations should be done on the basis of grid squares clima.tological
information.
By altering input data, the model may be used as a tool for climate impact studies and
sensitivity analysis. T h e weak point of this reasoning is that parameters of this and similar
hydrological models are obtained for past climatic conditions. As long as their independence on
climate change has not been proved, the comparative results for alternative climate scenarios
should be taken with caution. This dilemma, raised a t the time of the First World Climate
Conference (Schaake and Kaczmarek, 1979) is still unresolved and open for future investigations.

4

Climate Scenarios For Sensitivity Assessment

It is widely acknowledged that climatic and hydrological phenomena are stochastic processes with
a significant seasonal component. Their properties may be described by means of multivariate
probability distributions, or by a set of parameters if the form of PFD is assumed to be known in
advance. If any process remains in equilibrium about a constant set of parameters it is called to
be stationary. Up t o now, in practical water resources applications the hydrological and climatic
processes are treated as periodically stationary. They are usually considered as being discrete
in relation t o time.
We shall define a climate scenario as a complete description of stochastic processes repl.esenting climate elements under investigation. If, for example, the monthly average air temperatures
at a given meteorological station are assumed to be the white-noise Gaussian process with mean
values and standard deviations estimated on the basis of 30-year long observational records, it
means that we have created a temperature scenario. This scenario may differ from the real
geophysical process because in reality the distribution function is not known, and the parameters are estimated with some error. Nevertheless, such temperature scenario may be used for
solving some practical problems. By assuming changes in the form of probability distributions
of climate elements and/or in their parameters, we are creating alternative climate scenarios.
The concept of alternative climate scenarios has in the last 10 years been closely linked with
the global warming issue. In reality we do not know whether there will be any future equilibrium
climate and what will be the changes in stochastic climatic processes, but for policy decisions
it may be useful t o create some visions of what may eventually happen in our environment. In
most cases alternative climates caused by increased concentration of greenhouse gases in the
atmosphere are created in a simplified way by assuming changes only in some of the parameters,
e.g. in long-term mean values. It means implicitly that other parameters, such as e.g. coefficients
of variation or the autocorrelation functions remain unchanged.
Alternative climate scenarios are often used for water resources impact studies. In this
connection we may observe that the terms "sensitivity analysis" and "impact studies" axe frequently used in an interchangeable way, which may lead to some confusions. To avoid this, we
shall clearly distinguish between these two concepts. In this paper we define sensitivity as a
reaction of a physical system to changes in external influences. If

then sensitivity of y to changes in x; may be found as

where index denotes the base set of factors xj(j = 1 , . . . ,n).
To find numerical characteristics of wa.ter balance sensitivity to climate change there is no
need to assume alternative climate scenarios. What is really needed is the knowledge of a.
transfer function (54), where y means a water balance component and x; are climatic factors
under investigation. In t h e case of simple annual models the sensitivity characteristics based on
(55) can be obtained by methods described in chapter 2. For more complicated seasonal models
a.n approximate value of the sensitivity parameter may be calculated by means of relation
Y
-AAx;

- ~(~;o+X,flo)-y(xio-X,flo)
2X

where $2, is the base set of climatic factors other than x;, and X is a small disturbance of xi.
On the other hand, an impact study will be understood as an assessment of water balance
components on the basis of a set of alternative climatic factors which in some way differ from
the historical data. It means that t o perform such an impact study one has t o specify one or
more climatic scenarios, and apply them to a model which serves as a transfer function between
climatic forcing and hydrological variables. A number of approaches have been suggested for
creating regional climate scenarios (see e.g. Giorgi and Mearns, 1991). They may be classified
into the following groups of methods:
1. Purely hypothetical scenarios designed for a particular impact study, assuming for exa.mple
that the catchment precipitation will decrease by 10% and the air temperature will increa.se
by 2.0' C;
2. Scenarios constructed by using instrumental d a t a records, on the basis of which warm or
particularly dry periods are identified;

3. Paleoclimatic and paleohydrological analogues;
4. Various types of GCM-based scenarios, when large-scale GCM information is in a certain
way translated into regional statistics of climatic variables of interest for hydrological
modeling.
None of these methods is perfect, and the resulting climatic characteristics should be considered as feasible scenarios, not as climate forecasts. It is generally acknowledged that General
Circulation Models give the best large-scale information on the reaction of climate t o increased
C:02 concent,ra.tion, and that scena.rios based on GCMs are internally consistent. But unfortuna.tely the results can vary significa.ntly from one GCM to another, in particular for precipitation
patterns. In addition, their spatial distribution is too coarse t o provide good input d a t a for
catchment water balance models.
Consequently, an analyst has to take his own subjective decision how t o create climatic
scenarios for the water balance impact study, which adds a new kind of uncertainty t o the issue.
May be that in the context of limited knowledge of the regional climate change, the sensitivity
analysis, as defined above, is more justified than impact studies based on questionable climate
scenarios. If, however, such a study is undertaken, the resulting water balance statistics should
again be treated as hydrological scenarios, not forecasts.

5

An Example: Warta River Catchment

The Warta river is the largest tributary of the Odra (Oder) river and is located in Western
Poland (15.0' - 19.5' E and 50.5' - 54.0' N ) . The key basin characteristics are:

Table 2: Basic Data for Warta River Catchment

I

Month

I

I

Historical Statistics

T
P
Cvp
1.49 0.45
3.5
XI
1.31 0.66 -0.8
XI1
I
0.91 0.55 -2.7
1.13 0.77 -2.3
I1
1.30 0.40
1.3
I11
1.83 0.55
7.5
IV
1.85 0.42 12.4
V
2.05 0.39 16.8
VI
VII
2.80 0.51 17.8
VIII
2.20 0.31 17.0
IX
1.53 0.58 13.3
X
1.28 0.64
8.7
P and R in ( m m day-'); T

e
n~
7.2 0.16
5.4 0.14
4.6 0.17
4.7 0.22
5.6 0.32
7.8 0.41
10.5 0.39
13.5 0.43
15.1 0.40
14.7 0.42
12.3 0.41
9.6 0.32
in ("C);e in

R
0.256
0.319
0.336
0.392
0.496
0.511
0.391
0.275
0.226
0.235
0.216
0.233
(hPa).

(G2FiLCdOa)
T
6.4

1

P
1.34

catchment area: 54.529 km2,
average altitude above sea level: 148 m,
mean annual precipitation: 598 mm,
mean annual runoff: 118 mm,
runoff coefficient: 0.197.
Mean monthly statistics of various climatic elements (precipitation, air temperature, vapor
pressure and relative sunshine duration) were calculated on the basis of records a t nine climatological stations located in the basin. Precipitation values were corrected to avoid instrumental
bias and adjusted for snow accumulation and snow melting. Climatic values based on historical
records are given in Table 2. Mean monthly rates of potential evapotranspiration were calculated
by means of the Budyko method described in section 3.1.
The stochastic water balance model has been calibrated t o minimize mean square deviations
between observed and modeled monthly runoff values. The resulting values of model parameters
are: S,
= 629 m m , a = 0.286, and E = 0.0090. The simulated and observed mean monthly
values of catchment runoff are presented in Figure 3, which generally shows a good agreement
between the two patterns. It should be added that all calculations were done for Ir' = 40 storage
levels, but very similar results were obtained for K = 20. After calibration the model was used
for:

1. Assessment of runoff sensitivity t o precipitation change;
2. Construction of water balance scenario for the 2 x C02 climate, based on the Geophysical
Fluid Dynamic Laboratory model.
T h e sensitivity analysis was done by running the water balance model for precipitation values
increased and decreased by 1.0% in relation t o historical values given in Table 2. Tlze resulting

Measured
CalculatedI

I

O.lI

XI XI1

I

11

Ill IV

v

VI

VII Vlll

IX

X

Figure 3: Measured and calculated 1 x C 0 2 runoff values for Wa.rta. river
annual runoff is:

R = 1 2 2 . 0 6 m m f o r P = 1.01 P , a n d
R = 115.40mm f o r P = 0 . 9 9 P ,
all other climatic characteristics being assumed invariant. The sensitivity parameter (56) is
therefore equal to
122.06 - 115.40
= 0.577
2 . 5.98
Dividing the above value by the catchment runoff coefficient we get the elasticity measure ( 1 0 )

It is worthy t o note that similar calculations done for a number of river basins in Europe
and Africa give the values of elasticity measure of runoff to precipitation in the range from 2.0
to 4.0 which indicates an amplification similar t o that obtained for the United Stakes (Scha.ake,
1990).
The next step was t o construct the water balance scenario for 2 x C02 climate based on the
mean monthly temperature increments and monthly ratios of 2 x COs and 1 x C02 precipitation,
obta.ined from the GFDL Global Circulation Model. The numerical values of these characteristics, extracted from the IIASA d a t a base, are given in Table 2. For further calculations it was
assumed that the values of coefficient of variation Cvp, relative humidity and relative sunshine
duration will not change from the present t o the 2 x C02 climate. The results are given in Table
3, and the differences of runoff characteristics for the present and alternative climates are shown
in Figure 4. It can be seen that for this particular case:
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Figure 4: Runoff differences for 2 x C 0 2 (GFDL) and 1 x C 0 2 climates for Wa.rta river

Figure 5: Probability distribution of relative storage for 1 x C 0 2 and 2 x C 0 2 (GFDL) climates
a

relative storage level z = SS
/,,
summer,

a

the annual runoff remains quite unchanged, with the winter runoff (December t o February)
increased by 21.0% and the summer runoff (June t o August) decreased by 24.0%,

a

actual evaporation rates are higher for all months.

decreases during the whole year, and particularly in

It should be stressed again that this is not a forecast of future hydrological regime in the
Warta river catchment, but only a scenario dependent on the assumed changes in climatic forcing.
Similar calculations implemented for other GCM outputs give of course different results.
In addition to mean statistics of the water balance components, the model allows t o calculate
some other characteristics, such as probability distribution of storage levels, standard deviations
and coefficients of correlation. An example of storage distributions for the 1 x C 0 2 and 2 x COz
climates in one of the summer months for the Warta basin is presented in Figure 5, which shows
a significant shift towards higher probability values for lower moisture levels in the case of the
GFDL climate scenario. Such additional information may help to better understand the hydrological processes which 1ea.d t o changes in runoff characteristics. It may also be useful in other
impact studies, as e.g. in analyzing possible consequences of climate change on the a.gricultura1
production. In conclusion, the stochastic water balance model may be offered a.s effective a.nd
relatively simple tool for sensitivity analysis and climate impact studies. Its flexibility allows
to expect that for most of the World's regions the model will give satisfactory results. The

to expect that for most of the World's regions the model will give satisfactory results. Tlie
main underlying idea of applying stochastic storage theory t o the catchment processes may be
combined with various forms of conceptualiza.tion of the water balance equation. The model ca.11
be expanded for Markow-type precipitation processes, i.e. for time intervals shorter t11a.n one
month, but this will significantly increase computa.tiona1 requirements.
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