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Foreword

A dynamical model for an evolutionary nonantagonistic (nonzero sum) game between
two populations is considered. A scheme of a dynamical Nash equilibrium in the class
of feedback (discontinuous) controls is proposed. The construction is based on solutions
of auxiliary antagonistic (zero-sum) differential games. A method for approximating the
corresponding value functions is developed. The method uses approximation schemes for
constructing generalized (minimax, viscosity) solutions of first order partial differential
equations of Hamilton-Jacobi type. A numerical realization of a grid procedure is de-
scribed. Questions of convergence of approximate solutions to the generalized one (the
value function) are discussed, and estimates of convergence are pointed out. The method
provides equilibrium feedbacks in parallel with the value functions. Implementation of
grid approximations for feedback control is justified. Coordination of long- and short-term
interests of populations and individuals is indicated. A possible relation of the proposed
game model to the classical replicator dynamics is outlined.
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A Differential Model for a
2 X 2-Evolutionary Game Dynamics

A. M. Tarasyev*

Introduction

We consider a nonantagonistic dynamical game of two large groups (populations) of indi-
viduals. The dynamical system describing population evolution is motivated by differen-
tial (see [Isaacs, 1965]) and evolutionary game-theoretical models (see [Friedman, 1991],
[Young, 1993]) relevant to problems of economic change (see [Nelson and Winter, 1982])
and population dynamics (see [Hofbauer, Sigmund, 1988]). For a particular class of 2 x 2
deterministic evolutionary game dynamics, an approach to analyse populations’ behaviors
via methods of the theory of differential games was proposed in [Kryazhimskii, 1994]. In
the present paper we develop some aspects of this approach for a stochastic 2 x 2 evolu-
tionary game dynamics. Namely, we focus on finding equilibrium populations’ behaviors
within the totally centralized regulation pattern. The model is reduced to a closed-loop
differential game ([Krasovskii, Subbotin, 1988], [Krasovskii, 1985], [Kleimenov, 1993|)
and analysed via methods of the theory of generalized (minimax, viscosity) solutions of
Hamilton-Jacobi equations ([Crandall, Lions, 1983, 1984], [Subbotin, 1980, 1991]).

It is supposed that at each time instant, individuals of each population are divided
into two parts playing different strategies. Individuals from different populations meet
pairwise randomly and get their current payoffs determined by a combination of their
strategies. Populations’ goals are to maximize “long-term” payoffs represented as intergals
of mathematical expectations for current payoffs, with an appropriate discount.

The right-hand side of the considered dynamical system depends on control parameters
making individuals change their current strategies in accordance with a chosen feedback.

The nonantagonistic game in question consists in constructing Nash equilibrium feed-
backs with respect to the “long-term” dynamical payoff functionals.

We consider the problem within the framework of the theory of positional differential
games ([Krasovskii, Subbotin, 1988]). Following to [Kleimenov, 1993] we compose a Nash
equilibrium with the help of solutions of auxiliary antagonistic (zero-sum) differential
games. Solutions of these antagonistic games are based on algorithms of building the value
functions. It is known ([Crandall, Lions, 1983, 1984, [Subbotin, 1980, 1991]) that the
value function is the generalized solution of the Bellman-Isaacs equation being a first-order
partial differential equation of Hamilton-Jacobi type. To construct value functions we
use appropriate approximation schemes ([Dolcetta, 1983], [Souganidis, 1985], [Tarasyev,
1993|, [Adiatulina, Tarasyev, 1987], [Bardi, Osher|, [Subbotin, Tarasyev, Ushakov|). The
corresponding numerical procedure is reduced to the method of contraction operators.
Along with information of the value functions, the method provides equilibrium feedbacks.

Stress once again that a solution is obtained within the centralized scheme implying
that long-term-equilibrium behaviors can, generally, contradict to short-term interests
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of individuals. We conclude the paper with a discussion of possible problem settings
combining long- and short-term principles for constructing dynamical Nash equilibria. In
particular, we consider the possibility of linking the proposed dynamical Nash equilibrium
approach with the classical replicator dynamics (see [Hofbauer, Sigmund, 1988]).

1 The Model of Game Dynamics

1.1 Dynamics, Payoffs, Player’s Preferences

We consider the following dynamical system which describes game interaction of two
populations of individuals. We can assume, for example, that one of this population is
an aggregate of sellers and another is an aggregate of buyers. For clearness of arguments
suppose that individuals of populations can choose at each moment of time one of two
simple actions (strategies): buyers can "buy” or "not buy”, sellers can sell at "high price”

r ”low price”. Actions of individuals of the first population are denoted by index 1:
index ¢ = 1 corresponds to action "buy”, index ¢ = 2 corresponds to action "not buy”.
Analogously, actions of individuals of the second population are denoted by index j: index
7 = 1 corresponds to "high price”, index j = 2 corresponds to ”low price”.

Let us consider an arbitrary pair composed by individuals of different populations.
This pair is interpreted as a situation (4, 7) in the current game generated by strategy ¢ of
a player from the first population and by strategy j of a player from the second population.
Assume that payoff of players of the first population is determined by coefficients a;; of
the payoff matrix A = {a;;}. Analogously, payoff of players of the second population in
situation (i, 7) is determined by coefficients b;; of the payoff matrix B = {b;;}.

Let us assume that the first population consists of N individuals and at the instant
of time ¢ one part of them N;(t) plays the first strategy and another part N»(t) plays
the second strategy. Of course, N = N;(t) + Ny(t). Similarly, assume that the second
population consists of M individuals and at the moment ¢ one part M () plays the first
strategy and another part M, () plays the second strategy, M = M;(t) + Ma(t).

Let us suppose that dynamics of the process in which individuals change their strate-
gies from one to another is described by the multistep system of equations

t
t

= Ni(t) — nio

- Ng(t

(
(

(t)
(t)0 — na(t

)
= M, )d (1.1)
The peculiarity of such dynamics consists in the fact that the number of individuals in
populations which can change their strategies at the moment ¢ is proportional to the time
step 0. More precisely,



n12(t)d  is the number of individuals of the first population
which change their strategies from the first to the
second, 0 < nya(t) < Ny(t);

n21(t)d  is the number of individuals of the first population
which change their strategies from the second to the
ﬁI’St, 0 S ngl(t) S Ng(t);

mia(t)d is the number of individuals of the second population
which change their strategies from the first to the
second, 0 < mya(t) < Mi(t);

mo1(t)d is the number of individuals of the second population
which change their strategies from the second to the
ﬁI’St, 0 S mgl(t) S Mg(t)

The fact that at the moment t only a part of individuals in population proportional
to the time step 6 can change their strategies has the following interpretations. For
example, such inertia of behaviour of population can be explained if we assume that only
”small” part of individuals is active in changing of their behaviour. We can give another
explanation if assume that there are some restrictions ("queues”) in case when ”large”
group of individuals change actions.

On the other hand we make rather natural assumption when suppose that the number
n;k(t) or my(t) of individuals which potentially may wish to change their actions (but not
obligatory change, because the number of those who change is equal to n(t)d or m;;(t)J)
satisfies the restrictions

OgmﬂSMj(t), j)l:1727 ]7&[
Let us suppose that at the moment ¢ players of different populations compose pairs

randomly with equal probabilities. The probability of the fact that the randomly chosen
pair plays the situation (i, 5) is determined by the formula

Ni(t)M;(t)
pij(t) = TA/IJ (1.2)
It is easy to verify standard relations for probabilities p;;(t)
p(t) >0, Y py(t)=1, i,j=1,2 (1.3)
1]

Let us pass from the multistep dynamical system (1.1) which connects quantities
N;i(t +0) and M;(t + ¢) with quantities NV;(t) and M;(¢) to the system which connects
probabilities p;;(t + d) and p;;(¢).

Let us compose, for example, the corresponding dynamical equation for the probability
p11(t + d). We have

pll(t—l—(S) _ Nl(t—l-f\;]]\\jl(t—i-é)
_ (Nl(t) — nlg(t)5 + nzl(t)é)(Ml(t) — mlg(t)5 + mzl(t)é)
NM
_ M) M (2)
- NM



Ni(t)Mi(2) mlz(t)5+ Ni(t) Ma(t) maa (¢ )
NM  Mi(D) NM i)
No(t) M (t) noa (¢ )5

NM  No(t)

t))(—=maa(t) + mai(t))

52
Taking into account notations for probabilities p;;(t) we obtain the equation

pu(t + 5) — pn(t) = —pu(t)’U15 -+ plg(t)’Ugé — pll(t)U15 + pgl(t)U25 + ¢(t)52 (14)

Here
w0 = R
) = N
m=ul) = G
mon) - A (15
R (L6
6(0)] <1

Dividing equation (1.4) into § > 0 and passing to limit when § | 0 we come to the
differential equation

P11(t) = —p11(B)ur(t) + par (t)ua(t) — pra(t)va(t) + pra(t)va(t)

Analogously one can deduce differential equations for pio(t), pa1(t), pea(t).

Let us write differential equations which describe the motion of the considered dy-
namical system using standard notations

1 = P11, T2 = P12, T3 =DP21, T4 = P22 (1-7)

We obtain the following bilinear system of differential equations with respect to prob-
abilities x1, xo, 3, 4

1 = —T1Up + T3Uy — T10] + TaUs = fl(:c u,v)

o = —ZoUy + TgUg + X101 — ToUy = fo(z,u,v) (1.8)
T3 = T1U] — T3Ug — T3v1 + T4v2 = f3(z,u,v) ’
Ty = Taup — TgUg + 301 — T4V = fa(z,u,v)

Here

x = (21,22, x3,24), u=(u1,u2), ©v=(v1,0v9)



1.2 Properties of Dynamical System

Let us turn our attention to some properties of control dynamical system (1.8). This
dynamics conserves the following properties of probabilities.

Lemma 1.1 If

then

Proof. Actually
f1(.%’, u, U) + fg(l’, u, U) + f3(x? u, U) + f4(l’, u, U) =0
and, hence,
1(t) + 2(t) + 23(t) + 24(t) =0Vt

We obtain
xl(t) + xg(t) + xg(t) + $4(t) =c Vit

From (1.9) we have ¢ = 1.

Lemma 1.2 If

then

Proof. Let us note that (1.11) takes place for our model because

~ NiMiN My Ni Mo Ny M,y

1'1(0)374(0) — 1'2(0)1'3(0) = NM — NM =0
Let
2(t) = m1(t)za(t) — z2(t)as(t), 2(0) =0
We have
zZ = i‘1$4 + LIZ‘1jZ'4 — i‘gl‘g — xgjfg =
(—x1x4 + l’zl‘g)(?ﬂ + ug +v1 + ’Ug) =
—2(u1 + ug + v1 + v2)
Hence

At) = =(0) exp(— | (un(s) + us(s) + v1(s) + vs(s))ds)
0.

Since z(0) = 0 then z2(t) =
Thus the relations
T1+ a2+ a3+1T4=1 (1.13)

L1T4 — XT2X3 — 0 (114)

are first integrals for dynamical system (1.8).
One can prove also that system (1.8) conserves the following properties of probabilities.
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Lemma 1.3 If
0<z(0)<1 (1.15)
then
0<z(t) <1 VvVt i=1,23,4 (1.16)

Proof. We prove this fact below for the reduced system.

1.3 Reduced Dynamical Systems

Let us note that since there are exist two first integrals (1.13),(1.14) for dynamical system
(1.8) then its order can be reduced from the fourth to the second. We shall make this
reduction in convenient way for us. To this end we introduce the following variables

y1 = 1 + x2 is the probability of the fact that a player from
the first population holds the first strategy

Yo = x3 + x4 is the probability of the fact that a player from
the first population holds the second strategy

ys = x1 + x3 is the probability of the fact that a player from
the second population holds the first strategy

Yy = To + x4 is the probability of the fact that a player from
the second population holds the second strategy

It is obvious that
nty=1 ystuy=1 (1.17)
Using (1.13),(1.14) one can prove also that

Y1Ys = T1, Y1Ys = T2, YoU3 = T3, YaYs = T4 (1.18)
Actually, we have, for example,
Y1Ys = (l‘l + .7}2)(371 + .7}3) = x1($1 + X9 + .7}3) + o3 = x1($1 + X2 + T3+ .7}4) =T

From dynamical system (1.8) we obtain the following control system with respect to
probabilities y1, Y2, y3, Y4

Y1 = —Yiui + YaUs
Y = it =2t (1.19)
Ys = —Y3U1 + YaUo
94 = Y3U1 — YqU2

Introducing notations y; = z, y3 = y we obtain from (1.17) that yo = 1 — z, ys =
1 — y. Substituting these relations to (1.19) we come to the following bilinear system of
differential equations with respect to probabilities x and y

T = —zu+ (1 —2)uy

y = —yu+(l-yv (1:20)

Let us remind that controls wuy, us, v1, vo are pure numbers here. They are determined
by relations (1.5) and satisfies restrictions (1.6). The extreme values of controls u; = 0 or
u; =1,2=1,2and v; =0 or v; = 1,7 = 1,2 can be enterpreted as signals to individuals
of corresponding populations to change or not to change their actions. For example, the



value u; = 0 signals to individuals of the first population to hold the first strategy, not
to change actions, and the value u; = 1 signals about necessity to alter the first strategy
for the second.

In reality the system (1.20) can be replaced by the equivalent system of more simple
type. Let us consider, for example, the first equation of the system (1.20) and transform
it in the following way

t=—zu1+ (1 —2)ug = —z+2(l —u) + (1 —2)uy
Let us introduce the new control parameter
u=2z(1l—u)+ (1—x)us (1.21)
We determine now the restrictions for the control parameter u. We have
u € P(z), P(x)=P(x)+ Py(z)
P(z)={z(1—w): 0<u; <1, 0<z<1} =0,z
P)={1-2)uz: 0<u <1, 0<z<1}=10,1-— 1]

Hence, the set P(z) = [0,z] + [0,1 — ] is the segment [0, 1] and it does not depend
on x. Thus, the first equation of the system (1.20) can be replaced by the equation

r=—x+u, 0<u<l
Analogously, if we introduce the new control parameter
v=y(l—v1)+ (1 —y)ve (1.22)
we obtain the differential equation with respect to the probability y
y=—-y+v, 0<v<1

Thus, we have the following system of differential equations with respect to probabil-

ities z and y
T = —r+u, 0<u<l

i — —ytov 0<v<l (1.23)

Finally, let us verify that system (1.23) conserves properties of probabilities = and y.
Proof of Lemma 1.3.

Let u(s) : [0, +00) + [0, 1] be a control function measurable in the sense of Lebesgue.
Then according to Cauchy formula we have

o(t) = (w + [ exp(s)u(s)ds) exp(~1)
If 2(0) = 2o > 0 then it is obvious that z(¢) > 0. Let 2(0) = 2o < 1. Then
#(t) < (1+ [ exp(s)u(s)ds) exp(—t) <
exp(—1) + | (1 exp(s)u(s + t)ds <
exp(—t) + /_ Ot exp(s)ds < 1 (1.24)

Since system (1.23) conserves properties of probabilities then equivalent systems (1.8)
and (1.20) also conserve these properties.



2 The Model of ”Short-Term” and ”Long-Term?”
Payoffs

2.1 ”Short-Term” Payoffs

Let us pass now to the question about evaluation of payoffs of populations. It is naturally
to assume that the mathematical expectation connected with the corresponding payoft
matrix is the payoff of population at the moment of time t. Namely, quality of the
state z(t) = (z1(t), z2(t), z3(t), x4(t)) of dynamical process (1.8) is evaluated for the first
population by the mathematical expectation

EA(t) = anxl(t) + algxg(t) + aglxg(t) + a22x4(t) (21)
and for the second population - by the mathematical expectation
EB (t) = buxl(t) + blgxg(t) + bglxg(t) + b22$4(t) (22)

Taking into account the notations of the equivalent system (1.23) we can rewrite formulas
(2.1),(2.2) by means of probabilities z(t), y(¢) in the following way

Ea(t) = anz(t)y(t) + a2z (t)(1 — y(t)) +
a1 (1 — x(t))y(t) + axn(l —z(t))(1 —y(t)) =
(@11 — a12 — ag1 + a22)x(t)y(t) — (ag — a12)x(t) —
(@92 — a21)y(t) + ag (2.3)

1 —
1 —

Ep(t) = bux(t)y(t) + bz () (1 — y(t)) +

bar (1 — x(8))y(t) + boa(1 — z(t))(1 — y(t)) =

(b1 — big — ba1 + ba2)x(t)y(t) — (baz — bi2)x(t) —
(baa — b21)y(t) + bao (2.4)

Let us note that in the theory of static bimatrix games (see, for example [Vorobjev, 1984])
there are special notations for the coefficients of formulas (2.3),(2.4)

Ca = a1 —ai2 — a1 + ag
1 = A22 — Q12 (25)
Qo = A22 — Q21

Cp =b11 — bia — ba1 + bao
B1 = baz — b1o (2.6)
B2 = bya — bay

It is naturally to assume that formulas (2.3)-(2.4) describe the ”short-term” (calculated
at the fixed moment of time t) payoffs of populations.

2.2 ”Long-Term” Payoffs

Let us consider now the dynamical system (1.23) on the infinite interval of time [0, +00).
Infinity of the interval of time means that we are interested namely in the evolutionary
character of behaviour of trajectories generated by the dynamical system.



Let (z(-),y(:)) = {(z(¢),y(t)) : t € [0,400)} be an arbitrary trajectory of the system
(1.23). We shall estimate the quality of this trajectory by the integral functionals with
discount coefficients. For the first population we determine the quality of a trajectory by
the functional

Ji=Ji(z(-),y()) =
/0 exp(— A Ea(t)dt = /0 exp(—At) g1 (z(t), y(1))dt =

+o00o
/0 exp(—At)(Cazx(t)y(t) — arx(t) — asy(t) + age)dt (2.7)
and for the second population - by the functional

Joy = Jo(x(),y(") =
/0 exp(— M) Eg(t)dt = /0 exp(—At)ga(x(t), y(1))dt =

| p(-M) (Crlty(e) — Bu(t) — ay(e) + bt (2.8)

Here A > 0 is the so-called coefficient of discount (which means discounting of the process
with growth of time). Functionals of such type are rather traditional for mathematical
models in economics (see, for example, references in [Dolcetta, 1983]). Let us note that
integrals (2.7), (2.8) always exist since 0 < z(¢) <1, 0<y(t) <1.

Functionals (2.7),(2.8) determine "long-term” (on the infinite interval of time) payoffs
of populations in contrast to "short-term” payoffs (2.1)-(2.4).

Integrals (2.7),(2.8) can be interpreted also in terms of "average” mathematical ex-
pectations. Indeed, let us, for example, consider integral (2.7). We normalize it by
multiplying on the discount coefficient \. We have

+oo

A /0 exp(— A (Caz(t)y(t) — arz(t) — any(t) + ass)dt =
—+o00 —+o00

an / Aexp(— ALz (1)dt + as / A exp(—A)as(t)dt +
0 0
+00 +o0

as / Aexp(—A)as(t)dt + ass / Aexp(—A)aa(t)dt =
0 0

+o0
Z aij/o )\eXp(—)\t)pij(t)dt =
4,3

a11P11 + Q12P12 + @21P21 + A29P22 =
Ea(z(-),y()) (2.9)

Here oo
Dij = / )\eXp(—)\t)pij(t)dt, Z,] = 1, 2 (210)
0

It is easy to verify that 0 < p;; <1 and >, ; p;; = 1. Hence, one can interpret numbers
pij as some special averaging (2.10) of probabilities p;;(t), ¢ € [0,400) on the infinite
interval of time. Therefore, it is naturally to regard number p;; as "average” probability
of the fact that random pairs of individuals play the situation (4, j) on the infinite interval
of time. The functional (2.9) is interpreted then as ”average” mathematical expectation
E4(z(-),y(+)) of payoff for the first population on the infinite interval of time.



Analogously, the normalized functional (2.8) can be considered as ”average” mathe-
matical expectation Eg(x(-),y(-)) of payoff for the second population in infinite horizon

v T exp(= M) (Cr (DY (t) — Br(t) — Boy(t) + bao)dt —

—+o00 —+o00
o / Aexp(—At)z1(£)dt + bra / A exp(—At)za(t)dt +
0 0

+00 +oo
b / A exp(—At)zs(t)dt + bas / A exp(—A)za(t)dt =
0 0

+oo
Z bl]/ )\eXp(—)\t)pij(t)dt =
i 0

b11p11 + b1op12 + bo1pa1 + boopas =
Ep(z(-),y(-)) (2.11)

3 Nash Equilibria in Dynamical System

3.1 Feedback Controls, Trajectories of Dynamical System

Let us assume that controls u and v for the first and the second populations in sys-
tem (1.23) can be formed on the feedback principle. We suppose also that feedback
controls (strategies) U = u(t,z,y,e) and V = v(t,z,y,¢) can be discontinuous func-
tions of phase variables (x,y). For definition of motions of the system generated by
discontinuous controls U = u(t,z,y,e), V = v(t,z,y,e) we shall use the approach
proposed in [Krasovskii, Subbotin, 1988]. Namely, let [0,7] be an interval of time,
A={th=0<t; <ty <..<ty =T} be its partition with an instant time-step
d = tr41 — tr and € > 0 be a parameter of accuracy 0 < 6 < f(¢) where #(¢) | 0 when
e | 0. Consider piecewise differentiable trajectory (za(-),ya(-)) which is called ”Euler
spline” and is actually the step-by-step solution of the following differential equation

i‘A(t) = —l‘A(t) + u(tk,xA(tk),yA(tk),s) (31)
ya(t) = —ya(t) + v(ts, zate), ya(ts), €)

t € [tk,tk+1), k=0,1,... N —1

za(0) = 20,  ya(0) = yo

The uniformly continuous limits of ”Euler splines” when N — oo,e | 0,0 | 0 are called
limit motions or simply motions of the system. The set of all these motions will be denoted
by the symbol Xp(zo,y0,U, V). This set is a compactum in the space of continuous
functions determined on [0, 7).

Definition 3.1 A continuous function (z(t),y(t)) : [0, +00) — R? is called trajectory of
the system (1.23) on the infinite interval of time generated by strategies U and V' from
the initial position (xo,yo) if for any moment T,0 < T < oo there exists a trajectory
(xp(t),yr(t)) € Xor(xo,y0, U, V') which satisfies the condition (x(t),y(t)) = (xr(t), yr(t)),
t € [0,T). The set of all these trajectories (x(t),y(t)) : [0, +00) — R? will be denoted by
the symbol X (xq,yo, U, V).

10



3.2 Nash Equilibria

Let us introduce definiton of Nash equilibria for pairs of feedback controls (U = u(t, z, y, €),
V =u(t,z,y,¢)).

Definition 3.2 A pair of feedback controls (U°, V°) is called optimal (equilibrium) in the
sense of Nash for the fized initial position (zo,yo) € [0, 1] X [0, 1] if for any other feedback
controls U and V the following condition holds. For all trajectories

(@°(),4°()) € X(20,50,U%,V?),  (21(),11()) € X (20,0, U, V")
(22(), 92()) € X (20,30, U", V)

mequalities

Jo(2°(), %) = Ja(w2(-), y2()) (3.2)
take place.

Remark 3.1 For construction of Nash equilibria we shall use the scheme proposed in
[Kleimenov, 1993]. We shall give the short description of this scheme below in Section /.

We need to modify slightly Definition 3.2 because in reality we construct some e-
approximations of optimal feedback controls. Therefore, let us introduce the notion of
e-equilibria.

Definition 3.3 Let e > 0 and (zo,yo) € [0,1] x [0,1]. A pair of feedback controls (U., V;)
is called e-optimal (e-equilibrium) in the sense of Nash for the fized initial position (xg, yo)
if for any other feedback controls U and V the following condition holds. For all trajecto-
ries

(2°(),4°()) € X(20,90, U, V2),  (21(),31()) € X (0,30, U, V&)
(z2(-),92(-)) € X(20,0, U, V)

mequalities

Jo(2°(),9°() = Ja(22(-), 92(-)) — € (3.3)
take place.

Remark 3.2 Nash equilibria which will be constructed below possess indeed the more
strong properties than the properties indicated in Definitions 3.2, 3.3. These strong prop-
erties can be interpreted as dynamical stability of equilibria. Namely, we say that the Nash
equilibrium has the property of dynamical stability if it is not profitable for populations
to deviate from equilibrium feedback controls even along the whole equilibrium trajectory
(2°(+),4°(+)), i.e. the following enequalities hold for all t, > 0

/ f“’ exp(—A0)gn (2°(0), (1))t > [ f“’ exp(—M)gu (21(t), v (£))dt —
/ f“’ exp(—A)ga(a"(0), 4" (1))dt > [ f“’ exp(— ) ga (1), ya(t))dt — (3.4)

with € = 0 for Definition 3.2 and with € > 0 for Definition 3.3.

11



3.3 Stability Properties of Dynamical System

Let us formulate the property of stability for dynamical system (1.23).

Lemma 3.1 Let u(t) : [0,400) — [0,1], w(t): [0,+00) — [0,1] be measurable controls
and (x1(+),y1(+)), (x2(), y2(+)) be two trajectories of the system (1.23) generated by these
controls from different initial positions

(21(0),41(0)) = (z1,41),  (22(0),42(0)) = (22, y2)
Then
[21(t) — 22(t)] < |21 — 22| exp(—1)
[y1(t) —v2(t)] < [y1 — y2| exp(—1) (3.5)

Moreover, there exists a constant C' > 0 depending only on coefficients of matrizes A and
B such that the following estimates take place

[ Jk(@1(-), 1)) = Ji(2(), w2(-))] <
H—)\max{|$1—x2|’|yl—yz|}’ k=12 (3.6)
Proof. Consider, for example, differential equations for z1(-) and x»(-)

xl(t) = —:cl(t) + U(t), 1'1(0) =T
xg(t) = —xg(t) + U(t), LIZ‘Q(O) = T9
Subtracting the second equation from the first we obtain
Ai(t) = —Az(t), Az(0) =z — 29
Ax(t) = z1(t) — za(t)
Hence
Az(t) = Az(0) exp(—t)
Analogously, we can obtain
Ay(t) = Ay(0) exp(—t)
For the difference of functionals we have the estimate

[S(@1(); 1) = Si(@a(), 92())] <
/0 exp(=A)|Ca(z1()y1(t) — 22()y2(t)) — an(1(t) — 22(t)) — a2(1(t) — ga(t))dt <

C /0+0o exp(—At) max{[z1(t) — 22(t)], [92(t) — 2(t)|}dt <

+o0
Cmax{loy — ol Jys — gal} [ exp(—(1+ X))t =
C

H—)\maxﬂxl — xa|, [y1 — v2l}

Finally we give the following corollary.

Corollary 3.1 For integral functionals with finite horizonT, 0 <T < +oo the estimate
similar to (3.6) takes place

[ exp(-M)geCea(t),m()de — [ exp(-N0)gu(wa(t), 0)dt] <
C

H—)\max{|$1—$2|’|yl—y2|} (3.7)
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4 Construction of Nash Equilibria

4.1 Auxiliary Antagonistic (Zero-Sum) Games

In order to construct equilibrium feedback controls we use the approach proposed in the
theory of differential games (see, for example, [Kleimenov, 1993)).

Let us consider auxiliary antagonistic (zero-sum) differential games I'; and I's with
the functionals J; (2.7) and Jy (2.8) respectively. In the game I'y the first population
tries to maximize the functional Ji(z(-),y(-)) using feedback controls U = u(t,z,y,¢).
The second population has the opposite aim, it tries to minimize this functional using
feedback controls V' = v(t, x,y,€). Conversely in the game I'y the first population aims for
minimization of the functional J,(z(+), y(+)) and the second population wishes to maximize
it.

By the symbols wy(z,y) and we(z,y) we denote value functions of auxiliary antag-
onistic games I'; and I';. It is known (see [Krasovskii, Subbotin, 1988|, [Krasovskii,
1985]) that optimal feedback controls (control synthesis) U; = u{(¢,z,y,€), = 1,2 and
Vi = v?(t,:c,y,s), 7 = 1,2 of the first and the second population in this antagonistic
game can be constructed on the information of value functions wy(-), &k =1,2.

Strategies u?(t,x,y,¢) and vd(t,z,y,€) can be interpreted as strategies which have
positive nature (we shall call them ”positive” strategies) because they are aimed for
maximization of their own quality functional. Let us mention that these strategies are
cautious (guaranteed) feedback controls. Strategies u3(¢,x,y, <) and v?(t,z,y,¢) can be
considered as strategies of "punishment” because they minimize the payoff functional of
another population.

4.2 Equilibrium Feedback Controls

Let us construct now the pair of feedback strategies which forms Nash equilibrium by past-
ing together "positive” and ”punishment” strategies u? (¢, z,y, €) and v?(t, x,y,€), 1,j=
1,2 of two populations.

Let (zo,y0) € [0,1] x [0,1] be an arbitrary initial position, € > 0 be an accuracy
parameter and (z(-),y(-)) € X (xo,yo, u1(+),v2(+)) be a trajectory generated by ”positive”
strategies u{(t, z,y,€) and v(t, z,y,¢). Let T > 0 be such a moment of time that

/:O exp(—At)|gi(z(t), y(t))|dt < e

By the symbols u.(t) : [0,7.) — [0,1], wv(¢) : [0,7:) — [0,1] we denote step-by-step
realizations of strategies ul(t,z,y,€), v3(t,z,y,¢e) such that the corresponding step-by-
step motion (z.(-), y.()) satisfies the condition

s (0(0), 90)) — (20,0 < <
It is affirmed that the following pair of feedback controls U° = u°(t,z,y,¢), V® =
vO(t,z,y,€) pasted with the help of "positive” strategies ul(¢,z,y,¢),v3(¢,z,y,€) and
”punishment” strategies uS(t, z,y, €),v¥(t, z,y, ) forms an e-equilibrium situation in the
sense of Nash

o=t ={ il i “OHT
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= ={ 1, B ORI

Let us remind that programming controls u.(t), v.(t) are realizations of ”positive”
strategies u) (¢, z, y, €), v3(t, x,y,€). In other words the “acceptable” trajectory (z:(-), y=(-))
is generated by “positive interests” of populations. The number ¢ can be interpreted as a
parameter of “reliance” of populations to each other or a level of “risk” which populations
allow in the game.

5 Value Functions of Differential Games

5.1 Value Functions for Games with Infinite Horizon

Let us consider now the auxiliary antagonistic (zero-sum) game I'y the dynamics of which
is described by equations
T=-z+u

. 1
j=—y+v (5:1)
and the payoff functional is determined by relation
+oo
R@()y() = [ exp(=X)gi(w(t). y(t))dt =
+oo
/0 exp(—At)(Caz(t)y(t) — arx(t) — ay(t) + ag)dt (5.2)

The aim of the first population is to maximize the functional J; (5.2) on trajectories
(x(-),y(+)) of the system (5.1) by disposing of control parameter U = u(t, z,y, ). The aim
of the second population is opposite: to minimize the functional J; (5.2) on trajectories
(x(-),y(-)) of the system (5.1) by disposing of control parameter V = v(t, z,y,¢).

According to formalization proposed in [Krasovskii, Subbotin, 1988] the antagonistic
game (5.1),(5.2) has the value function (xg, yo) — w1 (2o, Yo)

w1 (xo, =su inf Ji(z(+),y()) =
1(20:30) = SUP ) o oy 1) V)

inf sup (), () (5:3)

Vo (@()y())eX (zo,y0,V)

Here symbols X (¢, yo, U), X (x0, Y0, V') denote trajectories of dynamical system (5.1) gen-
erated by feedback controls U = u(t, z,y,e) and V = v(t, z,y, €).

5.2 Properties of Value Functions
Let us indicate some properties of value function wy : [0,1] x [0,1] — R.

Property 5.1 Letwi(t,x,y) be the value function for the differential game with dynamics
(5.1) and payoff functional

Rt 20,50 = [ exp(-As)gn(a(s), y(s)ds (54)

z(t) =z, y(t)=y
Then value functions wy(z,y) and wy(t, x,y) are connected by relation

wi(t, z,y) = exp(—At)wy(z,y) (5.5)
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Property 5.2 Let wi(t,T,x,y) be the value function for the differential game with dy-
namics (5.1) and payoff functional

BT (), y(0) = [ exp(-As)gn(a(s), y(s)ds (56)

z(t) =z, ylt)=y

Then value functions wy(t, x,y) and wyi(t,T,z,y) are connected by inequality

K
— T < — —\T .
(t,Ly)E[OI,Iﬂl“]a;([O,l]X[O,l] |w1(t,x,y) wl(t7 ,x,y)| =\ eXp( A ) (5 7)

Here parameter K depends only on coefficients a;; of matriz A = {a;;}.

Property 5.3 Value function w; is bounded

K
(o)l < 5 (5.9

max
(2,y)€[0,1]x[0,1]

Property 5.4 Value function wy satisfies the Lipschitz condition

K
(w1 (21, Y1) — wi(w2,Y2)| < 1T+ )\(|371 — T+ |y1 — 12]) <
V2K 1
1+ )\((371 —29)” + (g1 — 2)%)> (5.9)

Proof. Let us choose arbitrarily ¢ > 0. Determine a moment of time 7', 0 < T < 400
from the relation
exp(—\TK < ¢

1.e.

1 K
T>—In—
)\ns

Consider value function wq(0, 7T, z,y). According to Property 5.2 we have

K K
wilT,y) — wq O,T,x,y < —exp -\T S_g
A A

Let U° and V° be feedback controls realizing external extremum in relations which deter-
mine value function wq(0, T, z,y), i.e.

max min J1(0, T, z(-),
U (x(~),y(~))€X(x,y,U)

y
min J1(0, T, x(+), y(-
(@()()EX (2,3,U°) 1 ()y
min max J1(0, 7T, x(+),
V' (@) w()eX (@uV) i ()

(

max
(x(~),y(~))€X(x,y,VO)
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Consider the difference

wl(O, T, X, yl) - w1(07 T> L2, y2)

min J1(0, T, z(-), y(-)) Ji(0, T, z(-),y("))

—_ max .)

(I(')ﬂy('))EX(Iﬂ%UO) (m(~),y(~))€X(m,y,VO)
J1(0, T, 2o(+), 3o (+)) — 10, T, 2°(), °()) <
J1(07 T7 33'1('), yl()) - ‘]1(07 T7 33'2('), 92()) te

Here (x1(+),y1(+)) and (x2(+),y2(:)) are "Euler splines” which are close enough to trajec-
tories (zo(),vo(-)) and (z°(-),4°(-)) realizing corresponding extremum.

According to the stability property of dynamical system (see Corollary 3.1) we have
the following estimate

J1(0, Ty z1(-), y1(-)) — J1(0, T, z2(+), 92(+)) <

(|21 — 22| + |y1 — 32)

14+ A

Let us note that the last estimate does not depend on 7.

Combining all estimates together we obtain one-sided inequality for the Lipschitz
condition (5.9). Changing places of equal "maxmin” and "minmax” in the previous
arguments we come to the complementary estimate of the Lipschitz condition. Thus,
condition (5.9) is proven.

Remark 5.1 Properties 5.1 - 5.4 are valid also for the value function ws

wa (T, Yo) = su inf Jo(z(),y(+)) =
220, 90) =P ooy 2 H0)

inf sup Jo(2(-), y()) (5.10)

U (2()y()eX (zo,50,U)

of the second auxiliary differential game.

6 Value Functions and Minimax (Viscosity) Solu-
tions of Hamilton-Jacobi Equations

6.1 Hamilton-Jacobi Equations

The most principal properties of value functions are so-called properties of stability (u
and v stability [Krasovskii, Subbotin, 1988]) which express the principle of optimality
(suboptimality, superoptimality) of dynamical programming. At points where value func-
tion wy (z,y) is differentiable these properties convert to the first order partial differential
equation of Hamilton-Jacobi type which is called Bellman-Isaacs equation or the basic
equation for optimal control problems. For our optimal guaranteed control problem (dif-
ferential game) (5.1),(5.2) the corresponding Bellman-Isaacs equation has the following
form

ow ow
Al y) = 5T 5y
ow . Ow
122X 5, in, 5, v =0 (6.1)
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Remark 6.1 Equation (6.1) does not depend on time t. It is an equation of stationary
type.

It is easy to see that

0<u<l Jx EX
. Ow : ow
g, 8—yv = min {0, G_y} (6.2)

Therefore, equation (6.1) can be rewritten in the form

ow ow
—Aw(z,y) — R En
max {O, Z—ZJ} + min {0, Z—Z} =0 (6.3)

6.2 Generalized Derivatives, Differential Inequalities

Usually value function ws(x,y) is not differentiable everywhere. It satisfies only the
Lipschitz condition (5.9), i.e. it is only almost everywhere differentiable according to
Rademaher theorem.

It is shown in the theory of minimax (viscosity) solutions [Subbotin, 1980, 1991],
[Crandall, Lions, 1983, 1984] that value function w; must satisfy generalized differential
inequalities at points where it is not differentiable (measure of this set is equal to zero).
These inequalities generalize Bellman-Isaacs equation and express the optimality principle
of dynamical programming in infinitesimal form.

In order to write the principle of dynamical programming in infintesimal form let us
introduce the notions of directional derivatives and conjugate derivatives for functions
which satisfy the Lipschitz condition.

Let function w(z,y) : [0,1] x [0,1] — R satisfy the Lipschitz condition.

Definition 6.1 Lower and upper derivatives of function w at a point (x,y) € (0,1)x(0,1)
in a direction h = (h1, hy) € R? are determined by relations

s e w(T + 0hy,y + Ghy) —w(z,y)
O_w(x,y)|(h) = 11%6nf 5
. w(z + 6h1, y + 0ha) — w(z, y)
8.w(z,y)|(h) =1
Lw(z, y)|(h) i sup 5

(6.4)

Definition 6.2 Lower and upper conjugate derivatives of function w at a point (x,y) €
(0,1) x (0,1) are determined by equalities

D*w(z,y)|(s) = sup ((s, h) — d-w(,y)|(h))

heR?

D.w(z,y)|(s) = inf ({s,h) — Orw(z,y)|(h)) (6.5)
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It is proven (see, for example, [Subbotin, 1980, 1991], [Crandall, Lions, 1983, 1984],
[Subbotin, Tarasyev, 1985], [Dolcetta, 1983|, [Adiatulina, Tarasyev, 1987]) in the theory
of minimax (viscosity) solution that value function w;(x,y) is uniquely determined by the
pair of differential inequalities which connect conjugate derivatives with the Hamiltonian
of dynamical system. Let us give this result for differential game (5.1),(5.2).

Theorem 6.1 For a Lipschitz continuous function w : [0,1] x [0,1] — R to be the value
function of differential game (5.1),(5.2) it is necessary and sufficient that the following
differential inequalities hold for all (z,y,s) € (0,1) x (0,1) x R?

D*w(x,y)|(s) e —)\w(:c,y) —i—H(l‘,y, S) (66)

D*w(x,y)|(s) < —)\w(:c,y) —i—H(l‘,y, S) (67)

Here the symbol H(z,y,s) denotes the Hamiltonian of dynamical system (5.1)
H(z,y,s) = —s1z — soy + max{0, s1 } + min{0, so} + ¢1(z, y) (6.8)

s = (s1,89) € R?
9i(x,y) = Cary — a1z — apy + ag

Remark 6.2 Inequalities (6.6),(6.7) turn into Bellman-Isaacs equation (6.3) at points
where function w is differentiable.

Remark 6.3 Differential inequality (6.7) expresses the so-called property of u-stability of
the value function w which implies the existence of directions of nondecrease. Similarly,
differential inequality (6.6) expresses property of v-stability which means that there exist
directions of nonincrease for the value function w. Thus, relations (6.6),(6.7) can be
interpreted as infinitesimal form of the dynamical programming principle.

6.3 Piecewise Smooth Value Function

The prevalent situation is the piecewise smooth construction for the value function w. In
this case smooth components of the value function must satisfy Bellman-Isaacs (Hamilton-
Jacobi) equation (6.3) and on surfaces of continuous contraction of these smooth com-
ponents differential inequalities (6.6),(6.7) must hold. Realization of differential inequal-
ities (6.6),(6.7) on surfaces of contraction is essential. There exist numerous examples
demonstrating that there exist piecewise smooth functions which satisfy Hamilton-Jacobi
equation at points of their differentiability but these functions are not the value function
because they don’t satisfy relations (6.6),(6.7).

For piecewise smooth functions directional derivatives and conjugate derivatives can
be calculated in the framework of nonsmooth and convex analysis. Let us give corre-
sponding formulas. Assume that for function w the following equalities are valid in some
neighborhood O, (z.,y.) of point (z.,y.) € (0,1) x (0, 1)

w(z,y) = minmax ¢;;(z,y) = maxmin v;;(z, y) (6.9)

W(Tw, Yu) = 0ij(Tu, y), €1, jEJ
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Then directional derivatives are determined by relations

O-w(zs, y.)|(h) = Orw(zs, y.)|(h) = Ow(z., )| (h) =

min I§1€a}<(bij, h) = max Ig}l(bij, h) (6.10)

Opij Opij
bij = J7 . ) h = h’7h’
J (837 8y> ( 1 2)

Let us introduce the following notations

C:ﬂBz, Bi:CO{bijleJ}
el
D = ﬂBj, Bj:CO{bijliEI}

jedJ

Then conjugate derivatives are determined by relations

N ] 0 ifseC
Drw(@.,y.)l(s) = { +00 otherwise (6.11)
0 ifseD
Dew(@e,ye)l(s) = { —oo otherwise (6.12)

Remark 6.4 The sets C and D may be empty. In this case the corresponding conju-
gate derivatives have infinite values and differential inequalities (6.6),(6.7) are obviously
fulfilled.

6.4 Example

Let us consider an example in which the value function is differentiable and can be found
by the method of indetermined coefficients.
We rewrite Hamilton-Jacobi equation in the following way

—w(z,y) + (Cazy — cnx — aoy + asa) —

ow ow ow ow
—r— — 0, — in<0,— =0 6.13
o yy—i—max{,ax}—i—mm{,ay} (6.13)

Without loss of generality we will assume that C'4 > 0. Let us find solution w in the form
w(z,y) = Dry — Nz — 1y +d (6.14)

Here D, 1,72, d are indetermined coefficients. In additition we will suppose that partial
derivatives conserve their signs

ow
— =Dy—v <0 6.15
5 y—m < (6.15)
ow
8—y:Dx—’)/220 (6.16)



min{O, Z—Z} =0

We substitute function w (6.14) to (6.13) and obtain the equation
—ANDzy — 1z — oy + d) + (Cazy — anx — aoy + asa) —
(Dy —m)z — (Dz —y2)y =0

Setting equal coefficients at similar terms we come to equations with respect to indeter-
mined coefficients D, 1, vz, d. Solving these equations we obtain the following solution

Ca

D =

"M =

Yo =
d=—" (6.17)

Coefficients D, 71, 7, must satisfy conditions (6.15),(6.16). Substituting (6.17) to (6.15),(6.16)
we find conditions for the initial matrix A which ensure that the value function w is dif-
ferentiable and has the form (6.14),(6.17). We have from (6.15),(6.17)

ar1(2+ )

< ——=, € 0,1
VS Gy vel
The last inequality holds if and only if coeflicients of matrix A satisfy condition

Qq 14+ A
—_— > 6.18
Ca ~ 24+ ( )
From (6.16),(6.17) we obtain

a(2+ )
x> —= 1x€]|0,1
—Ca(1+N) 0,1}
The last inequality is equivalent to the following condition for coefficients of matrix A

Thus, if relations (6.18),(6.19) hold then function w (6.14),(6.17) is the differentiable
solution of Hamilton-Jacobi equation (6.13).

Remark 6.5 As a pattern of matriz which satisfy conditions (6.18),(6.19) one can take,

for example, the matrix
A—<gg> (6.20)

Parameter X\ is constrained here by the inequality
0<A<1

Let us note that matriz A (6.20) does not have a dominating line but has the dominating
first column.
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Remark 6.6 One can find analogously the differentiable solution of Hamilton-Jacobi
equation (6.13) for other combinations of inequalities of the type (6.15),(6.16).

Remark 6.7 In the general case inequalities of the type (6.15),(6.16) are not valid for all
(x,y) € [0,1] x [0,1]. In such situations value functions are not everywhere differentiable.
The structure of the value function is rather complex in this case and it does not have
analytical description. Therefore, below we propose the numerical method for construction
of value functions.

7 Approximation Operators and Method of Con-
traction Mappings for Construction of General-
ized Solutions of Hamilton-Jacobi Equations

7.1 Discrete Approximation of Hamilton-Jacobi Equations

Let us consider the discrete approximation of Hamilton-Jacobi equation (6.1). We fix
parameter h € (0, %) Note that parameter h can be interpreted as quantization step of
time intervals.

Definition 7.1 Algebraic equation of the type

—wy p,(2,y) + hgr(z,y) +
(1—Ah) max min w;p(z +h(=2z +u),y+h(-y+v)) =0 (7.1)
(z,y) € [0,1] x [0, 1]
gi1(z,y) = Cazy — a1z — coy + ag

is called discrete approzimation of Hamilton-Jacobi equation (6.1).

Remark 7.1 The solution w; ,(x,y) of equation (7.1) is an approzimation for general-
ized solution wy(z,y) of Hamilton-Jacobi equation (6.1). It is known (see, for example,
[Dolcetta, 1983/, [Adiatulina, Tarasyev, 1987]) that when h | 0 functions w, ,(z,y) tend
to function wy(z,y) in the space of Lipschitz continuous functions and order of approzi-
mation estimate is hz

max wy h(x,y) — wi(x, SEh% 7
(mvy)E[O,l]x[o,uLl’h( v) 1(z,y)] (7.2)

Remark 7.2 Parallel with equation (7.1) one can consider the discrete approximation of
Hamilton-Jacobi equation (6.1) in which the sequence of operations "mazmin” is replaced
by the sequence "minmax”

_wl,h(x7 y) + h’gl (.’L‘, y) +
(1—Xh) Jin max Wip(z+h(—z+u),y+h(—y+v))=0 (7.3)

The solution Wy p(z,y) of equation (7.3) also converges to generalized solution wi(x,y)
with the estimate

max [Wa(2,y) —wi(r,y)| < B 74
(mvy)E[O,l]x[o,1]| La(@, ) — wi(z, y)| (7.4)
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7.2 Method of Successive Approximations

Let us pass now to the question of finding solutions w; ,(x,y), w1 x(x,y) of equations
(7.1),(7.3). Onme can prove (see, for example, [Dolcetta, 1983], [Adiatulina, Tarasyev,
1987]) that equations (7.1),(7.3) contain contraction operators and, therefore, can be
solved by the method of successive approximations. Let us indicate these contraction
operators II, and IT*

H*w(:c,y) = h’gl(x7y) +

(1—X\h) Jnax Olélvi%ll w(x + h(—z+u),y + h(—y+v)) (7.5)

H*w(:c,y) = h’gl(x7y) +

(1—X\h) Jin, max w(x + h(—z+u),y + h(—y+v)) (7.6)

Contraction coefficients of operators II, and II* are equal to (1 — Ah). According to the
principle of contraction mappings we can formulate the following statement.

Theorem 7.1 Equations (7.1),(7.3)

wy (2, y) = ILawy 4 (2, )
th(ﬂ?, y) = H*th(x? y)

have unique solutions in the class of bounded, Lipschitz continuous functions. Moreover,
iterative procedures

wy (z,y) = L (z,y) = hgi(z,y) +
-1

(1= Ah) max min wyy (« + h(=2 +u),y + h(-y +v)) (7.7)

oy (z,y) = 07, (2,y) = ha(z,y) +

(1= Ah) gy gmax 3 (@ + (= + ).y + h(—y +v)) (7.8

converge uniformly to solutions of equations (7.1),(7.8) for any initial approximations
w (2, y), @Y, (2, y) which are bounded and Lipschitz continuous.

As patterns for initial approximations wf  (,y), W} ,(z,y) one can take function gi(z,y)
or zero function.

Remark 7.3 According to the principle of contraction mappings the following estimates
are also valid

ax K
- n < — _ n .
(z0)el0.1x[0,1] [win(@,y) —win(ey)l < (1= An) (7.9)
[Dun(@,y) = Wiz y)l < T =M (7.10)
(x,y)g[}),l]x[ml] W1,p\T, Y wl,h T,Y)| > h\ )

n=0,1,2 ..

Taking into account estimates (7.2),(7.4),(7.9),(7.10) for functions wi, w; j,, W1 n, WYy,
WY, n=0,1,2,... one can obtain estimates of convergence of functions wf ;, w7 ;,, to the
function w;. More precisely, the following statement takes place.
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Theorem 7.2 Estimates (7.11),(7.12) are valid

max |l y) - wi(,y)| < Gh? 7.11
(rvy)e[ﬂvllx[0,1]| 17, 9) —Lh( y)| ( )

— < Gh? 7.12
(rvy)g[})?i}](x[o,ﬂ [wi(z,y) wl,h(x’y” > ( )

Here h € (0, min {%, 1}), G is a constant which does not depend on h, a number m depends
on h and is determined by condition

N

(1=A)™ <h (7.13)

7.3 Discrete Approximations for the Second Differential Game

Analogous results are valid for the differential game with the second payoff functional
Jo. Namely, let us consider discrete approximations of Hamilton-Jacobi equation for the
value function ws(z,y)

—wsy (2, y) + hga(x,y) +

(1= Ah) max min w, (2 +h(=2z +u),y+h(-y +v)) =0 (7.14)

_EQ,h(x7 y) + hg? (LIZ', y) +

(1—Mh) 012211 Jax W wz+h(—z+u),y+h(—y+wv))=0 (7.15)

(z,y) € [0,1] x [0, 1]
92(z,y) = Cpry — B1x — Boy + bao

Equations (7.14),(7.15) contain contraction operators ®, and ®* with contraction coeffi-
cients equal to (1 — Ah)

(I)*w(x7y) = hg?(x7y) +

(1 —Ah) [nax 01;%11 w(z + h(—z +u),y + h(-y +v))

(I)*w(x7y) = hg?(x7y) +
(1—Mh) Juin max w(x + h(—z+u),y + h(—y+v))
Equations (7.14),(7.15) can be rewritten in the form
Wy (2, y) = Puws p(,y)
Waon(2,y) = O Won(2,y)

The method of successive approximations for these equations provides convergence to the
unique solution. Namely, the following iterative procedures converge

wy (z,y) = Sy (x,y) = hga(z,y) +

(1= Ah) max min wy), Ha 4+ h(—z +u),y + h(—y +v)) (7.16)
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Wy (2, y) = Wy, (2,y) = hga(z,y) +
(1—X\h) Ogigl fax ' (z + h(—z 4+ u),y + h(—y +v)) (7.17)
Moreover, approximations wy, and Wy, converge also to the value function ws when
n — oo, h | 0 and the following estimates of convergence take place

- s, < Gh? 7.18
(rvy)g[})?i)](x[o,1]|w2(x’y) wy (2, y)| < ( )

1
max wa(x,y) — Wy (x < Gh2 7.19
e ax a2, y) = W (@, )] < (7.19)
for number m satisfying condition (7.13).
Thus, we need to construct two approximations w7, w7, for the value function w;
and two approximations wy’,, Wy}, for the value function ws.

7.4 Optimal Feedback Controls

Very important detail of the considered construction consists in the fact that functions
Wiy, WY, Wy, Wy, keep information not only about approximation values of generalized
solutions w; and wy but simultaneously they allow to determine approximations of opti-
mal feedback controls: ”positive feedback controls” uf ,(x,y), v3,(x,y) and ”punishment
feedback controls” g ,(z,y), v} ,(z,y). Namely, "positive feedback controls” u{ ,(x,y),
1137 »(2,y) can be determined as arguments u, v which realize external maximum in formulas
(7.7),(7.16) when n = m

ul ,(z,y) = arg Jax Olélvi%ll w (@ + h(—z +u),y + h(—y +v)) (7.20)

va(2,y) = arg max min w3y (@ + h(=z +u),y + h(=y +0)) (7.21)

”Punishment feedback controls” ug ,(x,y), v} ,(z,y) are determined analogously as argu-
ments u, v which realize external minimum in formulas (7.17),(7.8) when n = m

up (@, y) = arg min max w5 (z + h(—z +u),y + h(=y +v)) (7.22)

U?,h(x? y) = arg Oglvigl 01;13%(1 wf,jl(:c + h(—z+u),y+ h(—y +v)) (7.23)

Let us remind that quadruple u,,(z,y), v3,(z,y) i,7 = 1,2 forms one of Nash equilib-
ria. Namely, ”positive feedback controls” u{ ,,(z,y), v9 ,(z,y) generate the trajectory ”ac-
ceptable” for both populations. And ”punishment feedback controls” uf ;(z,y), v{ ,(z,y)
are the instrument which forces populations to follow this trajectory.

7.5 Conjecture on the Structure of Optimal Synthesis

Taking into account that payoff functions gi(z,y), g2(x,y) are bilinear, their gradients
Ogr/0x, Ogi /Dy, k = 1,2 are linear and control parameters u, v are linearly presented
in the dynamical system we can propose the following conjecture about the structure of
optimal feedback controls ug, (z,y), v3,(z,y) 4, = 1,2.
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Proposition 7.1 (Conjecture on the structure of optimal synthesis).

There is a curve in the square [0,1] x [0,1] of phase states which passes through the
point (aa/Ca,01/Ca) and divides the square into two parts. In one part the optimal
feedback control is equal to zero and in another part - to unit.

Moreover, in some neighborhood of such curve for ”positive” control synthesis u(l)’h(:c, Y),
vg’h(x,y) corresponding approzimation functions wt",, wy', are concave and for "punish-
ment” control synthesis u3 ;,(x,y), v} ,(x,y) corresponding approzimation functions Wy,
WYY, are conver.

For the optimal control u(l)’h(x,y), for example, such curve must be disposed in the
domain G

G ={(z,y) €[0,1] x[0,1] : g1 (z,y) > Va}

and passes through the point (a2/Ca,01/Ca). Here Vi = (a4Ca — a102)/Ca is the value
of the corresponding matriz game.

8 Numerical Realization of Iterative Procedure for
Construction of Value Functions and Synthesis of
Controls

8.1 Grid Schemes for Construction of Value Functions

For numerical realization of iterative procedures (7.7),(7.8) and (7.16),(7.17) we use grid
approximation for corresponding iterative functions which leads in fact to the grid scheme
for solving Hamilton-Jacobi equation. Formally it is necessary to calculate formulas
(7.7),(7.8) and (7.16),(7.17) at all points (x,y) of the square of phase states. In order
to make this procedure finite we will fulfill these calculations only at nodes of the fixed
grid given on the square. Let us assume that values of iterative functions wy,, w7, wy ,,
Wy 5, determined at nodes of the grid are interpolated linearly to the whole square for the
given triangulation (2.

Let us give the description of the proposed numerical procedure. Let the following
quantization steps be given:

h be a quantization step of the time interval
Ax be a quantization step of the square by variable x
Ay be a quantization step of the square by variable y
Ap be a quantization step of the segment |0, 1]

of constraints for control parameter u
Agq be a quantization step of the segment |0, 1]

of constraints for control parameter v

We shall assume that there is linear relation between steps h, Az, Ay, Ap, Agq, i.e.
the following relations hold

Az = K;h, Ay=Kyh

Ap = Kpyh, Aq= Kgh (8.1)
Next, let us suppose that values of iterative functions w" ! = wﬁ;l or w" !t = ng;l,

1 = 1,2 have been calculated already at nodes of the grid GR
GR = {(zi,y;) € [0,1] x [0,1] : z; = iAz, y; = jAy} (8.2)
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which is given on the square of phase states and determined by quantization steps Ax,
Ay.

Assume for definiteness that functions w™ ! are interpolated in the square of phase
states according to the following triangulation. Consider triangulation €2 of the square
[0, 1] x [0, 1] by simplexes of types S; and S_

St = cof(wi, y;), (: + Az, y5), (wi,y; + Ay)} (8.3)

S = cof(wi,y;), (w: — Aw,y;), (zi,y; — Ay)} (8.4)

It is clear that for any point (z,y) € [0,1] x [0, 1] there exists simplex T" of type Sy or
S_ such that (z,y) € T. It can be determined by the following relations. Let (z,y) €
[0,1] x [0, 1] and

i= mt(A—x)’ Jj= mt(A—y)

Two cases can appear.

Case 1. If
(z —zi)Ay + (y — y;) Az < AzAy

then
(l‘,y) S CO{(xi7yj)7 (xl + Ax?yj)7 (xi7yj + Ay)} = Tl
(x,y) = M (2, y5) + Ao(zs + Az, y;) + As(z4, y; + Ay)

r — X;

2 N
YUY
Az = >0
3 2y =

A=1—-X—-X2>0

Here simplex T is of the type S;. The value of function w™ ! at point (z, y) is interpolated
linearly

wn—l(x’y) = Alwn_l(xbyj) +
Aow"™ H(zi + Az, y;) + Asw” (24, 5 + Ay) (8.5)
Case 2. If
(x —z;) Ay + (y — y;) Az > AzAy
then

(l‘,y) € CO{(xi + Ax?yj + Ag)) (xl + Ax?yj)7 (xi7yj + Ay)} = T2
(z,y) = M@ + Az, y; + Ay) + Ao(@i + Az, y;5) + A3(zi, 5 + Ay)

(x; + Az) — x
== T
A3 Ay >0
1 Ay) —
N WtAY -y
Ay

A=1-X—-X2>0
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Here simplex T, is of the type S_. The value of function w™ ! at point (z, y) is interpolated
linearly

w"Hz,y) = Mw" (@ + Az, yy + Ay) +
Aow" (s + Az, y;) + dsw™ (4, y5 + Ay) (8.6)
Let us give now formulas for calculating the following iterations w™ based on values

of previous iterations w" ™! at nodes of the grid GR. Let x; = iAx, y; = jAy. For values
of functions wy ;,, WY, wy j,, Wy, at nodes z;, y; we have the following relations

Mrf,h(xi’ y;) = hgi(zi,y;) + (1 — Ah) mkax mlinwrf,ﬁl (zr, 1) (8.7)
Wf,h(% y;) = hgi(zi,y;) + (1 — Ah) mlin mgx@ﬂl (zr, 1) (8-8)
wy 1, (i, Y;) = hga(wi, y;) + (1 — Ah) max mkinwg,ﬁl (T, 1) (8.9)
Wy (i, y5) = hga(s,y5) + (1 — Ah) minmax @y, (24, 1) (8.10)

T = T; + h(—xz + k}Ap)
yi=y; + h(=y; +1Aq)

Without loss of generality of arguments we use here the same notations as we do before
for corresponding approximations. Let us note that values of functions w™! in formulas
(8.7)-(8.10) are calculated according to (8.5),(8.6). In addition, operations mazx and min
in (8.7)-(8.10) are determined on finite sets of indexes k, [ and, therefore, can be easily
calculated.

As to convergence of numerical procedures (8.7)-(8.10) then we can prove here the fol-
lowing statement using results of papers [Souganidis, 1985], [Subbotin, Tarasyev, Ushakov,
1993|, [Tarasyev, 1994], [Bardi, Osher, 1991].

Theorem 8.1 Approzimation grid schemes (8.7)-(8.10) converge to corresponding solu-
tions wy, we of Hamilton-Jacobi equations (value functions of correspondig differential
games) when n — 0o, h | 0. The estimate of convergence has the order h3.

8.2 Grid Approximation of Control Synthesis

Let us remind that together with values of functions wy ,, WY, wy ,, Wy, we calculate also
approximations uf(z;,y;), vi(z;,y;) of "positive” feedback controls ul(x;, y;), v3(xi,y;)
and aproximations uy(z;,y;), v{(zi,y;) of “punishment” feedback controls ud(z;,y;)
v)(z;,y;) at nodes (z;,y;) of the grid GR. Namely, approximations u}(z;, y;), v5(zs, y;)
are determined as arguments which realize external maximum in (8.7),(8.9)

k* = k*(n) = arg mkaxmlinw’f;bl (Tk, U1) (8.11)
Ug(xh y]) = Z*Aq

I*=10"(n) = arg mlaxmkinwg;bl (Tk, u1) (8.12)
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Similarly, approximations u}(z;, y;), vi(z:, y;) are determined as arguments which realize
external minimum in (8.10),(8.8)

uh (x4, y;) = kAp
k. = ki(n) = arg mkin mlaxw%l (Tk, Y1) (8.13)

U?(xh y]) = Z*Aq
le = li(n) = arg mlinmkaxw’f’;l (Tk, y1) (8.14)

xp = x; + h(—xz; + Apk)

yi=y; + h(=y; + Aqgl)
Let us note that feedback controls (8.11)-(8.14) are determined only at nodes (x;,y;) of
the grid GR. If we accept the conjecture on structure of optimal synthesis (see Proposition

(7.1)) then we can interpolate linearly values of controls (8.11)-(8.14) to the whole square
[0, 1] x [0, 1] of phase states. More precisely, the following proposition is valid.

Proposition 8.1 Linear interpolations u}(z,y), us(z,y), vi(z,y), v5(z,y) of values

u (x4, y5), ub(xi i), vz, y;), v5(2i,y;) according to triangulation 2 (8.3),(8.4) of the
square [0,1] x [0,1] can guarantee result on generated trajectories (z(t),y(t)),t € [0, +00)
which is arbitrarily close to the value wy(z(0),y(0)) or wa(z(0),y(0)) of corresponding
differential games.

Remark 8.1 If conjecture on structure of optimal synthesis postulated in Proposition
(7.1) does not fulfill then we need high order quantization of phase variables in comparison
with time step h

Az = K,h*, Ay=K,h®

In this case piecewise constant interpolations uf(x,y), ui(x,y), vi(z,y), vi(z,y) of values
u (x4, y5), us(zi,y5), vi(xi,y;), v8(xi,y;) ensure result on generated trajectories
(x(t),y(t)),t € [0,4+00) which is arbitrarily close to the value w1(x(0),y(0)) or
wa(2(0),y(0)) of corresponding differential games.

9 Alliance of ”Long-Term” and ”Short-Term” In-

terests of Populations and Individuals

9.1 ”Short-Term” Interests of Individuals and Constraints on
Control Parameters in the Game Problem for ” Long-Term”
Interests of Populations

Let us remind that in the considered nonantagonistic (nonzero sum) game of two popu-
lations with dynamics (5.1) and payoff functionals J; (2.7) for the first population and
J2 (2.8) for the second population control parameters u, v are constrained by the segment
[0,1]. As it was mentioned above, extreme values of these parameters can be interpreted
as control signals for populations: "to change” one behavioral action for another. In the
general case these signals can contradict to ”short-term” interests of individuals. Contra-
diction for the first population is interpreted here in the sense that the following relations
take place simultaneously

ui(z,y) =0 (9.1)
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and

ui(z,y) = arg max %u =1 (9.2)
or vice versa
wi(z,y) =1 (9.3)
and 9
ui(z,y) = arg max %u =0 (9.4)

Relations (9.1),(9.3) correspond to ”long-term” interests of the first population and rela-
tions (9.2),(9.4) correspond to ”short-term” interests of individuals. In other words the
payoff function g; and the value function w; can have ”gradients” (subgradients) of dif-
ferent signs at a point (z,y). ”Gradient” for the value function is understood here in the
generalized sense.

Contradiction for the second population is understood analogously.

The indicated contradiction between ”long-term” interests determined by the value
function and ”short-term” interests determined by the payoff function can be overcome in
the statement of the problem if we insert information about ”short-term” interests of indi-
viduals into constraints on control parameters u, v. Of course, these new constraints have
peculiarity: they depend on a phase state (z,y) of dynamical system (5.1). More precisely,
contradictions between ”long-term” and ”short-term” interests of the first population is
eliminated if control parameter u satisfies the following constraints

991

x§¢1(x7y)§u§¢2(x7y)§1 if 8;13':0Ay_a120
B,
0< ¢3(z,y) Su<gu(z,y) <z if %z@y—amo (9.5)

Restrictions on control parameter v can be written analogously

y < ila,y) v < doley) <1 f 88—“"; — Cpr— >0
0 <s(z,y) <v<thylx,y) <1 if 88—522 =Cgxr—[2<0 (9.6)
For example, one can take the following functions ¢;,¢;,7 = 1,2,3,4
hr=¢s=z, ¢2=1¢3=0 (9.7)
Yr=ta=y, Y2=113=0 (9.8)

9.2 Replicator Dynamics and Constraints on Control Param-
eters
The most interesting cases connected with classical models of evolutionary dynamics (see,

for example, [Hofbauer, Sigmund, 1988]) are constraints in which the so-called replicator
dynamics is presented

pr=¢s=x+z(x—1)(Cay — 1) (9.9)
Y1=vs=y+yly—1)(Cpz — Ba) (9.10)

For such constraints control parameters u, v switch dynamical system (5.1) from the op-
timal modes u%(z,y) = 0 or v?(x,y) = 1 and v9(z,y) = 0 or v9(z,y) = 1 (which don’t
cotradict to the ”short-term” principle of optimality) to the replicator dynamics.
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Appendix. Results of Numerical Experiments.

The algorithms of numerical construction of value functions w;, we and feedback controls
u?, U?, i,7 = 1,2 described in Sections 7, 8 were realized in computer programs (PASCAL
programs) and corresponding illustrative results were produced by N.Mel’nikova. I would
like to thank her for this great work.

For numerical simulations two basic combinations of matrixes A and B generating
three or one static Nash equilibria in bimatrix games were considered. Let us remind that
three Nash equilibria appear in the case of “one-type” interests of populations which are
characterized by matrixes A and B. Broken lines (zigzags) of acceptable situations are
differently oriented (right and left zigzagz) and have three points of intersection - Nash
equilibria. The situation of one Nash equilibrium arises for “almost antagonistic” interests
of populations. Broken lines (zigzags) of acceptable situations generated by matrixes A
and B have the same orientation (both zigzags are right or left).

For the first case with three Nash equilibria the following payoff matrixes A and B of
“one-type” interests of populations were be taken

11 2
amei-(12)
Ca=a11 — a1z —ag + az =12

o1 =ax —ax=4

Qg = A2 — Q21 = 3

31
pecom (3 1)

Cp =b11 —bia — by + by =6
B1 =bog — b1a =3
B2 =bag — by =4

There exist the following saddle points SP1 = (1/4,1/3) (for matrix A), SP2 =
(2/3,1/2) (for matrix B) in corresponding matrix games. In the bimatrix game with
matrixes A = C'l and B = C2 there are three Nash equilibria NE1 = (0,0), NE2 = (1,1),
NE3 = (2/3,1/3).

As a result of numerical realization of algorithms described in Sections 7, 8 the follow-
ing value functions and feedback controls for the dynamical game with matrixes A = C'1
and B = C2 were constructed. “Positive” feedback controls u?, vJ have the form repre-
sented on Figures 1, 3. “Punishment” feedback controls u9, v? are depicted on Figures 2,
4. In the shaded domains of these Figures controls v and v are equal to unit and in the
unshaded domains they are equal to zero. On Figures 14, 15 graphs of the corresponding
value functions wy, wy are given.

The “acceptable” trajectories (TR) (z.(-), y-(+)) generated by “positive” feedback con-
trols 49, v9 from different initial positions (IP) (zo,yo) are shown on Figures 7-10. These
trajectories consist of the pieces of characteristics corresponding to Hamilton-Jacobi equa-
tions. In this problem characteristics are straigt lines directed to different corners of the
unit square. Switching from one characteristic to another takes place when trajectory
crosses switch lines (curves) SW1, SW2 generated by “positive” feedback controls u?, v9.
For the considered initial positions (xg,yo) “acceptable” trajectories (z.(-), y-(-)) come to
the corner Nash equilibria NE1 or NE?2.
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In the second case with one Nash equilibrium the following payoff matrixes A and B
realizing “almost antagonistic” interests of populations were considered

11 2
NEH

2 4
poco- (2 1)

Cp = b11 — big — bag + baeg = —6
B1 = bag — b1a = —3
B2 =bog — by = —4

The antagonistic (zero-sum) games have the same saddle points as in the previous case
SP1 = (1/4,1/3), SP2 = (2/3,1/2). But there is only one Nash equilibrium NE =
(2/3,1/3) in the corresponding bimatrix game.

The following numerical results were obtained for the differential game of populations
with payoff matrixes A = C'1, B = (3. The structure of “positive” feedback controls u?,
v is represented on Figures 1, 5. “Punishment” feedback controls uJ, v? are given on
Figures 2, 6. Controls u, v are equal to unit in the shaded domains and they have zero
values otherwise. On Figures 14, 16 graphs of the value functions w;, wy corresponding to
payoff matrixes A = C'1, B = C3 are depicted. The “acceptable” trajectories (z.(-),ye())
generated by “positive” feedback controls u?, v9 from different initial positions (IP) (o, %)
are shown on Figures 11-13. These trajectories as in the previous case are piecewise linear
and consist of pieces of characteristics directed to the corners of the square. Switching
from one characteristic to another happens at points of intersection of the “acceptable”
trajectory with switch lines SW1, SW?2 of feedback controls u?, vJ.

Let us note the very remarkable result which appears for “acceptable” trajectories in
the considered examples depicted on Figures 11-13. The “acceptable” trajectories don’t
converge to the static Nash equilibrium NE (or don’t circulate in a neighborhood of this
point N E) but tend to the point of intersection of switch lines SW1, SW2. Moreover, the
values of “long-term” payoffs Ji, Jo calculated on the “acceptable” trajectory (z.(-),ye())
are better than the values of J;, Jo calculated on trajectories (z(-), y(-)) which start from
the same initial position (xo,yo) but converge to the static Nash equilibrium NE.

In conclusion let us consider the question on dependence of obtained solutions on
a discount coefficient A (remind that this coefficient is one of basic parameters for the
examined problem). The last Figure (Figure 17) illustrates weak dependence of switch
lines on variation of the discount coefficient \. Namely, on Figure 17 we give switch lines
of “positive” feedback controls u? for the payoff matrix A = C1 calculated for discount
coefficients: A = DC1 = 1, A = DC2 = 0.1. One can see that these curves differ
very slightly from each other although the ratio of DC'1 to DC?2 is comparetively large
DC1/DC2 = 10.
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