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Abstract

The development of a Bayesian theory of regression
requires special distributional assumptions and rather
complicated calculaticns. In this paper, general formulae
for predicting the mean values of the regression coeffi-
cients and the mean outcomes of future experiments are
developed using the methods of credibility theory, a lin-
earized Bayesian analysis originally used in actuarial
problems. WNo special distributional assumptions on prior
or error distributions are needed, and heteroscedastic
errors in both the dependent and independent variables are
permitted. The first group of formulae hold for arbitrary
design matrices and dimensionality of input, since, as
eommon in Bayesian methods, there are none of the usual
problems of identifiability. However, in the event that
the design matrix has full rank, the credibility results
are equivalent to a linear mixture of the prior mean pre-
diction and the classical (generalized) least-squares
regression predictor; thus, the credibility result provides
a bridge between full Bayesian methods and classical
estimators. One can also find easily the preposterior co-
variance matrix for the credibility estimators, and it is
shown that prior information and the results from prior
experiments can be cascaded in a particularly intuitive
manner. Many special applications of the credibility
formulae are possible because of the generality of the
assumptions.
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Bayesian Regression and Credibility Theory

William S. Jewell

Introduction

Regression theory plays a fundamental role in statistical
model-building, parameter estimation, and forecasting. 1In
recent years, the need to incorporate prior information into
these models has stimulated the development of Bayesian methods
of regression analysis, particularly in the field of economet-
rics [8,20,21,22,24,32]. However, the resulting formulae are
usually complex, and require quite stringent assumptions on
the error likelihoods and on the prior distributions of param-

eters.

Credibility theory, which was developed for a variety of
simple predictive problems in insurance [4,5,12,13,14,15,171,
is a linearized Bayesian method for forecasting mean values
which circumvents many of the difficulties of a full Bayesian
analysis; furthermore, in many cases of practical interest,
the simplified formulae are also exact. In this paper, which
was stimulated by the initial work of Hachemeister and Taylor
[10,25], we apply credibility ideas to the full range of

Bayesian regression models.




l. Classical Multiple Regression

In the classical model of linear normal multiple regression
[8,23], we assume that an nxl random vector of observable
output variables, Yy, satisfies the linear model

¥ = Xg + @ (1.1)

where X is a known nxk matrix of observations on k independent
variables, called the data or design matrix, B is a kXl vector
of unknown regression coefficients, and U is an nxl random
vector of unobservable error variagbles. If we assume that u
is multinormally distributed, with zero mean and known co-
variance matrix C,

#{u;ul =¥y:;y} =¥{y} =¢Cc , (1.2)

then it is well known that the ordinary least-squares estimator
of B from the n observations ¥ = y, with design matrix X and
covariance matrix C, is given by

By) = (xtc™x)Lxic7ly (1.3)

In particular, if one makes the assumption that C is
diagonal, with common terms, then (1.3) has the simpler form

§ = (X'X)-lx'y , and the common error variance need not be
known. Many other classical results are available based upon
the normality assumption (see, e.g., [8,22,23]).

. %
We define the (possibly non-square and unsymmetric) covar-
iance matrix,

&{w;y} = swy'} - Hwt £{y'

for any two conformable random vectors or scalars w and y, and
write ¥{y;y} =»{¥y}, which is usually called the covariance

matrix.



2. Bayesian Multiple Regression

For a full Bayesian analysis, it is convenient to replace
(1.1) by an equivalent model in which the expected values of
the outputs are linear functions of the known inputs, viz.

&{y|8} = xp(8) . (2.1)

Here 6 denotes an unknown parameter which controls all the
parameters of the conditional density, or likelihood, of ¥y,
given 6, denoted by p(y|6). The conditional covariance of y,
given 6, will be taken as an arbitrary symmetric nxn matrix

y{y|o}l = Y(8) . (2.2)

Given the fixed, but unknown, parameters [B(8),)(8),...1,
we assume in Bayesian analysis that a prior density, p(6), or
what is the same thing, a joint prior density, p(B,Z,...), is
available. Then, a priori (i.e. prior to data), we define
the first two moments of the vector of regression coefficients
as

&B(8) =b ;  ¥BE) =4 . (2.3)
and the prior expected wvalue of the covariance matrix as
&Y (8) = &91y|6} = E . (2.4)

From these definitions, we can also obtain the prior first two
moments of the output variables, given X. From (2.2), the mean
and covariance of the conditional mean output are

1y} = 8813161 = xb | (2.5)

and

*
We use the convention that a multiple conditional expecta-

tion
SEE1E(&,B,8) |B| &)

means the expectation of f first with respect to p(a|b,c),
followed by expectation with respect to p(b]c), then using p(c).
Arguments may be multiple, and other operators, such as ¥ and %,
may be used. If the order is unimportant, and only & operators
are used, the above is, of course, &{f(a,b,c)}.



¥&{y|6} = D = XAX' . (2.6)

From the covariance of the mean and the mean covariance, we
obtain the total covariance (l1.2) of the output variables
prior to data as

¥{y} = C=E + D =E + XAX' . (2.7)

If multinormal and related densities are used for p(y|6) and
p(8), these are the only moments of interest.
Now, suppose an nl—dimensional experiment is run with
design matrix Xl, resulting in a vector of outputs, y = Yyi
we denote this by (nl,Xl,yl). Using the likelihood
p(yl|6) = p(ylle,xl), and the prior on the parameters, p(8),
we obtain the posterior (to the data) density p(6|yl) = p(6|yl,Xl)

in the usual way:

ply,|8)p(e)
p(ely;) = f : (2.8)

P(y,|2)p(®)de

where, for convenience, we suppress the known design matrix,
Xl'

. From (2.8), the updated estimates of the parameters 6(5),
Z(G),..., are, in principle, available. For example, the ex-

pected value of the vector of regression coefficients posterior
to the data is

&18(@®) |y} = js(e)p<e|yl>de : (2.9)

and the predictive density for a future experiment (n,,X,,y,),
with the same parameters, but independent outputs, is

P(yy|y)) = Ply,y|y /i X{,Xy) = Jp(yzle,xz)p(elyl)de . (2.10)

Because of the difficulty of carrying out (2.8)-(2.10)
for arbitrary priors and likelihoods, most of the Bayesian
regression literature makes the following additional assump-
tions;



(1) The likelihood, p(y|6) = p(y|6,X), is multinormal for
any experiment (n,X,y)--thus only the parameters
B =Rg(g) and I = £(6) are involved, and (2.8) can be
restated in terms of p(B,I);

(2) Either the Ando~Kaufmann [1] Normal-Wishart natural-
conjugate prior p(B,L) is used to simplify the up-
dating in (2.8);

(3) Or, B and I are assumed independent, p(B,Z) = p(B)p(Z),
and simple marginal densities are chosen, typically
multinormal or non-informative (diffuse) for 8, ana
inverse Wishart or non-informative for I.

There are difficulties with all of these assumptions.
For example, the Ando-Kaufmann prior is well known to be "thin";
that is, not all possible hyperparameters in p(f8,2Z) can be
specified independently. And analysts are divided over the
use of non-informative priors, although in some cases they
follow from invariance or limiting arguments ([32], p. 226).

Also, computations made under these assumptions are dis-
tinctly untidy, involving much completion of the square, matrix
manipulation, and multidimensional integration, particularly
if the full posterior parameter density, p(B,Z|yl), and its
marginals are desired, or if the predictive density (2.10) is
sought [21,30,32]. The only non-trivial relaxations of the
normality assumption of which we are aware are the numerical
trials of Box and Tiao ([3], Chapter 3) with the exponential
power distribution.

In the sequel, we propose to follow a more modest course,
by concentrating on (2.9) and the related problem of predicting
the mean outcome of a future experiment, by using the linear-
ized ideas of credibility theory. This almost distribution-free
approach will greatly simplify the resulting formulae, and
will provide an intuitively appealing bridge between classical
and Bayesian regression techniques. And we shall see that
in many cases of practical interest, the linearized credibility
formulae are also exact Bayesian.

First we review the basic concepts of credibility theory.



3. Credibility Theory

Credibility theory is essentially linear least-squares
applied to conditional distributions. Suppose that a p-di-
mensional random vector, w, is to be forecast from a single
sample of an r-dimensional random vector, V¥ = y, in the sense
of finding a p-dimensional vector forecast function, f(y),
which minimizes the sum of the expected squared errors for
each component

P
H = ff ) [w, - fi(y)lzdP(w,y) = trHl[Ww- £EF@IIW-£(F)1'} . (3.1)
i=1

It is known that the integrable functions f? which minimize

(3.1) at value HO form the conditional mean vector,

fo(y) =&{w|y} . (3.2)

In many cases the exact conditional mean is difficult to cal-
culate, and an approximate forecast vector, f, is acceptable.
By completing the square, we find

P
H=H°+[

7oQy) - £.(p12 ar(y)
. 1 1
i=1 (3.3)

H = tr #7{d|9}

so that any f can also be evaluated in terms of its fit to the
conditional mean £ (y).

A convenient choice of an approximate forecast vector is
a linear function of the observables,

Y 14 (i = l, -o-p) 7 (3.4)

B =250 % L 2i5Y5

Il e~

3
where the p(r+ 1) coefficients {zij}, henceforth called

eredibility coefficients, are adjusted so as to minimize (3.1)
or (3.3). It is well known that the optimal values of these

coefficients are then given by rp normal equations of the form

r o (1 =1,...p)
jgl Zij“?{yj;yk} =‘%{wi7yk} ' k=1, ...r) (3-5)



with the {z } determined so as to make the forecast (3.4)

unbiased :
r
2;0 = LW} - j£1 zijé’{yj}; sUE, ()} = &9}
i=1,...p . (3.6)
Let zq be the p-vector [z ]', and Z the pxr matrix
[zij|j#Cﬂ; then the optimal condltlons (3.5)(3.6) can be written
as
Ay} =®%{w;¥} , (3.7)
and
= &{w} - z&8{y} (3.8)

so that the optimal linear forecast (3.4) is
f(y) = &{wt + Z2[y - &{y}1 , (3.9)

and all attention can be focussed on finding the credibility
matrix, Z, from (3.7). The minimal value of H is then easily
shown to be

H = trfria) - z@y;w1]> B0 . (3.10)

Notice that each component in (3.1) is, in fact, minimized
independently; we use matrix notation only for convenience.

In Bayesian problems, the joint distribution of W and y
is parametrized by a parameter 6 which is not known. There-
fore the optimal_Z must be determined a«a przorz, using measure
P(w,y) —wa(w,y|6) Thus, the covariances in (3.7) will, in
general, consist of two terms similar to (2.7). One also
looks for special forms of ¥{y} which will simplify the com-
putation of Z in (3.7) [1l6].

In the insurance models which gave rise to credibility
theory, there is an underlylng sequence of p-dimensional
random vectors {xl,xz,.. t’xt+1"° .}, which are independent

and identically distributed, given a fixed, but unknown,




"risk parameter," 6§ . The problem is to predict €{§t+l|xl,x2,... xt},

called the "experience-rated fair premium". Using the above
analysis, it is easy to show that the optimal linearized ap-
proximation to the conditional mean is

t
~ N _ _ . 1
J{xt+l|xl,x2,...xt}—uf(xl,xz,...xt) = (Ip zx)g{x} + zx[E uzl x;],
(3.11)

where Ip is the pxp unit matrix, and Zx is the pxp optimal credi-

bility matrix, given by
Zx(Ex + th) = th ’ (3.12)

where Ex and Dx are the pxp matrix components of the covariance

of a typical X, defined in a manner similar to (2.4) and (2.6)
[13].

The original credibility formula was developed heuristically
by American actuaries in- the '20s for a one-dimensional version
of (3.11), in which Z_ gives the weight, or "credibility," to be
attached to the "experience" sample mean, (qu/t), as opposed

to the "manual fair premium" £{%X}. In the one-dimensional case,
o < Zx < 1, and approaches unity as the "weight of evidence",

t, becomes 1arge2 In the general (but nondegenerate) model,
Zx consists of p© rational functions of t, not restricted to

[0,1]; however, Zx-+Ip as t—+ «, showing that ultimately the

sample mean of the ith component is "fully credible" for pre-
dicting the ith component of the next observation.

Although credibility theory was originally developed as an
approximation theory for mean forecasts, it can also be used
as an approximation theory for higher moments, or even for
distributions [4,5,11].

Moreover, and perhaps more importantly, it also turns out
to be an exact theory for forecasting the mean, when the likeli-
hood is a member of the exponential family in which the sample
mean is a sufficient statistic, and when a natural conjugate
prior is chosen. For further details, see [12,13,14].



4. Credibility Applied To Regression

We now apply the above theory to three related Bayesian
estimation problems, assuming that data from an (nl,Xl,yl)

experiment is available:
(1) the estimation of the mean regression parameters
posterior to the data;

(2) the prediction of the mean response in a future
experiment (n2,x2,y2);

(3) the estimation of the mean error variables in (1.1).
We shall show, with minor exceptions, that the three credibi-

lity estimates are equivalent, and related to the classical
estimator (1.3).

4,1 Estimation of Regression Parameters

Suppose we wish to estimate 618(5)|yl} with credibility
theory (Xl is still fixed and known). Then in Section 3 we

take w = B(8), k = r, and ¥ = ¥y giving £{%} = b, &{¥} = X.b,

1

Flw;yl = #18(8):4(9,]8}) = axy -

and, from (2.7),

¥{y} =C = E

'
11 + X, AX

11 1“1 7
where Ell = lel(e) is the n; xny matrix of expected covari-
ances of Yq during the experiment.

From (3.7), the k><nl credibility matrix

1

- l .
= 1 = ] L
A AX!C AXl(_Ell + Xlel) (4.1)

B 1%11

gives a linear, unbiased estimate of the posterior parameter
vector

SLB(B) [y, X)) = £4(y  Xy) = (I, -Z X )b+Zgy; . (4.2)

Notice that no assumptions have been made about the distribu-
tions p(y|6) and p(8) (except for the existence of the
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indicated moments), nor about the independence of the compo-

Eli must exist for the inverse
in (4.1) to be well defined, if no special assumptions are
made about Xl (see Section 4.3).

nents of 91, given 6. However,

4.2 Prediction of Mean Response in Future Experiments

Now suppose we have in mind a well-defined future experi-
ment (n2,X2,y2), and the problem is to estimate 5{?2|Y1} =

éT?2|yl,Xl,X2} by credibility theory. There are two possible

cases, depending on whether
Ly (8) =#{F,:9,16} & E,y =&{I,(8))
are zero or not, i.e., whether knowledge of the parameter

decouples the results of past and future experiments or not.

4.2.1 No Covariance Between Experiments

In most classical regression models, there is no covari-
ance between past and future observations, given 6, either by
assumption, or because there is a sufficient interval between
the two experiments, even if, say, the error process has serial
correlation.

For an exact Bayesian analysis, we have from (2.1) and
(2.9):
17,1y rX 1%} = X,8(8(8) |y, X} (4.3)

which shows the close relation between the two problems.

Similarly, because of the linearity of a credibility
forecast, it follows that

é’{§2|yl,xl,x2} x f 2(Y1'X1'X2) = XZfB(yl'Xl)

Yy
= (XZ_Zy Xl)b+Zy Yy (4.4)
2 2
where 2 is the n, X ny credibility matrix
2
-1
- ] -
z = X Axl(Elli-xlAXi) = XZZB . (4.5)

Y, 2
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In other words, when there is no covariance between experiments,
estimation of the regression coefficients by credibility is
equivalent to estimation of future response.

4,2.2 Covariance Between Experiments

In the general case in which 221(6) # 0, infrequently

considered in the literature, the complete Bayesian analysis
is more complicated, and one needs to replace the assumption

£{§2|X2;6} = X,B(8) by an equivalent assumption about
g{§2|yl,xl,x2,e}. This could be of arbitrary form, but if it

is to be in agreement with the classical multinormal results,
then we must choose the usual regression of Yy on ¥y (see, e.qg.

[23]):
- _ -1 -

In an exact updating through (2.8), difficulty would arise
from the possible covariance of the terms 221(6) and zii(e)

with each other, and with B(6). However, if these terms have
small covariances compared with those of B(8), then one could
with small error replace these terms by their expected values,
and use the approximation

~ ~ . -1
ElY,lyy X1 0%50B(0)} = X,8(8) + EpyE [y, -~ X;B(8)] (4.7)

to give an exact Bayesian updating:
o ~ % -1 _ ~
613, lyy %) X} = X)8(8(8) |y;} + By B ly; - X B(E) |y}« (4.8)

In the credibility approximation, the formula in Section
4L.2.1 is replaced by

[ <y e <7 —_ t
F{w;yl = X,0%] + Eyy (4.9)
so that the new credibility matrix is
= -1
A = (X,0X] + E21)(Ell + xlei) ' - (4.10)

Y,
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and, after some algebra, we find
J{y2|yl,xl,xz} ” sz (Yllxllxz) = x B(Yllx ) +E21 11[Y1 xlfB(yllxl)]l
(4.11)

which is of the same form as (4.8). So, to the degree to which
(4.7) may replace (4.6), we again have a simple relation be-
tween credibility estimates for the parameters and forecasts
for future observations.

4.3 Relationship to Classical Regression Estimation

In classical regression, emphasis is placed upon having
sufficient observations to fully identify all of the regression
parameters, i.e., n, > k, and Xl has full rank k; the neces-

sity for this can be seen from the classical estimator (1.3).

On the other hand, in the Bayesian credibility model,
it can be seen from (4.1)-(4.2) that the finiteness of b,
11, and A is sufficient to guarantee the existence of an
estimator for B, one sample will revise the prior estimate of

b, even if x1 does not have full rank! 1In fact, if n, is small,

the calculation of (Ell-I-XlAX]'.)-'1 is particularly simple.

However, to relate our results to classical theory, we
shall henceforth assume that n, > k, and rank(Xl) = k, and

use the following result which Bodewig ([2] pp. 39, 218) at-
tributes to H. Hemes, and which is also given by Tocher [29]
(see also Lindley and Smith [19], pp. 6 and 34 for two later
attributes).

Theorem. If o and B are n x k matrices, then

|_1_ - |-1|
(In + af') = In a(Ik + B'a) B ' (4.12)

whenever either of the indicated inverses exists.

The fact that the determinants of the two terms in paren-
thesis are identical shows that the existence of one inverse
implies the existence of the other.

If we apply this to C-l, with a = X, and B' = AXJE l, we
11 1 1711
get
-1 _ -1
Cll = (E11+X1AX1)
= E]TII_ - X, (I, + AX] ) "LaxyETT] (4.13)
11 1 ll 1 1711 ) :
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Defining the two k x k matrices

-1 _ o,.-1 ]
€," = XlEllxl ; (4.14)
_ -1 -1 _ -1 _ -1 -1,-1 -1

z, = (Ik-+elA ) = A(A4—€l) = (el + A7) €l ; (4.15)

we obtain finally
7. =z e X'ETL 7.X, = z ; (4.16)
B 1"1"1711 ¢ Rl 1 ! )

and (4.2) and (4.5) become

fyz(Yl:Xl:XZ) = Xz[(Ik-Zl)b"‘ZlBl(Yl)] H (4.18)

with a k-dimensional vector estimator for R of

A T S |
B (y)) = (X]E1X)) "X{E;7Y; - (4.19)

This rearrangement requires rank(ez;) = k.

(4.17) is, from an aesthetic viewpoint, extremely satis-
fying, for it shows the familiar credibility mixing between
the prior mean parameter vector, b, and a sample statistic,

§(yl), in a manner similar to the multidimensional credibility

formula (3.11l), and extensions of it to other sample statistics
[12] [13]. Only a small credibility matrix, Zq s need be cal-

culated from (4.15), and its size depends only on the number
of parameters to be estimated, not the number of data points.

Of course, one must calculate E but this is needed in any

11’
regression problem, and is often assumed to be of diagonal
form. There is an obvious parallel between (4.15) and (3.12).

There remains to explain the relation between the
estimator Bl(yl) in (4.19), and the classical estimator Bl(yl)

in (1.3), for, as we know, the latter should be used with the

X = . . _
total covariance Cll = Ell + XlAXl. However, a simple cal

culation will show that the second term is annihilated in the
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least-squares form, so that
B (yy) = Bilyp (4.20)

and it is a matter of indifference how the estimator is
calculated.

4.4 Estimation of Error Variables

After a regression model has been calibrated, it is often
useful to verify the assumptions of the model by examining the
residual vector, ¥y, - leB(yl,Xl).

One can also think of estimating the true value of the
error variables, u,, in (l1l.1) by using Bayesian analysis [33].
Using the credibillty approach, we first find £{ﬁl} = 0,

VTﬁl} =<?{ﬁl;§1} = E;,+ and then find the mean estimate,

£{ua ,xl} > ful(yl,xl) (r, - xlzB) (yq = X;b)

|y
1Y 1

= Yl"xlfB(erXl) ’ (4.21)

which is exactly the vector of residuals! This might have
been expected from first principles.
Perhaps it is worth pointing out that [6, Appendix 3]

fg{ﬁl;ful(yl,xl)} =0 . (4.22)
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5. Estimation Error Covariances--Limiting Cases

It is of interest to compute the improvement in estimation
to be expected from the credibility formulae.

For the regression parameters, let the estimation error
covariance matrix be

PB(B) - £4(F,.X)) (5.1)

because the estimator is unbiased, a priori.

By elementary calculations based on Sections 3.1 and 4,
we find that the minimal "preposterior" value is the analog
of the term in square brackets in (3.10):

Qs(xl) = (Ik - zl)A = zlel . (5.2)

Remember that only the diagonal terms of ¢ are (independently)

minimized in using (3.1), H = trod.

For the prediction of mean future response, we find in
the no-covariance case of Section 4.2.1:

g - = 1
E22-l-X2(Ik zl)AXé E,,+X,2.¢e.X . (5.3)

22 2717172

The result with covariance between experiments is similar,
with additional terms involving EZl’

The preposterior estimate of the covariance matrix of the
residual vector (4.21) is

o (X

0y D) = X BB =X e xxy . (5.4)

17711
Without an initial experiment, the value of z, would be

zero, and from (4.17)(4.18)(4.21) we would have to use the
means, b, X2b and Yqr as predictors, and (5.2)(5.3) (5.4) would

be equal to the appropriate total prior covariance matrices,
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A, E22 + X2AX', and O, respectively.

Similarly, if the first experiment is performed under
poor observational conditions, then the diagonal elements of
E will be much larger than those of XlAXi‘ We see directly

that z would be zero, and there would be a vote of "no con-
fidence" in the estimator Bl(yl), and b, X2b, and ¥y would
again be the minimum-variance predictors for B(8), Yor and Uy,
respectively.

However, conversely, if the diagonal elements of A are
very large compared to those of €94 this means that our prior
knowledge is very imprecise compared to the error conditions

of the experiment; A-l-+o is the credibility equivalent of the
"diffuse prior" assumptions often made in Bayesian analysis.
In this case, we see that zl-+l; "full credibility" is attached

to the classical estimator él(yl), and the prior mean, b, is
given zero weight. There remain only the irreducible error

covariances €4 in estimating B(8), E22 + X2€1Xé in predicting

Vs . .
Yor and Xlelxl in estimating u, .

Also, if we consider experiments with increasing ny, then,

under certain natural conditions, such as:

(1) The elements of Ell are bounded, for all ny;
(2) The design matrix, Xl, "fills out" a finite range

of the x-axis in a stable manner, as n, increases;

it is easy to show that the elements of o in (4.14) are

bounded by a function which diminishes as n; ", that is, zy

approaches Ik as ny increases (see, e.g., [18]). In practical

terms, this means that an increasing number of initial sample
points can reduce the preposterior covariance in estimating
the regression parameter (5.2) as close to zero as desired;
however, there will always be an irreducible covariance E,y

in making forecasts (5.3). The covariance matrix @u(xl) in

(5.4) continues to grow in dimension, and depends in a com-
plicated manner upon the actual structure of Xl'
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6. Random Design Matrices

In many applications, X, and/or X, must be considered as

1
random, either as a result of an uncontrollable input, because
the effective input cannot be precisely observed, or because

of deliberate randomization. There are many special cases in

the literature, (see, e.g.,[7,32]); we shall derive general
credibility results, and indicate only a few of the possible
specializations. Special attention must be paid to whether

Xy X2, or both are random variables, so throughout this section

we shall indicate the status of all inputs and outputs explic-
itly. We start with two simpler cases.

6.1 X, Random and Independent of Fixed Initial Experiment

If the future design matrix X., is random, but independent

2
of the fixed initial experiment (nl,xl,yl), then the problem
of estimating the regression parameters is unchanged from
Section 4.1.

However, to predict the mean response of the second ex-
periment, we must now calculate a credibility approximation to
€{§2|erxl} = 55{§2|Y11X1,i2}. Assuming, fo; simplicity,
unobservationally unrelated experiments, 221(8) = 0, we have
from (2.1) and Section 4.2.1.,

&{7,} = #I81X,[61-8(6)1 (6.1)
and

F{3,:9,1%,} = %{g1X,|6}-8(8):x,8(8)} (6.2)

Since<VT§l|Xl} + X.AX! and €{§1|Xl} = X,b still, the

= B A8 1
only effect in this case has been to modify the first term,

XZAXi, in the definition of Zy in (4.5) to the form in (6.2)
' 2

and to change the z_ term in (4.4).

0

An important special case is:

Assumption I. Any random X is statistically

independent of 6. (6.3)

In this case, we see directly that €{§2} = é{iz}b and
%T§2:§1|Xl} = é{iz}AXi, that is, all the results of Section
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4.2.1 apply with X2 replaced by its expected value!

6.2 Estimation of Regression Parameters when Xy is Random

If xl is random, then-to estimate B(6) we must use the joint
density p(yl,Xlle) and generalize (4.2). For the mean outcome

of the initial experiment,

&1y, = #{81X,|6}-8(8)} , (6.4)
but the covariance of y, now has three terms:
Yy b = 11 (R, 8} + ¥{&(X |81-8(B)} + 871X 8(8) |8} , (6.5)

where

L11(Xy,0) ={F |X;,0} | (6.6)

shows explicitly the possible dependence of the conditional
observational covariance both on the design X and on §.

({For consistency, we shall assume in the next section that
neither (6.4) nor (6.6) can, however, depend upon the future
values (yz,xz)-)

Since B(6) is constant, given 6, there is still only one
term in

(B (0) ¢} = #(B(8); (X [8}-B(O)} . (6.7)

This form and the first two terms in (6.5) are easily seen to
be the generalizations of AXi and E1l + XlAXi' respectively,

as used in Section 4.1.

However, the last term in (6.5) is new, call it U. It
has components

k k
Uy = é{izl jgl Bi(e)Bj(GFK{xti;xujle}} ’

(tbu=1,2,...%k) ,» (6.8)

and thus contains information about the conditional covariances
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between independent variables.

In many models, such as "errors-in-the-variables," or
"target inputs" [7], successive inputs are independent, or
have independent errors around fixed means, expressable as:

Assumption II. Rows of any random X are
statistically independent. (6.9)

In this case, it follows that U is diagonal. Additionally, we
point out that in many regression designs, the first column

of X, is non-random (consisting entirely of 1l's), so that the
summ%tions in (6.8) would begin with i = 2 and j = 2.

If Assumption I is taken also to apply to §1,

&7} = 8%
Yy} = 62 (X, 8)) + #{X 108X} + U (6.10)
®18(8);9,} = af(xy}

and the main effect on the credibility estimate (4.1), apart
from replacing Xl by its mean value, and defining a more gen-

eral average covariance E11, is to add a diagonal matrix U to
the covariance of §1, with terms

k k

Ue = I 1 (A..+bibj)‘€{$’:t

i=1 j=1 1J b

i ¥ty
(t=1,2,...k) . (6.11)

This will change ZB in an obvious manner, and we see that
the estimator to be used in (4.17) becomes

B(yy) = [g{xi}(E11+U)'1g{§(l}]'lg{f(i}(E11+U)'lyl ,

(6.12)
with the new interpretation of Ell from (6.10), and a new

-1 L, “1 .5 .
€, —(S{Xl}(Ell+U) (g"{xl} (6.13)
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used to define z, in (4.15).

6.3 General Case

In the general case when all inputs and outputs are random,
we must work with the joint density p(yl,xl,yz,X2|6), and be

extremely careful about the assumptions of dependence and in-
dependence which are appropriate to the model under consider-
ation. Different models may lead to different conditional
decompositions of this joint density.

Usually the regression parameters are estimated after the
initial experiment, so that the results of Section 6.2 apply.
If both experiments are performed, then the total data may be
pooled, and the same results apply with obvious modification
(see Section 7).

Therefore the central problem of interest in credibility
theory will be to predict 8{§2|§l}, for which we need:
8y}, 43,1, {3} and ¥{§,:¥,}. (6.4) and (6.5) still apply

because the data-gathering experiment is prior to the one for
which the prediction is made. However, to compute €{§2}, we

need an assumption such as (4.7) to specify a form for
6{§2|yl,xl,x2,e}. Given this, we then uncondition in any

convenient way, say
&19,} =€€£55{§2|x2|§1|f<l|6} , (6.14)

using any other simplifications, such as Assumption I, which
apply. Further reduction will need a careful analysis of the
experimental conditions; for example

Assumptions III(a) (b) or (c). The choice of the
future design, iz, given 6, depends only on (6.15)
(a) the past input, X,i or (b) the past output, yyi

or (c) on both (X,,¥;);

III(a) might obtain if (Xl’x2) were part of the same pre-

determined experimental design, or if errors in the indepen-
dent variables were serially correlated; III(b) might be
correct if the future input values depended_upon the previous
outputs, or perhaps on some estimator of B(6), such as (4.2),
as generalized in Section 6.2.
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For the RHS of (3.7), repeated application of the prin-
ciple of conditional covariance leads to

€{7,i¥,} =881, (X,:X,:8) X, |6}
+ 8%168(3,|X,|X,,6};X,8(8) |8} (6.16)
+ GLEE8 T, Ry |X) 18)i8(X |8}-8(B))

where the arguments of ZZI(XZ,XI,G) show that the covariance

of observational errors between ?2 and §1 can now depend upon
both inputs; one possible term in (6.16) is missing because

we still assume €{§1|X2,X1,6} = x18(6). Further simplification
depends upon using forms such as (4 7), and clarlfylng the ex-

perimental relationships between 6 1, and X2
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7. Prior Information and Prior Experiments

The distinction between prior information, in the usual
Bayesian sense, and the information obtained as the result of
a prior experiment is not clear-cut. Suppose we have given
prior information (b,A) about B(6), and the matrix of observa-
tion error covariances E for any (n,X). A first experiment
(nl,Xl,yl) then provides a further estimate of B8(8), which

supplements our knowledge prior to the performance of a second
experiment (n2,X2,y2); thus, there is total prior information

(b,A;E. :n,,X,,Y,) as input to the second stage. On the other
117717141

hand, we know that the estimation of B(8) after two experiments
can be regarded as a combined single experiment, and it is
interesting to examine further the relationship between these
two viewpoints.

To estimate 5{8(5) V:X:;¥+,,X,}, we form the enlarged
17417 Y2085

versions of (2.1)(2.2):

Pl

3 B
Fylj Xy

Py ok = B(8) (7.1)
Y2 %2
f .
Ffrl Tzll(e) 0

o] Hle}h = ; (7.2)
A | O Loz (0)

r

where we have assumed the two experiments are observationally
independent, and the design matrices are fixed. Then, following
the analysis of Section 4.1, we find an enlarged ZB—type

k x (nlﬁ-nz) credibility matrix, Z1 27 for the combined experi-
4

ment ,

11 1771 1772
-— L} L

21’2 = A[xl Xz] , (7.3)

[ ] ™ ]

XZAXl “22-FXZAX2

which is then used in the estimate:

. X1 Yy
J{B(e)lylrxliyzrxz}~f8(Y1,Xl;Y2,X2) = Ik—zl,Z < b+Zl’ v
2 2
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If we define individual ZB—type matrices for each of the

experiments individually,

1l
= '
Z. AX! (E

i 11

then the combined credibility matrix can be written in a
simpler form:

n
21,2 [zl Zé] (7.6)

2 y-1 - - -1
(I, -X Z2,X,2,) (I, -X2,X,2;) "X

' 1 1
- |2 %)

-1 -1
—(I, ~X52:X02,) XX (Inz"xzzlxlzz)

L 2

+ XiAXi) ’ (i=1,2), (7.5)

lZ

2

Further simplification requires the assumption of full rank for

X and X,, and the definitions (see (4.14) (4.15):

-1 L,
€ = XiEi5%

1
i

After repeated use of (4.12) and (4.16), the result finally
simplifies to

_ _ ) -1
21,2 = [(Ik Zy) (I = 272,)

Defining the individual classical estimators for each exper-
iment |

1

we obtain finally the combined-experiment estimate,

£ (¥) /X ¥y, %,) = (L -2 -2 pe s (B (v 42218,y

; z.=ZHA+€ﬁ— ; (i =1,2). (7.

2, (I, -2;) (I, - zzzl)’lzz]. (7.

7)

8)

9)

14

(7.10)
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where

Z(l) = (Ik-Zz) (Ik-lez)—lZli Z(z) = (Ik—zl) (Ik—ZZZl)—lzz.

(7.11)

This formula can then be rearranged so as to display a new
prior mean, b(z), which is used as input to the second experi-

(2)

ment, together with the credibility matrix z , in the "single-

stage" formula
. _ (2) 1. (2) (2) 2
fB(Yl:Xl,erxz) = (Ik"z )b + Z Bz(yz) . (7.12)

Then, we find that

b (2) (2),-1_(1)

) [B, (y;) - b]

b + (Ik-z

A

(I =29)b + 2.8, (y;) = £5(yy,X)) » (7.13)

is just the usual first-stage credibility prediction (4.2) or
(4.17), which becomes the mean input for the second experiment.

We may further clarify (7.12) by seeing what equivalent

regression coefficient covariance, say A(z), is used as input
to the second experiment to find the credibility coefficient
in the usual way as

22 2 a2 (2 62)-1 (7.14)

We find

(2) -1 -1,-1 _ _
A = z,€; = @B(X (7.15)

I
o
+
>

D

which is just the preposterior estimate of the error covari-
ance (5.2) after the first experiment!

To summarize, we can view the two experiments (nl,xl,yl)

(n2 :eryz) :
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(1) Either as a combined experiment in which the prior

information b and A is used in (7.10) to form an
estimate of B(9);

(2) Or as a two-stage process in which b and A are used

in the first experiment to form fB(yl,Xl) and ¢B(Xl),

and these values are then ysed as the prior vector
mean and matrix covariance of the regression coeffi-
cients for the independent second experiment,
forming an estimate of B(8) using (7.12) (7.14).

The extension to multiple cascaded experiments is obvious.
Also, it follows that, prior to both experiments, our estimate
of the final covariance matrix is

-1

1 -1 -1, -1.-1
2 €y7)

# ot Tt = (AT e el

¢8(X1,X2) = (e 1 2 .

In other words, the total final precision is estimated, prior
to any experiment, to be the sum of the prior precision plus,
the observation precision of each experiment.

We now examine several special cases of interest.

7.1 Imprecise Experimental Results

If the first experiment is performed under poor observa-
tional conditions, we expect the diagonal elements of E11 to
be large compared to those of Xlei' Under these conditions,
zl-+0, z(2)-+zz, and the results of the first experiment are

ignored, with b and A used directly as inputs to the second
stage. Similar remarks apply to imprecise results in the
second experiment; and, of course, if both experiments have
high observational variances, then the best forecast is just b.

7.2 Diffuse Prior Information

If, on the other hand, the prior variances of the re-
gression coefficients are very large compared to the imputed
covariances € and €, due to observational error, then zy and

zzvapproach unity, and we see from (7.14) (7.15), or by care-
ful limits in (7.11), that z ) > (e7t+ esh7helt, (4 = 1,2),
and

_ ,.-1, -1,-1]| =14 -14
fB(yl,Xl;yz,Xz) = (el + €, ) [%1 Bl(y1)+-e2 Bz(yzq . (7.16)
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In other words, the prior information is ignored as the diag-
onal elements of A become large (the prior becomes "diffuse"),
and the resulting estimate weights the classical estimators
from each experiment in the familiar proportional-to-precision
manner. A formula similar to (7.16) is given by sampling
theory arguments in the "mixed-estimation" method of Goldberger
and Theil [8, Section 5-6]([9][27][28].

Alternatjively, we may regard this case as one in which
a prior mean Bl(yl) and a prior covariance €, are used as

input to the second experiment.

7.3 Direct Estimate of Regression Parameters

If the first experiment provides a direct measurement of
the regression parameters, B(6), then n, = k, Xl = Ik’ and

for consistency, we could call Yy, = bl a new estimate of b,
with covariance of observation errors, €y = Al, say. Then,
the credibility matrix in this special first experiment is

z, = A(A4-Al)—l, the mean input (7.13) to the second ex-
periment is
(2) _ -1 -1.-1/|,-1 -1
b = (A + Al ) [ b4—Al bl] ' (7.17)

and the covariance matrix input (7.15) is

2 (2 o (a1 AIl)-l ) (7.18)

In other words, if there are two prior estimates of the re-
gression parameters, then they should be combined in the usual v

proportional-to-precision manner, and then used as input.

7.4 Similar Experiments

If the design matrix, X, of the two experiments is the
same, then the common z = A(A-Fe)_l, with e—l = X'E_lx, and

the forecast (7.10) can be written
Eolyyiy,iX) = e(20+¢) b + 2A(2A-F€)-l[%(§(yl)-Fé(yz))] o (7.19)

with an obvious definition of the common function ﬁ(y). In
this form, the analogy with the many-sample credibility fore-
cast (3.11)(3.12) is obvious, and the extension to t similar



experiments is immediate :

t
fB(yl;yz;---yt;X) = [Ik-Z(t)]b + Z(t)[% iZl @(yi)] ,  (7.20)

with a new credibility matrix

z(t) = tA(tA + ) 1 . (7.21)

7.5 Repeated Dissimilar Experiments

For completeness, we give the general formulae correspon-
ding to (7.10) (7.11), when t dissimilar experiments

(nl'xl’yl)(nz'XZ'yz)"' (nt,Xt,yt) are performed. In an obvious

] s
1 i

extension of notation ,

Z(l) él (yl) ’

I et
et

fB((yilxi);i=l’2,.-.,t) = [Ik-l

1
(7.22)
where the z(l) are the solutions of
~ 1 -1
-1
Zl Ik I
I Z-lonoI
[Zmz(z) ,,,z(t):l T I T K .
) -1
Ik Ik Zt

The prior-to-experiments estimate of the final covariance of
the estimator error is

t
_ (-1 -1\-1
Do (Xp,Xyreen X) = (A + izl €5 ) ; (7.24)

that is, the final precision is estimated to be the sum of the
prior precision plus all of the observational precisions. Of
course, as indicated earlier, it is probably easier to compute
(7.22) in the recursive manner suggested earlier in this
section.
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8. Related Work

There are two papers which originated the application of
credibility theory to regression problems. In a multidimen-
sional model, with elaborate notation based on practical con-
siderations, Hachemeister [10] has given prediction formulae
equivalent to (4.18) (4.19); however, his derivation appears
to require the assumption of heteroscedastic error terms, i.e.

£(0) = 02<e)1n , (8.1)

or of the sample-mean generalization in which the ith diagonal
term of 5(6) is 02(6)/Pi, where P, is the "volume" of the ith

sample.
He also gives a credibility result for a homogeneous
estimator, i.e., with Zi0 = O in (3.4), and the remaining

credibility coefficients constrained to give an unbiased
estimator. For models of this type, one usually has collateral
data [17] from similar experiments performed on other risks,

with independent values of 6.

Taylor's first paper [25] concentrates on the two-param-
eter, homogeneous estimator model, using essentially the same
assumptions as Hachemeister, but with a simplified unbiased-
ness constraint. 1In a later paper [26], Taylor generalizes
both the homogeneous and inhomogeneous versions of (4.18) to
Hilbert spaces, and shows various special cases.

Turning to exact Bayesian regression results based upon
multinormal likelihoods, Raiffa and Schlaiffer [22] give
formulae equivalent to (4.17) for the cases in which

(1) 02(6) = 02 is a known constant, and the prior on B(6) is

multinormal (b,A); (2) (02(6),8(6)) are inverse-Gamma-multi-
normally distributed. Other models by Tiao, Zellner, and
Chetty [29] [30]1[32]1[34] concentrate on the use of a diffuse

prior density, p(B,oz) o 0_1, or its multidiwensional equivalent

[32, Chapter 8]; thus, after one experiment,Bl(yl) is "fully

credible," or after two experiments, results similar to (7.16)
are obtained. Of course, since these are exact Bayesian
results, the complete posterior distributions of the parameter
are available--usually some variation of the multivariate-t

density.

In [32, p. 240], Zellner takes an "informative" prior
which is slightly more general than the usual natural-conjugate
prior for the multinormal; his likelihood is multivariate,
with homeoscedastic errors, which can be reinterpreted as
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single-variate with arbitrary Z(8). By expanding the resulting
posterior density for the regression parameters, he finds from
the leading normal term a mean estimate which is "a 'matrix
weighted average' of the prior mean...and the least-squares
quantity B whose weights are the inverse of the prior covari-
ance C and the sample covariance matrix." This is, of course,
just our result (4.17) (4.18)(5.2), gotten as an approximation
for arbitrary likelihood and prior densities.

We have also indicated that, using sampling theory argu-
ments, Goldberger and Theil [8][9][27]1[28] have obtained
formulae similar to (7.16), except that, since ci(e) (i =1,2)
in €,, €, are unknown, they propose substituting various

reasonable sample estimates.

9. Exact Results

It can be seen from the above that the credibility
formulae presented here are exact when the likelihood is
multinormal, and the prior is from a natural conjugate family.
However, there are additional cases in which the credibility
results are exact, based upon the Koopmans-Pitman-Darmois
exponential-type families, and their (suitably enriched)
natural conjugate priors. (See [12]1[13]1[14] for exact results
for the model of (3.11).) These will be reported in a
separate paper.

10. Extensions

Many of the topics which are considered as extensions in
classical works on regression are already covered by our basic
model, since no special assumption about the error covariance
matrix Z(6) has been made; £for example, error terms may be
autocorrelated. Multivariate regression models are already
"serially" included, and it remains only to translate them
into the usual "parallel" notation. And, by following the
discussion in Section 6, a variety of random input models may
be elaborated; for example, successive inputs may follow a
"random shocks" process [15].

There are many interesting regression models in which the
design matrix is not of full rank. In these cases, (4.2) and
(4.4) are still viable, even though the classical estimators
do not exist. Or one may add additional constraints, based
upon external considerations, until the problem is "identifiable,"
in the classical sense. The particular problem of estimating
flows in a network will be the topic of a future report.

For a simple linear regression, one can also talk about
problems of inverse regression; that is, given y, what was
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the input x? These questions arise in various problems of
measurement, and a detailed study of instrument calibration
and measurement using credibility methods may be found in [18].
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