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Preface

The food problem is to a large extent a local one. Accord-
ingly, the starting point in the Food and Agriculture research
of IIASA is the modeling of national food and agricultural
systems. After having investigated local, national strategies
directed towards specific goals (e.g. introducing new techno-
logies, changing the agricultural structure, etc.) a generali-
zation will be possible and conclusions can be drawn concerning
the global outcomes of changing agricultural systems. Thus,
the global investigation will be based on national models and
their interactions.

To reflect these interactions in a model, a methodological
research is required which is concerned with the linkage of
national models for food and agriculture. This Memorandum is

the second of a series on this topic.

Previously on this topic: RM-77-2, Linking National Models
of Food and Agriculture: An Introduction, January 1977.
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Summary

This paper is the second in the series on the linkage of
national models for food and agriculture. It develops some of

the ideas presented in the first, introductory paper [14].

In Section 1, the model with domestic price policy and
quota, is rehearsed and reformulated. A proof is presented for
the existence of domestic equilibrium at given world market
prices. It is shown that when this equilibrium is unique the
national excess demand functions are continuous in world market
prices and satisfy Walras' Law so that the requirements for
linking, presented in [14], are satisfied. The proof is also

valid for an economy with production.

In Section 2, the uniqueness of the domestic equilibrium
is investigated on the basis of properties of the Jacobian matrix.
Although this analysis does not lead to any useful results for the
present model, it gives an indication of the problems one has to
face and, moreover, the derivation of the Jacobians is useful for
the world market algorithm, which will be discussed in a separate

paper.

In Section 3, attention is centered on the actual compu-
tation of the domestic equilibrium. The first paragraph deals
with the computation of domestic equilibrium prices when the
traded quantities are given. Although the case is not very
relevant in itself, the simplicity of the problem makes it use-
ful as a starting point. In the second paragraph, a complementary
pivoting algorithm is developed which can solve the domestic
equilibrium problem in a pure exchange economy with Cobb
Douglas utility functions. 1In the third paragraph, several
other cases are discussed which are relatively easy to solve.
Stock policy is introduced and a model with lagged production

is discussed.

The author is grateful to C. Lemaréchal, R. Mifflin and
K.S. Parikh for helpful comments.
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SECTION 1: A NATIONAL MODEL WITH DCMESTIC PRICE POLICIES

AND QUOTA ON INTERNATIONAL TRADE

Introduction: the main features of the model

We discuss the pure exchange version of the model,
which means that we take supply as given and concen-

trate on demand by the consumer, at given endowments.

The consumer is taxed by a government which has to
pay subsidies on international trade, or the con-
sumer receives income transfers from tariff receipts.
These receipts may also be used in other ways; this

will be discussed in 1.3.

Price differences between world market and domestic
market are caused, either by a domestic price policy,

or by guota on international trade.

The government must tax the consumers in such a way
that both its budget and the balance of trade are in

equilibrium.

The model presented in [14] is now repeated and then
reformulated. In 1.4 an existence proof for the

domestic equilibrium is presented.



The model

1) Consumer

max u] (XJ)

S.T. pxJ = ajtr + py
2) Government

a) 1, 2y, - x., <r

i i i i
— —%

c) tr = (p" - p)(y - x)
3) Domestic market equilibrium

vilyy = %3 - ry) =0

Py =P; * My TV

Pjr Myr v; 20
4) Equilibrium on the balance of trade

w —
Ip; (yi - Xi) =0
The model has been discussed in ([14], & 4.3)

existence of a domestic price equilibrium will now be

proved after some reformulations.

Symbols

uj utility of the jth income class (j=1,..,m)

xj (vector of) demand of the jth income class

yj net endowments of the jth income class

tr total tariff receipts by the government

oy share of jth income class in tr n

1l ,r minimum resp. maximum export of the i
commodity (i = 1,..,n)

Ei price target for the A commodity

p? world market price

pi domestic price

ui, vy price differential as defined under 3)



1.3 Reformulation of the model

1.3.1 The export constraint

The export constraint may lead to an inconsistency as it
implies x > vy -— r . This may be incompatible with nonnegative
domestic prices. To solve this problem an extra slack vector s
must be introduced.

Define
d = x + s

The quota constraint becomes:
l<y-dxr

The complementarity (market equilibrium) conditions are then:

vily; - 43 —r3) =20
Pj Sj =0
u1(y1 - di - 11) =0

The tariff receipts are

Yo p)ly - 4a .

Balance of trade equilibrium implies

p"(y-d) = 0

When solving the model we first compute consumer demand, when

p; = 0 we compute s; = max (0, y; - r; - xi).

1.3.2 Taxation and distribution of tariff receipts
Up to this point the budget equation of the consumer has
merely been specified as:
px] = ajtr + py]
It was not said whether aj was a variable or a parameter.
If we would consider it as a parameter we have the following
problem: Under balance of trade equilibrium the budget equation

is:



oy P(x - y) + py’

= p(aj(x -y) +vy

pPx
J)
It can be seen from this equation that for any given vector
a such that Zay = 1,0 < ay < 1 and given (x - y)-+ 0 there
exists a nonnegative price vector p such that p %7 < 0 . This
is not acceptable. The vector o must therefore be considered as
a variable. It reflects the tax system in the country. This
system may discriminate among production sectors and income classes.

A more general formulation would be

taxes government expenditures tariff receipts
ta = tg - tr

Bj = f(py?p) (function to determine taxation rate)
taj = Bj j pyj

px) = py’ (1-8j)

We assume that the government expenditures are totally in-
elastic, and that the tax share Bj is homogeneous of degree

zero in domestic prices

tg=p-g , g is given.
1.3.3 The balance of trade
We replace
o Yy - (x+8)) <0

p (y - x) =0 by: P

Where s is defined as above.
The inequality is only a slight relaxation because we shall find

that in world market eguilibrium it becomes again an equality.

1.3.4 The national model reformulated

1) Cconsumer
max uj(xj)
S.T. px) = p[y3(1-8j) + 6891 ; 3 =1,..,m ; 65> 0
= pyJ - a, ta . [B.: income class specific
J taxation rate
§.: gift in kind (see below)]



4)

5)

Government

a) l <y -dc=<r

b) 5 = p*

c) tr = (p - p)lly - d)
a g =18 +39, ; tg =
e) ta = tg - tr

£ = f(py?) ;i B8, <1
) BJ (py”) BJ

g ta= 18, . py’

5 3

Domestic market: definitions

o}
Il

X+ S+ g

P = Du -V

Domestic market equilibrium

a) Ui (yi - di - li) =0
b) vy (yi - di - ri) =0
c) p;S. = 0

d) P, u, v. > 0
e) s, x>0
Balance of trade equilibrium

p" (d - y) <0

quota constraints
domestic price policy
net tariff receipts
government expenditures
taxes

taxation rates

aggregate demand

1)

More precisely p = kp*, Ip. = k

P g




6) Assumptions on the policy variables
a) pw 1 <0 Quota compatible with balance
b) pw r > 90 of trade equilibrium.
c) l<r by definition.
d) r <y, less exports than domestic availability
e) 5* > 0 desired domestic price is positive

W = W _
£) pg<p v -
7) Assumptions on endowments

For each j, 3i such that

yi > 0 for some i .

Iyl >0 alli

J

1.3.4 The solution of the national model
The national model is a set of equations which is
simultaneous on three levels:

1) A utility maximization problem in principle involves
the solution of a (simultaneous) set of first order
conditions. The simultaneity may be avoided however
by making use of duality theory.

2) The utility maximization problems are interdependent
through the taxation policy because tariff receipts
are influenced by aggregate demand (eg. 2), cC).

3) The domestic equilibrium prices are not given but are

determined simultaneously with demand.

ad 1) We know from elementary demand theory that problem 1)

will have a unique solution, xj for any positive in-
come and nonnegative prices p, under the appropriate nonsaturation
assumptions for the utility function, uj . We also know that at
given Bj the demand will be homogeneous to the degree zero in
domestic prices. Let Sn be the set of nonnegative domestic
prices. We assume that the utility functions are strictly
quasi-concave. First set 6j = 0, then the demand function
xj = xj(p) can be shgwn to be continuous for all p such that

p > 0, pe E% and py:I > 0. Some problems of discontinuity



however arise when some prices tend to zero, first because the
income of certain income groups might be zero, second because
the demand for a commodity might be infinite. In order to
avoid the first complication we assume that the government
offers an infinitely small amount of all commodity endowments

to all income classes (67) so that all incomes are positive

at all prices in S, - We know that in this case the demand
functions will be upper semicontinuous and {xi|xi = xi (pﬂ

is a closed bounded convex set (cf. Lancaster [9] or Arrow and
Hahn [1]).

The assignment of a positive dj may seem restrictive from
a theoretical point of view and in fact less restrictive solutions
are available (cf. Arrow and Hahn [1]), but one can hardly imagine
that the error introduced could be of any importance. As

mentioned before we may compute the slack variable s; as follows:

s; = 0 1if p; > 0 and S; = max (0, Y; - T; - xi) otherwise.
ad 2) Simultaneous solution of the utility maximization

problems:;

tr = (p¥ - p) (y - d)
* Assume that 4 ¢ holds everywhere, also out of market
equilibrium.

w —_—
tr = (p'-p)(y -(x + g + 8))
=p"(Y ~(x+ g +8)) - ply - (x+g))
— tg - tr = -ply - (x + g +s)) + ply - x)

This equation is the equilibrium condition for the
simultaneous solution of the utility maximization problems.

In general the utility maximization problems have to be solved

independently given domestic prices and a share aj of a
given total amount of taxes ta = -t:

max uj(xj)

g.m J

T. px- = pyJ + ajt .



d(a.t)

* a. is assumed to satisfy ——a%__ > 0 and Zaj = 1

Moreover a. is assumed to be homogeneous of degree zero in

domestic prices. Summation of budget equations yields:
ply - x} +t =20 |,

so that the budget equilibrium coincides with equilibrium of
the balance of trade.

The equation
p(y - d(t)) = 0
will have a unique solution if

p¥d(t) is a monotonously increasing function of t,
such that lim pwd(t) =+ o
t—+ o

We know that by Walras' Law (nonsaturation)

lim pd(t) = and Qig%iEL> 1.
ta3+ o«
* If gigiiElL > 0, ¥i (no inferior goods)
W d(dht)
and ph > 0, —3t > 0 , for some h

then we know that the condition is satisfied.

We assume that this condition holds. Again it is clear
that theoretically speaking the balance of trade equilibrium
condition is unnecessarily restrictive for the existence of
market equilibrium. We shall now relax this condition and
discuss domestic equilibrium under quota and domestic price

policy.

1.4 Domestic price equilibrium

The existence proof for a domestic price equilibrium is

not a trivial one. We shall proceed in three stages:

1) First we shall literally reproduce the proof of the excess
demand theorem by Debreu [4]. This proof would apply to
the national model if 1 = r = 0

2) Then we shall open up the economy and formulate an

appropriate maximization problem.



The crux of the proof is the extension of the linear
programming problem occurring in the proof by Debreu.
Several linear programming problems are formulated,

first for the case of an import quota only, then for
export quota, then for both and finally for a combination

of import quota, export quota, and a domestic price policy.

1.4.1 Debreu's excess demand theorem

Consider the set of excess demand function z = z(p),
which satisfies p z(p) < 0 . Does this problem have a
solution z < 0 ? Let p be the set of normalized prices.
This is clearly a compact convex set. Denote by Z the set
of all z(p) for p € P[Z is the union of the sets Z(p)]. If
7Z 1s not the convex, we replace it by any compact convex set
containing %, which we denote by Z'.

Now define the set S(z) as follows:

S(z) = [p|pz is a maximum for z ¢ z', p € P]

That is, we choose an arbitrary excess demand vector from the
set of all excess demand vectors which are attainable at some
prices, then find the price vector for which the value of
this excess demand is maximized. It is important to note
that the price vector is any price vector, not necessarily
the particular p which is associated with z through the
mapping p — Z(p).

Clearly z — S(z) is a mapping from Z' into a subset of P.
Since Z is convex we know this mapping to be upper semi-
continuous. S(z) is a convex set since it is the intersection
of the hyperplane [y|yz = max pz] with P.

Consider the set P x Z', that is, the set consisting of
normalized price vectors paired with excess demand vectors.
If we take some point p, z in p X Z', then Z(p) associates a
set of excess demand vectors with p, and S(z) associates a
set of price vectors with z. 1In other words, the mapping
Pr 2 — Z(p), S(z) maps a point in P x Z' into a subset of
Px Z'.

We have shown the mapping z — S(z) to be. upper semi-

continuous, and p — Z(p) has been assumed to have the same



so that the combined mapping is upper semocontinuous

property,
is convex and Z(p) has been

also. We have shown that S(z)

assumed convex, so that S(z) x Z(p)
Thus we have an upper semicontinuous mapping p, z — S(z)
These are

into a convex subset of itself.

is convex.

from the set P x Z'
the conditions for invoking the Kakutani Fixed Point Theorem.
z¥ ¢ Z' which

The theorem states that there exists some p*e P,
is a fixed point, that is, for which p* ¢ S(z*) and z¥ e Z(p*).
implies that,

From the construction of S(z), p*¥ € S(z¥)

for all p € P,

pz* < p¥z* .
since

Using the weak budget condition it follows that,

z¥ € Z(p¥*),

p*z* < 0 .
Thus

pz* < 0, for all D e P .
2) Clearly the last inequality is satisfied for all p € P
only if _

z¥x <0 ,
) One important feature of this proof

thus proving the theorem.
is that it does not require p and z to have the same dimension.

The other important feature of this proof for our purpose
[p|max pz for z € Z' , p € P'] represents the

is that S(z) =
solution of a linear programme.

max p 2z

119-129, has derived an algorithm for computing

1 Scarf [13] p.
this equilibrium solution.



This programme can be extended without changing the essence
of the proof. The budget equations yield Walras' Law for the

present case (t = - taxes).

pz -t =0 .

From this we can derive the simplex for the present case:
z is homogeneous of degree zero in (p,t). If (p,t) is a linear
function of another vector, say w, w > 0, then z is homogeneous

of degree zero in this vector.

We may therefore set the sum of these nonnegative variables

to equal 1, and thus constrain them to the simplex.

1.4.2 Existence proof for domestic equilibrium

1.4.2.17 Import quota only:

The essential part of the proof is that we substitute
out the variable t from Walras' Law. We set t = - y 1 so that
pz + 4 1 =0 .

Define
qg =z 1
p=u+ ¢p”
where
M.y ¢ > 0
o + Zui = 1 {(u, ¢ on the simplex) .
We may restrict (¢, p) to the simplex because Zpg = 1 and
because of the substitution t = -y 1 .

We can rewrite Walras' Law as
w
0 = ¢p z + Ug .

We now set up a linear programme analogous to the one in

Debreu's proof

max op¥z + U g
S.T. o+ Tug =1

Uild)i_o-

Analogously to the previous case we find that the goal function

has zero value
just as before

compact convex

in the fixed point
to be an upper sem

set into itself).

{the mapping can be considered

i continuous mapping of a




So that we find

w
p z*

q*
u*q*

Note that t >

Py =
py -

0 (if ¢* > 0 then pVz* = 0; 4if p"1 > 0 then ¢*

=
<

- u 1l implies t > ~-py because

W
op Y + wy

ul = ¢p"y + u(y - 1)

y >1 — py - ul >0

1.4.2.2
As mentioned earlier export quota present the

Exports quota only

difficulty that if they are applied to the excess demand ifself

infeasibility might arise with the condition of nonnegativity

of prices.

We therefore define
gq=-(z+s+r1r)=-(d-y+r)
¢ + Zviw= 1
¢ = op - vi ¢, v > 0

We restrict the taxation to:

t = vr

(@ - y) +vgqg

Walras' Law is then: 0 = p

consider now the L.P.:

¢pw(d - y) + Vg

max
S.T. ¢ + zZv. = 1
i
w
p=2¢p -V
p.s = 0
¢, P, v 20
as before we set s, =0 if p, >0 and s; = max (0, yi—ri—xi)

otherwise.

In the fixed point we find:
0 = ¢* p"(d*-y) + v¥ g*
1 we get pw(d*—y) <0
0 without leaving the constraint set.

setting ¢ =

We can however not set ¢ =



However, because we have assumed pwr > 0 we may write
0 > p*¥ g* > p g*¥ all p on simplex
so that p* < 0
and p* g* = 0

and p"(d*-y) < 0 (if ¢* > 0 then p"(d*-y) = 0)

As before the condition y > r, guarantees a positive income.
1.4.2.3 Import and export quota

Combining both previous problems we procees as

follows: Define:
9, =X+ s -y - 1
q, = (x + s -y - r)
We set
t=-1ul+ vr
so that Walras' Law is
0 = ¢p"(d = y) + ug, + va,

We can prove by combination of both previous problems (¢, u,

on simplex) that

*
S

*
9, < 0

0

A

*

*
p¥(a -y) < 0 (if ¢* > 0 then p"(d -y) = 0)

1.4.2.4 Import, export quota and domestic price
policy
In this case we set:

t=-ul+ vr + ¢h
h=(p-p)z
This yields the complication that the demand functions have to
be solved simultaneously:
At given ¢, U, v Wwe must iterate over h in order to

realize h = (p - pw)z. We have however shown before (ad 2)

that this problem has a unique solution.



Otherwise the case is identical to the case without
domestic price policy.

This completes the existence proof.
We have only assumed on production that vy > r > 1 and that
pwr >0 . 1In an economy with production 1, r can by assumption
be set at this level. We then first solve a profit maximization
problem at given prices and when output has been determined
adjust (r, 1) .

Computation of demestic equilibrium:
As mentioned before Scarf ([13], p. 119-129) has presented an
algorithm to compute a fixed point of the mapping in Debreu's proof.
The same algorithm would apply for the computation of domestic
equilibrium in our model. We are however, mainly interested
in unique domestic equilibria as will be explained below. This
paper will therefore be oriented towards the development of
alternative algorithms which specifically apply to unique

equilibria. We return to this matter in section 3.

1.5 World market equilibrium under pure exchange

The existence of world market equilibrium can be shown

in several ways.
The most direct approach would be to consider all domestic

markets simultaneously with the world market and to formulate
a linear programme accordingly. The proof would be straightfor-
ward but hardly instructive for the linking problem. It is
computationally a very hard task to solve all prices for all
countries simultaneously, when there are quota. Moreover the
interpretation of the model is very difficult when everything
1s computed in one algorithm. We therefore want to decompose

the equilibrium problem into two components.

1) Compute a domestic equilibrium price and excess demand
given a world market price: pw—+ 2, r 2, = dc - Yoo o-
2) Compute a world market equilibrium price.

We have seen that in every country for every world market
price the domestic equilibrium excess demand Z exists, and

satisfies balance of trade constraint pwz <0 .

C



The only further prerequisite for decomposition is that
zc(pw) is sufficiently continuous. We therefore prove two
lemma's on continuity. We need for this the following lemma
by Arrow & Hahn [1(p. 102)]:

* If the utility function U(x) is strictly quasi concave,
if the income is positive for all p then x(p) is continuous
in its domain of definition which includes all p > 0 and

z xi(p) is continuous everywhere on the unit simplex, where
z xi(p) = o if xi(p) is not defined.

The formulation of the theorem is more complex than might

appear at first sight.

1. It is not stated that whenever P, = 0 for some i1 ,

X; (p) is not defined. This would imply that in equilibrium

all prices must be positive. A commodity, for which this how-
ever happens to be the case,is called numeraire.

2. We know that the mapping p — x is uppersemicontinuous

on the unit simplex and have used this in the proof of the
existence of domestic equilibrium. The theorem is in accordance
with this but provides more information.

We now state our lemma's
Lemma(1)- If the domestic market has a unique equilibrium and
if there are finite import quota on all commodities then the
mapping pw — 2z is a continuous point to point mapping.
Proof:

As there are import quota on all commodities
Zy £ kg

so that Zzi < Zki in equilibrium.

Thus zi(p) must be defined (uniquely) in equilibrium so that
z. (p) is continuous for all p in equilibrium.

o W w . r ,
Consider a sequence pr'—e Py - Since p is unique the
univalued function pr = p(pz) is defined. Since pr is bounded

there exists a convergent subsequence.
r o)
P —> P
. r, . . .
Since z(p~) is a vector of continuous functions

lim z(pr) = z(p)
r — « .



But by construction z(pr) <k Vr so that

z (p°) <k .
Then by the uniqueness hypothesis pO = pg g.e.d.
Lemma (2). If the domestic market has a unique equilibrium

and if the domestic price for the commodities

is positive then the mapping pw ~—> 2z is a continuous point to
point mapping.

Proof:

If the domestic prices p are positive then zi(p) is continuous
in p so that the proof in (1) holds.

It would be possible to generalize the proposition but this
may be superfluous for our present purposes: in our agri-
cultural model no government will ever let the domestic price
of any commodity be zerof The world market equilibrium price
might well be zero.

We may thus list the theorem.

Theorem

Under either the assumptions of (1) or (2) the national
excess demand mappings are continuous functions which satisfy
pwz < 0 so that a world market equilibrium exists. The excess
demand functions are homogeneous of degree zero in world market
prices.

The previous theorem has assumed uniqueness of domestic
price equilibrium. The second section of this paper will be
centered around this issue.

This however needs some preliminary work such as the
derivation of Jacobians. The Jacobians will not be very help-
ful for our problem but we have to see why. Moreover, the
Jacobians will show to be helpful for the computation of the
equilibrium solution on the world market, this will be dis-

cussed in a separate paper.

* A stock policy to maintain a positive floor price for a
domestically produced commodity would be relevant (see also
section 3.3). Therefore in most practical cases the domestic
price will be positive and the domestic excess supply zero.



SECTION 2: THE UNIQUENESS OF DOMESTIC EQUILIBRIUM

2.1 The Slutsky equations and the Jacobian

Before we investigate uniqueness, the demand responses
of the model as expressed in the well known Slutsky equation
will be investigated, because the corresponding Jacobian plays
a crucial role both iﬁ the analysis of uniqueness, and the

computation of equilibrium.

2.1.1% Given income and given prices

This is the classical case. The derivation can be found

in Lancaster [9]

max u(x)

S.T. px = m

the F.0.C. are u, = Api
PX = m

a) differentiation of F.0.C. to the nth price yields:
(budget equation)

9X.
AL 5—1 = - Ax_
pn
3IX. A i1if 1 = n
_pi +Zui'._]_=
1 Py 5 13 °Pp 0 else

b) differentiation to m yields:

axj
SRR W el
]
9X.
A _
Py Fm Tt ij om 0 -

After substitution u, = Api , the equations sub a) can be

rewritten in matrix-vector form.



¥ n 1 ,3A

Oug = =4y, Fx‘sg);) B
1711 n )

[ p

| \\ ! [ n |

| 1 1

! N an 0

Un1n™" Ynn ap A

! il 1 L

The matrix of this equation system is the bordered Hessian

of u: U
5 X
Solving for 555' by Cramer's rule one gets
X
a"r 1 _
Bph.'_ detg (= AUy + AUL)

where (é is the cofactor of u in det O
r

U is the cofactor of u in det U
rh rn

Analogously one can obtain from the set of equations sub b)

axr - AUr
om det U

~ ~

Writing K = X Urn/det U and substituting in the previous

equation one gets the well known Slutsky equation.

3%r 3%r

—_— = -—7 —_— +

9p kn(am ) Krh

h
K is symmetric.
rn
* K <0
nn

* and the matrix [-(] has positive principal minors

* both pk = 0 and Kp = 0

* the sign of K,, can be positive or negative



9X 9X
. r _ _ r . .
but the own price effect, 55; = X Sm + Krr’ 1s negative
er
if the commodity r is not inferior that is if S 2 0 or not

negative enough.

2.1.2 The pure exchange economy

We now consider the case where m - py and y is
given. The only change which then occurs in the derivation of
Slutsky's equation is.-in the differentiation of the budget

equation to prices; here one gets:

9X.
Ip. =—3 = - Az

J 3p,

Thus Slutsky's equation becomes:

er axr
op - 7 %n Om * Krn

o}

The own price effect is:

axr axr
— = - 2_ —— + K
ap r om rr
r
axr
even if then there are no inferior goods ET may be positive
r

for a net producer of commodity r
(wealth effect).

2.1.3 Pure exchange economy with tariffs and unequal

income distribution (cf. II, § 4 in [14]).

2.1.3.1 The consumer's model is (at the level of

the income class):

max ul (x7)
_ J
S.T. m. = V. tr +
. j pPY
and my = pxJ

Now one can differentiate to domestic and to world market

prices, we thus assume a domestic price policy on all commodities.
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Domestic prices
Again only the differentiation of the budget equation to prices

yields a change, so that Slutsky's equation now becomes:

Bxi 5 Bujtr axi 3
55; = (2 - 3p ) 3;_ * Kin
h J

The income effect may dominate the substitution effect so that

the own price effect may be positive.

World market prices
World market prices only affect in a direct way the tariffs

receipts so that differentiation to prices yields

axJ da.tr
A Ip, —B = A(z - 1,
n h apw n apw
n n
9X
- p LTI Zu.h ho_ 0
T Bpw h * op

The change in the second equation is important as it implies
that there is nc substitution effect anymore. The Slutsky

equation is (the own price effect can be of any sign):

ax? da.tr\ oxJ
r _ J
w " |%*n ~ w om
Bpn Bpn

2.1.3.2 The Slutsky equations at the national

level follow from summation over income classes

Define ij
1 =7 o, —=%
r . J om.
J J
i axg
L N T
J J
J
o, = PY
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then:
a¥r otr z da
—_ = —_— + J .
3Py, lraph "en t Ken t L gpR T otr
and

X
' r _ otr
5w - ‘r 3.w.5 "rn
P Py,

o gl 3

We shall now consider the Jacobians when balance of trade
equilibrium is satisfied. These are the relevant ones for

the external behaviour of the country.

tr = (p-pw)z ; pwz = 0 1in equilibrium ;
5 dq .
thus —1 . tr =9 ,
) 81_)1,l
dtr _ 91
and 3 IPis w

X,
Jtr 971
— = Ip. + z
Bph i 18ph h
T 4 1 )
Now define
vV = (I - [liph]) for i,h = 1..n ,
- ale
IR
Pp -

!
I
1
Q
|
=
)

1) [a.

] indicates a matrix with elements a,
ik ik




Then previous results may be written as:

F

2
Il

v

VO=W

<

The matrix is however singular: we know that

ipiliph = Pp-

by the definition of li

’

thus

p (I - [liph]) = 0 for all p, so that

V is singular and no explicit formulation for ﬁ,é is available
¥ Note however that

n-1
£1piliph < pp SO that

1

any principal minor of V has diagonal dominance and is non-
sinqgular (if there are no inferior goods).
* Note also that if all income classes have the same marginal

propensities to consume,

axi Bxb
Tj— = a—h— then Wlh + ll Zh =0

We now shall reformulate the equations in order to get an
explicit Slutsky equation. (We shall time and again find that
the difference between marginal propensities to consume com-
plicates matters).

From balance of trade equilibrium follows

n-1
L p
i

e
Q
=

3%n "
= - ? pn h=1..n

)
o]

oy

oy
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V has diagonal dominance for the prices p if there are no inferior goods.

Proof
From the definition of li follows:

n-1

'_J.
N~

w W
1 Pl (py-P P <] (py-p PD) |

and
n-1 X x pr
- w o1 3" n"n =
b P; 5w ~ (3 w * Zh) B=1..n
1 Py, Pp
Thus
d3tr _ g 3Xi
IR 121 Py Bpw
ph h
B n;] 0%y _ EE n£1 W _fi
-, Pi 3 w wl._~ Pi % w
i=1 Pn, Pp i=1 Py
n-1 P X p
_ _'n w\d9'i _n -
- .E (%1 w pl) 3w w “h h=1,..m
i=1 pn ph ph
and
str _ 2 %4
E L B
h 1=1 h
n-1 Pn w\ o%i
= L Pi"w Pilop. * h=1,..,n
i=1 < Pn
Lemma
i pn W k=1,..n—1
Define V = I - [lk(pi-—w Pi)] i=1,..n-1
Ph
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thus

n-1
L P | L (py-pp) | < | (py-ppi) | (1-p, 1))
itk

then we prove that

- w - _ _ \J
[ (py=ppy) | (1-p,15) < p,|1-1, (p,-p P}) |

this can be seen as follows:
p.l. <1, (1-p.(p.-p pY)) >0 .
i~i ! iFi Fnti

ase__‘]: assume

then we have to prove
\
- <
(p,-P P;) 2 Py

1

- pnpz <0 this is clearly the case

case 2: p. - pnpz < 0

—_— 1

then we must prove that
w w
(pnpi pi)(1 pili) < pi(+ l(pnpi - p;))

or

w w 2
PP - 2pi(1 + pnpili) + 2lipi <0

this is a parabola.



- 25 -

\4
1,2 2(1+pnpi1i)t2 /q;(li

W\ 2
_ p;P )
Pj = 01,

i

n

Clearly

w W 2
(1+lipipn) < /Q+(lipipn)

so that only one positive root exists.

This root is however larger than prn if:

il

\} \ 2 W
(1+pnpili) + v4+(lipipn) > 2lipipn

that is if

/q+(l.pr

2 W
i "> lipipn 1

n

which is clearly the case.

So the matrix V has diagonal dominance and thus is non-

singular. (end of proof.)
X n-1 P X P
ik _ _n w, 97i _“n
5w - Tk (.E (i~ W Pi) 3w~ w Zh) T Wkn
Ph 1=1 P, Ph P,
for k,h = 1,..n

consider the reduced system of n-1 commodities

Defining




thus we get an explicit formulation for the Jacobian:

0o = vy
axn axk axn
From this the elements —w ' Tw and —; ¢can easily be derived.
aph apn 8pn

In a similar way one gets an explicit formulation for domestic

prices.
X n-1 P 99X
k n _w i
— =1 I p.- p +11,2z + K + W
Bph kl=1 i pw i 8ph [ k“h kh kh]
h, k =1 n-1
Define
[axk]
F = a—
Ph
G = [Kih + Wih + lizh] as before
then
F o= v G‘

Again the nth row and column may be derived from this.

Induced changes in domestic prices:

Changes in world market prices may induce changes in domestic
prices. The total effect of a mutation in world market prices

then becomes for the first n-1 commodities:

E = v | (H + GP)

where

dx

dph



and

dp.
P = _l

dpg

and H and V are defined as before.

The direct price effect of world market prices at the
national level (and at world level) can be thought of existing
of .

a) an income effect due to differences in

1) marginal propensities to consume
2) resource ownership y
3) shares in tariff receipts qj

b) a substitution effect due to different Slutsky
matrices Kj . The price effects are thus aggregate
effects and can be positive or negative if only because
the income effect will be positive for net producers

and negative for net consumers.

2.1.4 The Jacobian matrix under (tariffs and) quota

The domestic market equilibrium can at given desired

domestic prices p and pw be represented by

a = dqlp)

p.q = O

prga 2 O
Where

1(p 0,

4 = ( )

and
w_
a; = z(p,p - py *+py) *+r

~2(p", P - oy + p,) - 1

Q
[\
i



Domestic equilibrium has been shown to exist at any world market

price.

The Jacobian can be set up in two ways

1) Jacobian of the domestic market at given

world market prices;

2) the Jacobian of the total system (domestic and

world market equilibrium considered simultaneously).

2.1.4.1 The Jacobian for domestic equilibrium

As the problem has been formulated in "standard"

format we may proceed by writing down the matrix

8qi
J=W
J

and investigate its properties.

From the definition of g follows that:

-V G Vv G
J:
vile —vi'lg
* The reaction of the domestic market to mutations

in world market prices.

When we studied the effects of mutations in world market
prices on an economy with tariffs without quota restrictions we

allowed for possible "induced" mutations in domestic prices.

The Jacobian matrix was then

E = v | (H + GP)

If we now disregard all induced mutations in domestic
prices having other causes than quota restrictions and if we
only consider the national excess demand function where it
is differentiable to world market prices (i.e. where a marginal

change does not change the list of effective quota) and if we

assume domestic price eguilibrium, then we know that



dzi dpi
either —w - 0 or — = 0 (other world market prices
dprl dpn remaining constant)

We may now decompose the equation for the Jacobian matrix

define u=vy!

u - 11 _ [P Uiz
s Y21 Uz
B
P =
P2
G G
o - |12 12
G219 G22
FE1
E =
| B

We may set E a matrix with dimensions r x n, equal to zero,

1’
indicating that the first r commodities have {(and keep!)

effective quota constraints.

Complementarily the matrix Py with dimensions (n - r), n

can be set equal to zero.

One thus gets:

0=0U, H+ U, G, P

1 171 71

E2 = U2 H + U2 G1 P1
Solving the first set of equations for P, and substituting in

the second one gets:

-1
U, H

P1 —(U1 G1)

E = U2(I - G1(U1 G1) U1)H



and

(Note that (I - G1(U1 G1)—1U1) is indempotent.)

We still have not proved that U,Gy is nonsingular. As U is
nonsingular U1 has rank r; now if G1 also has rank r, then

U1 G1 has rank r and is nonsingular.

We assume here that G has rank n-1. This assumption will be
discussed in more detail below, in a note: it illustrates some
problems of aggregation of Jacobians.

Under this assumption we may however conclude that U1 G, will

be nonsingular if r < n-1.
2.1.4.2 The Jacobian matrix of the total system

The Jacobian matrix derived in the previous pages
is not very general because of the differentiability requirement.
In domestic equilibrium national excess demand functions are
not differentiable for all world market prices. 1In order to
restore differentiability one must simultaneously consider
the equilibrium conditions for all markets. 1In order to do
this the restriction g > 0 of the domestic market must be
relaxed and the total J;éobian matrix must be investigated.

So the total matrix can be written out as:

3, 0 R

Y = |lo g
m m
c, c_ S

m

where m indicates the number of countries and i is the country

index:
- .+ -1
i -1 | V.
J = _—aqh = —V__l _G_i | . G—i
i 3 1 vo1 Gy |-y~1 G !
| P4 i i1
”3 il
c - |b =[VT1H—V"1H],
1 apW 1 1
Lk
3z, | vil g
R _ [ Zh _ 1 1
. b v - —— T '
+ ap%_ Vl i




-0z m
and S = h = - -1 (V.1H.)
w . i 1

Bpk i=1

This system is however very large as soon as many countries are
considered. We go on considering domestic and world market

equilibrium separately.

Note
If the set
Gg=20

has as only nontrivial solution g = A p then G has rank n-1.
It is not possible to prove that for q # 0 , g % Xp but
there cannot be said more than that the assumption that G

has rank n-1 does not seem restrictive. Note that the know-
ledge from demand theory that qu= O has only the nontrivial
solutuion g = Ap does not help us because it does not inform
us about the rank of K so that neither the matrix of the ag-
gregate income effect nor the matrix of aggregate substitution
effect have a definite rank. We shall return to this problem
in the next paragraph. We have already seen that nothing can

be said with certaintiy about the sign of elements of the

Jacobian.

Debreu [5] has actually shown that when there are more con-
sumers than commodities to any continuous excess demand function
satisfying Walras'Law corresponds a distribution of endowments

and a set of well behaved utility functions.




2.2 Uniqueness of equilibrium: conditions on the Jacobian

2.2.1 Introduction

Uniqueness of equilibrium becomes especially relevant when
an equilibrium model is used in comparative static analysis.
In this case the effect of the change in a parameter is investi-
gated by comparing the equilibrium before and after the change.
This is only possible if the equilibrium is unique. However, if
the model is used in a dynamic context and a descriptive
function is accorded to the algorithm used to compute the
equilibrijium, then whichever new equilibrium is computed by
the algorithm is the relevant one. At any rate the model as
a whole should be such that after a shift in parameters only
one equilibrium is obtained, this is somewhat trivial.

We now are interested in the uniqueness of equilibrium
in the "ex ante" sense, so that the algorithm used to compute
equilibrium is irrelevant because the algorithm does not

select an equilibrium.

2.2.2 Some theorems from the literature (cf.Arrow
and Hahn [1] and Nikaido [11].

Define s - z = excess supply.

A, Assume:

1) that the excess supply functions are homogeneous of degree
zero in prices; (H)

2) for all p ¢ Sn2), ps(p) = 0 (Walras' Law); (W)

3) 3 R, finite positive such that for all p ¢ Sn '
s.(p) <R (boundedness1)); (B)

4) s(p) is defined at least for all p >0 , p ¢ Sn and
is continuous wherever defined. If s(p) is not defined

in p = pO then 1lim I S.(p) = -~ . This is the weakened

p>p°
continuity requirement. (Cc")

D This is trivial if supply is given.

2) Sn is the price simplex.



B. Assume further that
1) S(p) is differentiable wherever defined; (D)
2) in equilibrium there is at least one commodity
(say the nth), for which Zs,(p) = -» when p_ =0 |,
(the nth good is then callédlthe nuneraire) . ’ ,(N)

Consider now the Jacobian of n-1 commodities:

Bsi
J(p) = 3 1, = 1, n-1 ’
P
or consider
s .
i

J (p)

Without proof the following theorem is stated (cf. Arrow and
Hahn [1] for a proof.):

Theorem for uniqueness

Under assumptions A and B , there is only one price
vector p € Sn such that s(p) > 0 %f J(p) has only principal
minors with positive determinants.

This property of the Jacobian matrix is called the Gale
property. It is quite difficult to give any economic inter-
pretation to this property. Moreover it merely indicates a
sufficient condition, not a necessary one.

Because of this the discussion in this paragraph will
have to be casuistic. We now proceed by discussing certain
(sufficient) conditions which garantee uniqueness.

The model under discussion can be considered alternatively as
a national model with zero international trade (quota prohibit
any trade) or as a world model with continuous national excess

demand functions (cf. 1.5).

1 A weaker formulation: If under A and B , 3 (P) has Gale

property (GP) for all equilibrium P, then the equilibrium
is unique
Pi
P. =

i E;




2.2.3 One household economy

Consider an economy with only one household and let p*

be an equilibrium for that economy:
max u(x)
S.T. pxX = pY
in equilibrium
s(p*) =y - x(p*) >0

p* S(p*) =0

consider
oki
P+ pP* , PeEsS, .
then
p s(p*) > ps(p) = 0 (if not then p* would not be an
equilibrium).
Thus

p(x(p) - x (5Y) 2 p(y(p) - v(p*¥)) .

The right hand side will be nonnegative because of profit
maximization (or when yiis given because y(p) = y(p*)).

From the weak axiom of revealed preference we
know then that p*(x(p) - x(p*)) > 0 .
However, from profit maximization
p*(y (p)~y(p*)) < 0O, so that p* (v (p*)-x(p*)) > p*(y(p)-x(p)) .
But at a qiven p there is bhly ohe s; p*s(p) is a scalar;
p*s(p*) = p*s(p) woﬁld imply that both s(p) and s(p*) would
be chosen at p* then there would be not only one s at a given pl
Thus p*s(p) < 0 which implies that s(p) } 0 , so that the
equilibrium is unique.

No use was made of the Gale property so that differenti-
ability is not required. The model can however be shown to

have the property.



2.2.4 EHicksian economy

An economy with m consumers, n commodities and given

resources for each consumer is called Hicksian if

1
a) Xh(p! mh) = /k X-h (pl kmh) r Yk >0 '
b) Xh(pl1) = Xi(pl1) ’
where

m = Pih + %y PY . (ah>is a parameter)

The Hicksian economy behaves as if there is only one household
and thus has a unique equilibrium. We shall come back to this
matter in § 3.3.

Note however that in the Hicksian economy all income classes
spend their income in the same proportions over commodities.

This is highly unrealistic.

2.2.5 Gross substitutability

Definition: Two commodities are said to be gross

substitutable (GS) if asi

Jp.
J
Under GS all off-diagonal elements of J(p) are negative and due

< 0 for i3 .

to Walras' Law the diagonal elements then must be positive.

Again without proof we state:

Under assumptions A and B , if there is GS for all equilibrium
prices then there is a unique equilibrium because J(p) then has
GP for all equilibrium prices and the equilibrium price vector

is strictly positive. Note that the sum of Jacobians with GS

also has GS (this is not the case for GP!) GS however implies
that 3s. p.
i i
®ii T 3p, s, 1 ¢
Pi S

and that if

p. =0 , ZSh(p) = —-» for any i . -
h




2.2.6 Diagonal dominance

Definition: If J(p) is such that

a) s;; () > ov.,
n-1 v
b) 3 h(p) such that h,.s..(p) > i£1|sij(p) Ihj(p) i<n
15 35i
then the economy has diagonal dominance (DD). (sij = 5 ) .
Py
Theorem e

If the economy has DD for all eguilibrium prices and has a
numéraire then the Jacobian has GP and the equilibrium is

unique.

2.2.7 Other sufficient conditions
1) Theorem: If for all equilibrium P , J(P) is either

positive definite or positive quasidefinite then J(P) has

GP and P is unique under assumptions A, B.
2) If J(P) is nonsingular and g7 (z(p)) is continuously

differentiable for all P > 0, if 1lim ZSi(p) = ~x whenever

PP, ‘
Poh = 0 then the economy has a unique strictly positive
equilibrium.

2.2.8 Consequences of the theorems for the national

model with domestic price policy and quota on

international trade

Here we do not discuss uniqueness of equilibrium on the
world market but concentrate on the uniqueness of domestic
equilibrium.

There are 4 cases to consider:

a) Free trade: in this case the uniqueness of domestic

equilibrium is trivial if the utility functions are, as

we have assumed, strictly quasi concave.

b) Domestic price policy only: the demand can be com-

puted at given domestic prices in the same way as under

free trade. The taxation must however be‘adjusted such
that the balance of trade and then also the government
budget are in equilibrium. As long as for all possible

taxation levels an increase in taxes leads to a decrease



in the value of demand (evaluated at world market prices),
this equilibrium will be unique.
c) Completely closed national economy: here the theorems

mentioned above apply directly.

1) Hicksian economy

If the utility function is homothetic and if all consumers
have the same utility function then the economy has a unigue

equilibrium. We shall return to this matter in section 3.

2) Gross substitutability recalling the Slutsky equation at

national level we write:

E =v | (B + GP)

For the definition see § 2.1

* Under free trade the equation at the national level would be:
E =W+ K
= $ (Wl + &)

even if Kj is assumed to have GS for all income classes then
still ij will not have this property as the sign of it is quite
unclear because of aggregation, whether the GS of K is then
strong enough is difficult to say. But even the assumption

on K is very restrictive.

* In any case when E = V--‘I H the substitution term is
completely dropped from the equationj) It is then the incomé
effect after tariff redistribution which decides on the Gross

Substitutability.

We know that V has DD with positive elements on the
diagonal. This does not imply very much however on the inverse

of V . Even if H happens to have GS then the GS property of
V_1 H is not obvious.

3) Diagonal dominance

Similar reasoning applies to diagonal dominance. The
sum of diagonally dominant matrices is not necessarily a
diagonally dominant matrix so that even the diagonal dominance

in all income classes would be insufficient to prove diagonal

1 . . . L
)If there is a domestic price policy for all commodities



dominance at the national level. Moreover the picture is again
disturbed by redistribution effects. 1If nothing can be said at
the national level, nothing can be said at world level.

(Quasi) positive definite Jacobian, Non-singular Jacobian

Again the aggregation and redistributive effect made it impossible

to derive any conclusions.
d) The model of section 1

* The Jacobians derived before under the assumption
pw(y - xX) = 0 are not necessarily relevant for the
national model with quota because we have seen that
in this case only pw(x + s - y) £ 0 could be proved.

* For testing the uniqueness of domestic equilibrium
one would need a reformulation of the Jacobians under
the assumption t = - ul + vr + ¢ (p-p")z instead of
Py - x) =0, (z=x+s -y)

We would however again be confronted with the problem of
aggregation discussed above. Moreover, the Jacobian derived
under this specific taxation rule would not lend itself to very
much economic interpretation as the construction from which it
stems was purely technical. We shall therefore leave now the

analysis of Jacobians and treat the matter of uniqueness in a

more constructive way:

If an algorithm designed to compute domestic equilibrium
converges to one and only one solution, if the excess demand

in this solution is a continuous function of world market prices,

we conclude that there is uniqueness of equilibrium in a re-

stricted, but sufficient sense.



SECTION 3: THE COMPUTATION OF DOMESTIC EQUILIBRIUM

3.1 Computation of domestic prices at given domestic

availability

The previous paragraph has been disappointing. Because
of aggregation and redistribution effects not even a non-
singularity property could be attributed to the Jacobian.
This leads us to an even more casuistic approach where on
the basis of specific features of the utility function the
uniqueness of equilibrium can be investigated.

For reasons which will become clear in 3.2 we are mainly
interested in the uniqueness of domestic equilibrium in the
restricted sense that we investigate whether to any given world
market price and to any given total domestic availability
(which satisfies the balance of trade equilibrium and
the quota constraints) corresponds a unigue domestic
equiiibrium price. This condition is not sufficient for the
uniqueness of domestic equilibrium in the sense of § 2.2.

The model of § 1 then becomes

max u. (x7)
J
S.T. px?) = p(ajz + yI)
while sz <z .
j .
py?
We assume further that o, = &=— .
J PY

The corresponding Jacobian is F = V—1 G .

Again nothing in general can be concluded about the
structure of F.

We shall not only be interested in uniqueness (U) but also
in direct computability (DC) of domestic prices. By this we mean
that domestic prices can be computed without making use of a pro-
cedure in which equilibrium is reached in an iterative way.

No general theory will be presented. Only a few examples

will be discussed.



3.1.1 Utility maximization; uniqueness and direct

computability of domestic equilibrium price

We assume as before that the utility function is continuous,

strictly quasi-concawe and has c¢ontinuous first and second
derivatives and a positive first derivative.
3.1.1.1 General case:

From the first order condition follows:

ou.
J
P 9X..
T
Py Buj
Bxhj
We know that
Z(yj - XJ) > z ’
]
and that
p(xd - yJ) = p(ajz +yh .

The uniqueness of the solution is not clear and it is
obvious that we cannot decide whether the solution is directly
computable (DC).

3.1.1.2 One income class: one household economy

We know already from § 2.2 that the equilibrium will

be unique in this case.

au

P; 9%y

5; ~ 3u :
axh

The right hand side is given so that domestic prices follow
directly.
Note that if there had been more income classes with the same
utility function, neither U or DC could have been established
in general.

3.1.1.3 One common utility function, more than one

income class

a) Duality theorv:
Before we discuss cases with more than one income

class a very brief introduction into duality theory will be

provided.



The problepm Ia: max u(x)
py = m
is equivalent with
Ib: max u (x)
wx = 1
where
j
w, = _*
1 m

Unaer fairly general conditions on the utility function the

following results from duality theory emerge. (cf.Diewert [6]).

* m = m(p,u) 1is concave and linear homogeneous
and monotone in p .
u
* m(y,u) = 1 defines implicitly1) a function—ET§7 = 1
u = hiy) is called the indirect utility function.
% = g(y) is called reciprocal indirect utility function. !

We thus get
Ly X = u(x) - gl(y)

from this follows

>0V m > 0, this is a nonsaturation assumption.

_ g
X, = u(x) 3Yi ’
so that
_ a9 .
Ly ;- H Zyl 3Yi
So that
1
= for =
: Ty. O REL T
1_9
'8
|
|
1) u 1
|

if dm
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thus
Y; 99
Y .
= 9 1
Pi¥; ~ y
L h 3g
h g 3y,

This relation is called Roy's identity.

Defining
s = PiYy (the income share allocated to commodity i).
e
_ Yy og
e, = —
i g 9y

x ou A
i 9x. Yi¥*y v
i
leaiz)\
1 9X.
i
Defining
X,
. = ou i
1 9X . u
i
one gets
d.
s = 1
i zah

b) Homothetic utility function
* It can be proven (Diewert [6]) that if the utility function
is homothetic, both the indirect utility function and the

reciprocal indirect utility are homothetic.

* A utility (or production) function u = F(x) is said to
be homothetic, if it can be written as
u=F(f(x)) .,
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where

d_F >0 , F(0O) =0 , 1lim F(f) = and
df F—3 o '

f(x) 1is positively linear homogeneous and concave.

A homothetic function has the following properties:

u = 1 (%) - F(Ax) , 1 is a monotonous function

and

_ OF
u. 1(1)—- ZXi a—x'
If g = n(y) is a homothetic function then it can be written as

g=n (k(y))

Multiplying y by m yields:

g=n (k(p)) *+ 1(m) ,
thus
99 _ dn 3k |
p; 9k = 9p L(m)
and
8g _ dn | . ok
ZPi apj_ Gid 1(m) ]Z- Py api
_ dn k.1
= 3k . .1 (m) ’
so that
s, = EE.QE_
i k 9p

i

k is only a function of prices so that
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as | X,
i 9ln 71 _
FE 0 and Sinm - 1

¢) One common homothetic utility function

After these preparations we are now in a position
to discuss uniqueness and direct computability.
By definition
X,. =5, /Ti
1] 1] P;
We have seen that when the utility function is homothetic
sij = sij(p) so that all income classes have the same budget
proportions (because they are confronted with the same price
by assumption).
We thus get

— i
, = — Im,
Xi pi i J
and
X.. m.
3 - _J
X. rm
1 J

The economy can thus be considered to be Hicksian, so that
uniqueness of domestic prices can be established.

We know that

su(x) _ au(®j) °%ij(p/my)
oX . 9xX. . 3.
i ij i
du(xq) g
OX. Im *
1] J
Moreover:
au
iy _Pi
Jdu p !
X n



so that
ou
Pj aﬁl
1) - = '
p Ju
n -
oX
n
so that the price ratios can be directly computed.
and
. §i
2) the demand proportions by income class are given 7
Define _ n
*i
Bl = —}E_ l=1,.n
n
and
al = vy + 4.z
]
then
pB xnj = pdJ so that the demand is
IO S S
ij p8 X ' Pt

n
The direct computability has thus been obtained because

Ju du

axi _ axil. _ p_l

Ju Ju jo]

3% IX_- n
n nj

d) Cobb Douglas utility function functions with different
coefficients between income classes

a, .
n ij

u. = I x,. ; a.. > 0 ; u concave
J i=1 1] 1]

We know that in this case the utility function is homo-
thetic so that

B ]
Sij Zaij
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. . ..
X, =¢- ] J - 1] = bX
pixi <pé Py gyhj e; where e: Zaij ¢ Dy

ei is constant so that the system is linear at given ¢.

Writing Ei as a diagonal matrix one gets

p(X - 6A) = 0 (1)
where
A = [Ahi] (mxn) ,
_ j
= § Yhi €1

If we assume indecomposability of A the uniqueness
follows from the Perron-Frobenius theorem. We then also
may conclude that the equilibrium price will be strictly
positive. 1/¢*, p* will be dominant eigenvalue and eigen-

1

vector of AX This case will play the central role

in § 3.2.
e) Reconsidering the problem of direct computability

we may sday that it amounts to finding a "simple" solution
for the prices from the primal and dual equations:

a) primal equations

1...n

-
!

s’ n i=1,..m

b) dual equations

c) budget equations

mj = Zp1

where aij = % 4 z, * Y



¢) domestic availability

I X.. = X,
ij i

We can see from b) that at given prices a solution xij can be
calculated easily.

Summation of b) over income classes yields

gl

hh
where
il
i _  3in 94\
e =
1 dln P;

After substitution of c¢) the implicit nature of the equation

and the possibility of non-unique solutions are obvious.
As a matter of fact none of the well known non-homothetic

functions seem to yield direct computability (CRES, CRESH, non-
homothetic CES, addilog, translog). See e.g. Hanoch [7]. The unfruit-
ful attempts to do thiswill not be presented here. This does not imply
that none of them has a unique solution but only that the

uniqueness is not proved and seems to be more of an exception

than a rule. Anyvhow the Cobb Douglas case is at this moment

the only one which can be solved by linear methods, is deriv-

able from either direct or indirect utility theory and yields
different expenditure shares for different income classes.

3.1.2 Some summarizing remarks

3.1.2.1 Dynamic demand models

We have seen that in static demand models direct comput-
ability can only be derived in very simple cases while unique-
ness is very difficult to prove in the other cases.

As a consequence direct computability must be bought at
the expense of the flexibility of the econometric specification.
These constraints are of course serious but one should keep in

mind that they only need to be imposed on the short run demand

functions. We take the Cobb Douglas case as an example. 1In

the Cobb Douglas case every income class allocates expenditures




to commodities in a predetermined way.

= m.
P *ijt Jt

co X
it 1ij

)

S.. = Q.. = f(

iyt iyt “ijt-17 Pe-1r Mye-1

We know from duality theory that

ag. m.
gg(p/ j)
Sij - pi
9g .
g 93
op
h h

Where gj = gj(p/m) is the indirect utility function of the jth

income class. Any econometrically estimable indirect utility
function can be used to generate the income shares, but this may be
supplemented by all kinds of non-economic variables. Although

the practical advantages of the approach are obvious, the

short run specification is still a Cobb Douglas specification

with all its limitations.

The same applied to the other approaches discussed

= Sijt—1) need

before: the long run demand functions (sijt

not be influenced by the limitations on the short run functions.

3.1.2.2 Committed expenditures

Up to this point we have assumed that the demand within
the period is determined in one step. If one however assumes
that the utility maximization only applies to the so called
"uncommitted" expenditures while the committed demand is
totally inelastic (subsistence levels), the model can be

extended:

max uj(xj)

S.T. px- = p(qu +y3d - q



The total demand is then

x] = %) + g

J

All the previous derivations apply after redefination

of the income and the demand. The income elasticity of demand

is not unitary anymore when the utility function is homothetic.

I~ aii.
%.J W, 1
1] J
. j
m =M, +
3 j P g
. = X
ST S TS I
now
Bxij Sxij
am. T 3m. '
]
so that
9X. . m
n 1] ]
i 9m, X. . ’
1]
m, X. .
= 31 1]
e X.. ’
104 i3

Pq. q; -
] 1

(45 /7 0+ g
] 1]

the income elasticity for luxury good is likely to drop with

rising income while the income elasticity for necessities will

increase.

Committed expenditures however present the problem that

if the quantities committed by an income class exceed its own

endowment the positiveness constraint on the uncommitted income

might be violated at certain prices.



3.1.2.3 Inputs for production: Even when outputs are

considered to be lagged, inputs are not so that the pure
exchange economy does not depict this case. When the income
classes are assumed to own their production factors, their
(gross) savings must be equal to their (gross) investments.

If the demand for inputs is determined in a production submodel,
the cost of these inputs has to be considered as committed
expenditures for the consumer. The production model must how-
ever take into account that certain limits have to be imposed
on the savings capacity of the class (sector).

Under the present assumptions it would be theoretically
more acceptable to determine investment and consumption plans
simultaneously by maximization of a (multiperiod) utility
function within the constraints of the factor resource endow-
ments given expected prices and given a technology.

This would however be quite complex so that the decentral-
izing assumption seems preferable by which producer and con-
sumer decisions are taken separately. We shall return to this
matter in 3.3.

3.1.2.4 The necessity of direct computability

The direct computability requirement lacks any theoretical
basis. If one however wants to compute a domestic equilibrium
under quota it is highly expedient if one is able to perform
"complementary pivots" in a simple way. By a pivot is meant
that up to a certain switch point the quantities of certain
commodities are kept constant while their prices are allowed
to vary (and vice versa for the other commodities) and after
the switch point some other list of commoditiies with constant
prices prevails. This will be explained in more detail in the

next paragraph.
Another argument in favor of direct computability is that

it allows a simple solution for a quasi-equilibrium (in a quasi
equilibrium all equilibrium conditions are met, except that the

prices are not equalized between markets).



3.2 Domestic equilibrium under Cobb Douglas utility functions

3.2.17 Introduction

We shall now extensively study the case in which all income
classes have Cobb Douglas utility functions with different co-
efficients. This case was already discussed before in § 3.1.3.4.

We recall that the set of demand equations could at given

domestic availability be written as an eigenvalue system:

p(X - ¢A) =0

where

domestic price vector (dominant eigenvector of AX_1)

b 2 taxation level (reciprocal of dominant

1

eigenvalue of AX

A= lagp) poayy S §(Yij " 5!

Yij endowment of ith good in jth income class
ejh income share allocated to hth commodity by
.th

income class.

When X is not given the computation of domestic equilibrium
is more complex. We shall now derive a procedure to solve this

problem.



Before we discuss the computation of domestic equilibrium

two theorems by O.L. Mangasarian [10] will be presented.

1. Consider the linear complementarity problem of finding a
z in R™ such that Mz + q>0 ,2z>0 , zT (Mz + gq) =0
where M is a given real n x n matrix and g as a given vector in

Rn

A Z-matrix is a matrix with nonpositive off diagonal elements.
If M is a Z-matrix, then for any p > 0 the solution z of the

linear programme

T

max Pz

S.T. Mz + q >0
z >0

solves the linear complementarity problem.

2. If M is a Z-matrix, then for each g for which the poly-
hedral set 8 = {z |Mz +q>0 , =z >0} is nonempty, S contains
a unique least element, which is the solution of the linear pro-
gramme for any p > 0

Z 1is a least element in S if 2 < z,7 2z € 8§ .
Note that nothing is said about the uniqueness of the solution

of the linear complementarity problem.

There are three cases which must be distinguished from the outset
1. the case with import quota only;
2. the case with export quota only;
the case with both import and export quota.

3.2.2 Import gquota only

Define the diagonal matrices X = [ X, ]
Define aip = §yijejh ’ A =1 aih ]

The model may be written as follows, if we assume taxation

proportional to wealth (aj = pyJ/py)

1. Consumer demand
pX = ¢pA



2. Definitions

LW=p-p, >0 .

3. Market equilibrium
w(H-X) =0

4, Policies
X < H
5. Balance of trade equilibrium

w w
p X1 = p A\

6. Assumption on instruments

pwl <0

y > 1 . }
* Under free trade, that is when no quota are effective

(pw(H—A) > 01)) the system reduces to:

pr = pr (Clearly balance of trade equilibrium is satisfied)
* Under domestic price policy 2 - 3 and 4 may be left out

and replaced by

P =P

Assuming p > 0 and defining

n
one dgets

x =1 ATﬁl 2)
and

p'x = p'A .

We now discuss the more general case with import quota.
We assume for expository purposes that no price policy is pursued.
Consider first the solution for given ¢ = ¢° then if puH = pX holds
pwx + yH = ¢'(pr + pwA) . We can formulate the linear complement-

arity problem:

PY > 0., we shall maintain this as an assumption until 3.2.4.4.

2) We have assumed throughout this paper that p > 0



B - yH = -0 (p A + paA) + lup”
>0
Wz
rq = 0 .
Where
qg = (H-X)1v _
again
(H - ¢*A) has nonpositive off diagonal elements

so that the L.P. solution is available. This solution does how-
ever not guarantee that pwx = pwy ; because ¢° was fixed. One
must iterate over ¢ in a so called parametic linear programming
procedure. For this we must investigate what the effect on pwx

is of a change in ¢ .

The linear programme is:

min po 1

S.T. u(H-¢"A) + p (H-¢"A) > 0
b2

and 0 .

Denote by u* the optimum of the original problem.

a) When ¢° decreases no element of p* increases: u* is the
least element of the polyhedral set. When ¢° decreases all
constraints become ineffective so that in the new optimum the
goal function will have a smaller value (if it was non-zero).
This implies that some elements of y must decrease. Assume
that the first h elements decrease and the other increase.
This is impossible because the original optimum is contained
in the new set so a vector some elements of which are larger
than in the original optimum cannot be a new optimum because
it cannot be the least element (Theorem 2). g.e.d.

b) *if uy o+ A Hy > 0 then Axi - 0

% 3 = -
if ui+Aui 0, ui>0 then X >0

* My = 0 (then by a) also Aui = 0); now:

P, q; = ~0 uA, + p"(H- ¢'A),
1



From this we can derive
- \{ .
Axi = (A¢)(uAi + p Ai) + ¢ Au .Ai

A ¢ is negative, Au is seminegative so that

w . . w
VoS
Pi Axi is negative (for Py 0)

A decrease in ¢ thus generates a decrease in pwx. Two
conclusions may be drawn:

a) Because we know that an equilibrium solution exists

and because pwx is monotonously decreasing when ¢ decreases,
only one equilibrium solution exists, which can be obtained
from the linear programme. The linear complementarity problem

1)

could have had more solutions. The solution obtained is very
attractive because it has the smallest value for all the com-
ponents of the vector u

b) The equilibrium solution can gquickly be computed by
iterating over decreasing ¢ , starting at every step the

linear programme from the optimal solution of the previous
step, which is known to be feasible for the current step. The
montonicity property also makes it possible to efficiently

adapt ¢ .

c) Graphically the situation is as follows

pw(x-y)

for ¢ > ¢ max the linear programme is infeasible.
¢* is the equilibrium level. It is not clear whether it is

below or above 1.

1) This is not the case: (H - ¢ AT)p* =0 , P* > 0 then

(H - ¢ AT)p* > 0 p H; > A?ix for ¢ < ¢ max thus (H - ¢ AT)
has nonpositive off diagonal elements and positive diagonal
elements and a positive inverse, so that it has Gale property
(it is a Minkowsky matrix, see [3]). Following Samelson, Thrall,

Wesler [12] the solution is then unique.



If for ¢ = 1 a solution is feasible it is not necessarily
the free trade solution, nor does it imply balance of trade

equilibrium.
¢ = 1 implies p" (x-y) + pul =0 .

Clearly if y = 0 we have a free trade solution and balance
of trade equilibrium is fulfilled.

If 1 = 0 we have the autarkic solution.

We finally note that ¢ max is the reciprocal of dominant

eigenvalue of the matrix AH ', a semipositive indecomposable matrix.

3.2.3 Export quota and domestic price policy:

the model is now

1) consumer
pX = ¢pA
2) normalizations and definitions

v=p-p, P>2v >0

3) policies
X+ S >K
p = p* (given)
4) market equilibrium

(X+S) = v K
p.-S =40
s >0

5) balance of trade equilibrium
W

p (X+S-Aa)1=20
6) assumptions on instruments
%
pr>20
y > r
B* > 0
S is the diagonal matrix of excess supply

V. T T. 0
i 7d



We first write down the linear complementary problem
. = 51 0
define q = (X+S-K)1 ; P = ;, S = 81
o) ﬁn

Then the equations may be rewritten as

1. qT§ - VK = (pA - VA) - pK
2. vqg = 0
3.(a) v > 0 , 920
(b) v 2 p
4. (p-v).S8S=0 , s >0 ,

5. p'q=p'r

We note that s plays no role in the determination of v, g
Consider 1, 2, and 3a, for a given value of ¢ . The matrix

(K - ¢A) again is a Z-matrix.

Consider
Min w1
S.T. V(K-¢A) + pA - pK > 0

v >0

This programme solves the linear complementary problem
1, 2, 3a. Does the solution satisfy 3 b? It does.

To see this we first note that v = p is a feasible basis for
the linear programme.

By Mangasarian's second theorem we know that the solution
of the linear programme is the least element of the polyheder,
so that v* < v for all feasible v; thus v*¥ < P
The linear programme thus solVes the equations 1 - 3 .

We can show in a similar way as was done for import quota that

w . .
p° (S+X-Y) increases as 1increases.

Pw(x+s-y)

w ]
-pr |

We note that $ min is the reciprocal of the dominant eigenvalue
-1
of AK




3.2.4 Import and export quota, domestic price policy

3.2.4.1 The model may be written as

1) consumer
pX = ¢pA
2) normalizations and definitions

P=p+Hu-V
P, M, Vv 20 D=X+8

3) policies
D L H

K

p*

v

Tl O

4) market equilibrium

uD = uH

o]
v »
1t
o

5) balance of trade equilibrium

p" (D-A)l = 0

6) assumptions on the instruments
pwr > 0, pwl <0
y >r >1

p* > 0

all the variables are defined as before.

I

Define q4 (D - R)1

q2=(H_D)1

P - w7

Q
w
|

we may write

q; P+ uH - VK = ¢PA + ¢(u - V)A - B K

Gy P - WH + VK = —¢PA - ¢(u - V)JA + P B



T—_

q3_p_\)

vgq +t UG, + sqq5 = 0

q‘l’ q2I q3r U, Vv, 8 _>__ 0 .

The matrix is now:

K-¢A , -K+ ¢a , -I
M= |-H + ¢A , H-¢A , O
0o , 0 , 0

Note that this i1s not a Z-matrix.

Define pT = (v, U, s)
nt = [(%ﬂ [-D(K-¢ A) , p(H-¢ A) , pI
poq-1 T
N = [(ﬁ)jl M
T T T T
q = (q1 ’ q2 ’ q3)

then the standard linear complementarity problem is

q = Np +n

I
(@]
Q
°
\4
o

rPq

We know that ¢ min < ¢ < ¢ max.
Where ¢ min is reciprocal of the dominant eigenvalue of A Kq H
¢ max is reciprocal of the dominant eigenvalue of A ﬁq

The present case cannot be reduced to any of the linear
proagrammina situations mentioned in Mangasarian's article. As
a matter of fact we cannot formulate it as a quadratic programming
case either.

We shall however show that Lemke's algorithm will converge
for the present problem and develop an alternative algorithm.

Before we do so some possible simplifications will be discussed.

3.2.4.2 Economic interpretation of the domestic equi-

librium with gquota: The cases with quota are characterised by the

feature that if one guota constraint becomes effective a price change



arises which may make other constraints effective. For this to
occur at least one constraint must be effective at the original
domestic prices. As soon as this is the case complex "resonance"
patterns may arise. We thus do not know a prior which constraint
will be effective and which will not. This is the reason for the
complexity of the problem. In the linear complementarity case
under consideration some cases however yield useful information.
1) It is trivial to remark that when n > 0 the L.C.P. has
the solution p = 0. We further disregard this case.
2) When -p (K - ¢ A) > 0 , the L.P. solution with import
quota only also solves the problem with both import and

export quota.

Proof
* Under import quota p > p .
* pX = ¢ pA so that X,

1 . .
K>Of0rl+].

If an import quota is effective the export quota is not so that
if no export quota was effective before imposition of import

quota no one will be after q;e.d.

3) When p (H - ¢ A) > 0 the L.P. solution with export quota
only also solves the problem with both import and export
quota.
4) An export constraint cannot become effective if (Ki - ¢Ai) < 0.

As a consequence such constraints may be dropped from the linear

complementarity problem.

th constraint is
- Ty T _ =T T T

Proof: the i

If (K; - ¢A;) < 0 then for all 0 < v < p, u >0 we get
q; 2 0 , because Ai is a semipositive vector. We shall
assume that the L.C.P. only contains export quota which may be-

come effective.



We rewrite the L.C.P. after deleting n-m constraints:

(X - ¢XT) , ~-(H - ¢XT) ,-I K, A: mxm, m<n
MY =| (=K - ¢A1) (H - ¢AT) 0
0 0 0 |
‘mxm mXn mx m
dimensions: n xm n xn n x m
m x m m x n n xm

The matrices A, K are principal minors of A, K respectively
(relevant rows and columns deleted) while in the matrices A and K
the relevant columns have been deleted but the relevant rows have

been replaced by zero's.

3.2.4.3 Convergence proof of Lemke's algorithm

We shall not discuss here Lemke's algorithm. For reference the
reader should consult Cottle [2] or Cottle and Dantzig [3]
We essentially follow the development by Cottle and Dantzig. We know
that the L.C.P. has an equilibrium solution for ¢min < ¢ < ¢ max.
If Lemke's algorithm does not converge it then must terminate in
in a ray. (Cottle-Dantzig theorem 1, corollary.)
For this to occur there must exist a non-negative vector p
such that pi(Mp)i <0 (Cottle-Dantzig theorem 4)
with Mpi < 0 ifpy >0 .

To proof that this cannot occur we proceed in three stages:

1) In a ray we must have MV = 0 when defined. We drop
transpose signs for v and u .
— — — T -
(K - ¢AT)v - (H -¢A )y
Mp -(K - ¢§T)v + (H - ¢AT)u
-V
assume yu; .v. £ 0
then for a ray we must have
T T
and
T T

this is impossible.




2) Assume that (only) the first h import constraints have

positive by and that the algorithm ends in a ray. Then:
T T .
ui[(Hi— ¢Ai)u + oA] vl <0 , 1= 1..h
In matrix form for u; > 0

(H - ¢A)u + c <0 " with ¢ > 0

The matrix H - ¢£T however has negative off diagonal
elements and positive inverse so that it has the so
called Gale property. (It is a so called Minkowsky matrix.)
Therefore the system has no other solution than u = 0

3) Given the fact that in a ray p = 0 we must have in a ray:
T,
\)i[Ki - ¢Ai)v <0

This would imply that a principal minor of (K - ¢A) ;
(K - ¢KT) should have a solution.
(K- ¢3)v <0 , v >0
but
(K - 630)V = (R'- ¢AD)v
Where K' is formed by the full rows of K corresponding to K
and 2'T is formed by the full rows of aT corresponding to ar
The quota constraints imply:
(K'- 62" v > (X'- ¢53')p
so that

(X' -3 )P > 0
For the other rows, that is for the rows for which vy = 0 the
constraints imply
T, — T .
—(Ki ¢Ai)p 2 0ALV 2 0

Hence a ray would imply
-(K - ¢AT)§ > 0 this is in contradiction with our

assumptions so that Lemke's algorithm must converge.



3.2.4.4 The parametric complementarity problem: from an

almost - complementarity algorithm to a complement-

arity algorithm.

Up to this point we have assumed that ¢ is given. This
parameter must however be adapted in such a way that the balance

of trade equation is satisfied. One way to do this would be to
solve a series of complementarity problems through Lemke's

algorithm. This is however quite expensive if only because
Lemke's algorithm cannot take very much a priori information
into account. Moreover we did not yet prove the uniqueness of
the solution so that a parametric approach might cause serious
problems in terms of continuity.

We shall therefore develop a new algorithm very strongly
inspired by Lemke's algorithm which operates along a fully
complementary path and which has only one driving variable: ¢.
In this paper only a sketch of the algorithm will be presented.
It is based on two features.

1) To X = K (all export quota effective) and to

X = H (all import quota effective) there corresponds
only one nonzero price vector (which is determined up to a
scalar) and only one value ¢ , the dominant eigenvector and
receprocal eigenvalue of the matrices AK—1 and AH“1 respectively.

Moreover to that given value of ¢ corresponds only one
X and one p , this may be seen as follows. We know that the
only semipositive solution of ¢% pAH_1 > p is p = p*
(dominant eigenvector) and p* > 0 ;
thus the only nonnegative solution of ¢* pA < pH 1is p*
but p* X = ¢* p*A = p*H . (The s?me holds for K.)

1

2) The L.C.P. has thus a unique solution for ¢ = ¢ max

and ¢ = ¢ min which is relatively simple to compute. The
idea to be sketched below is that starting for example from
X=H, $ = ¢ max , a pivoting algorithm along a

complementary path with decreasing ¢, will yield a de-
creasing value for pwx until pwx = pwy i.e. until balance
of trade equilibrium is reached. Before we further develop the

algorithm we give an economic interpretation.

1)

If we disregard the trivial solution p = 0 .



* Economic interpretation: An increase in ¢ implies that

the ratio of the value of expenditures to the value of receipts
(in domestic prices) increases through a decrease in the level
of taxation. At constant prices this certainly implies an

increase in all demands so that the balance of trade reacts
accordingly. However, prices change through the changed

pressures of demand. Can they "overreact" in such a way
that demand decreases? An intuitive answer would be negative.
We shall show that intuition is right.

There are three types of commodities to be distinguished
1) Commodities, which have the same active quota constraints
before and after the change in ¢ . These commodities do not
directly influence the balance of trade as their demand is
constant. They, however, exert an influence on the demand

for other commodities, through possible price changes.

2) Commodities which were unconstrained by quota and remain so.
3) Other Commodities
* The non-switching case.

We shall first neglect the third category and assume that
a change in ¢ does not generate any "switches". The demand

system may then be written as:

x 0 A A
1 2
(py, P - o] ! 1210 = ¢
0 X Bar Pag
At a given (X1, X2) , (p1 , p2) is the dominant eigenvector,
1/¢ the dominant eigenvalue. Suppose p2 and X1 do not change when

¢ changes.

Consider a decrease in ¢ from ¢ to ¢*

The demand system after the change may then be written as

- X 0 ‘
(p* ) f OJ (p* Wik e
p r D + (p r P - ¢* =0
1 2 0 AX 1 2
2 0 X, Bor Bop
Define; M = [X - ¢*A]
T = [x - ¢*x AT,
o* < ¢ so that T is known, by the Perron--Frobenius

theorem to be strictly positive.



We can now write

* 0 *
(p1 ’ p2) 0 Ax + (P1 ’ p2) =0

This may be written as
*
P, Xy Tyq * Py =0

P, AX2 T

|
o

22 ¥ Py 7
-1
-— = -1 = -—
Py 80X, = Py Tp3 Py[Myp = MyMyy Myl > 0
(by Frobenius)

We may conclude that the diagonal matrix A X2 has negative diagonal,
so that the demand for the commodities of the second category will in
the present (non-switching) situation decrease. Thus in the non-

switching case
AXi >0 for i € group 1

Ab (= 0 for i € group 2.
As long as not all thé commodities of group 1 happen to have a zero
price on the world market we have
spYX
X3

* gSwitches: we need to prove that in the third group of

> 0 as expected

commodities:
8 >0
Ad
If we decompose a change in ¢ into small éomponents we
get segments along which no switch occurs and nodes at which
switches occur.

switch switch

] | \ !
1 B L L

¢l+ émax

- Because along the segments we have

AX,
i

_i >0

Ad
we can eliminate the case that with decreasing ¢ new import
guota become effective. AX.
- The only possibility for 7ﬁ% <0 is then that an existing

export quota becomes ineffective. This could have resonance
effects on the other constraints. But if we can exclude this

possibility the resulting resonance will not occur either.



We show this by proving that along the segments no price
increase occurs when ¢ is decreasing.
Define M = T_1 with corresponding decomposition. We know
that P, AX2 = - Py T22

Substitution in the first set of equations yields:

-1
=Py Tyy Ty ¥ P = - bpy
From the partitioned inverse we know that
-1 1

- Tpp Tap = My My
We know that
Py Myt By My >0, M >0
so that P, + Py M21 M?} >0

S ﬁ\'p1< 0 g.e.d.

We therefore know that pw(x -~ y) will react monotonously to a

change in ¢, although APW(X ; y) - 0 is possible (see below).
Our argument however started along a segment and not in
the node ¢ max. We therefore need to produce the first segment
on the left and side of ¢ max.
This is easy because the price vector in ¢ max is only
determined up to a scalar.

Let the desired domestic price be p and the eigenvector in dmax

p* = Aa* . Let X be such that p* > P with one equality (no
special complications occur if there are more equalities).

% —_ . .
Let the ith component have P; = P; - Any decrease in ¢ will

1[ Perform a complementarity

th import constraint: Set the price pP; = Ei and

then make p, < Ei for X = H
pivot for the i
let X, "free". We then have the first segment; decrease ¢ until

it is "blocked" by pj < Bj or X, < K, perform a complementary

' h h
plvot etc.
Stop when Ip¥(x - v)| < e .
Because of the monotonicity result proved above the algo-
rithm will converge. We also have proved the uniqueness of
the equilibrium (disregarding the trivial one with p = 0), because

under a change in ¢ there was a unique path from a unique solution.

) This is independent from the choice of A
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In terms of the graph we have

pw(x -vy)
- pwl —
0 ] | I 4./- ‘ : cbn-'lax
¢min | /5
' ]
|
— pwr ______ .‘l‘/_

The vertical lines indicate swi tches.

* The algorithm has not yet been programmed.

* It is not clear whether it will be more efficient in the
one sided case than the L.P. method. It anyhow also
applies to that case. The algorithm then can be started
without the computation of an eigenvalue. To see this
consider the case of export quota only. Start the algo-
rithm for a large value of ¢ with all prices set at p = P
and all quantities variable, then decrease ¢ etc.

* When the world market prices are adapted in order to reach
world market equilibrium the algorithm can be used in a
parametric way:

a) If all commodities are subject to a domestic price policy

the change in world market prices only affects ¢° so that the

0ld equilibrium is a feasible starting point.

b) If some commodities are "unprotected" it may be necessary

to repeat the whole complementary pivoting part. The starting

eigenvalues and eigenvectors need however not to be computed
again.

3.2.5 Alternative taxation policies

3.2.5.1 Constant share in taxes by income class

(i) No price policy, import quota only

R The line micht have "flat" parts. This will be the case if the
commodities which are not fixed in quantity would have zero price on
the world market. If such a flat would occur at p¥W(x-y)=0 there
would be multiple equilibria. In this very improbable case we choose

the largest possible value of ¢ so that the algorithm remains un-
changed.
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The consumer model for this case is:

Pi %43 7 €19 ™
= ]
m. = + .t .
J PY OtJ
In equilibrium upH = pX
t = - ul .

Substituting this in the demand equations one gets

VE + p¥ X o= u(Y T - 16 ET + p¥ YTET

where Y = [in] matrix of endowments i owned by j; E = [eij]
define M = H - (YT - 1aT)ET
w
p,—0
pY - LN |
0= W
— Ppl
NT _ MPw—1
nT = p¥(H - Y'ET) p¥ !
g = (H - X)1
T
p = U .

Then we may write the model as a linear complementarity
problem

q = Np + n

T
pPg= 0 3 p,a >0 .

If we assume that (YT-laT)ET is nonnegative then N has
the useful property that it has nonpositive off diagonal
elements so that it is a so called Z-matrix.

Note that M1 = 0 so that the balance of trade equilibrium
is automatically satisfied by the demand equations. We now make
use of the theorem by Mangasarian [10] according to which the
present linear complementarity problem can be solved by a
single linear programme.

. T
min cp

Np + n >0
p 20 .

Note that this problem can be solved in one step, without

iterations over a parameter ¢ .



(ii) Export guota

The same holds for export quota except that now the

matrix (YT - raT)ET must be nonnegative.

(iii) Domestic price policy, import and export quota
For this case we develop our own algorithm, as the conver-

gence of Lemke's algorithm is doubtful and a simple alternative

procedure is available.
The central equation is

I - EalT) Xp = E(I - alT)Yp + Ae

(
Where p is the column vector of prices.

e = Ea

A= pw(x - vy)

X is the diagonal matrix of aggregate demand (n x n)

Y is the matrix of endowments by income class (m x n).
Define A= (I - E alT)X - E(I - alT)Y

b = Je
Take X as given.
The set of equations Ap = b is consistent if and only if
yTb = 0 where y is the solution of yTA =0
Note that +TA = 0 so that the set of equations will only
be consistent for A = 0
The algorithm proceeds as follows:
1) Set X = H
2) Determine the solution Ap = 0 . This solution is positive
and has only one degree of freedom if a reasonable
assumption is made, as will be shown below.

It may thus be written as p = pp*

3) Determine p such that p > p with one equality say the
th .
commodity.
4) Effectuate a pivot for the ith commodity.

This is done as follows

define

It

C=E(I-ohy
D=T1-E alT
Write the central equation in partitioned form

(= Cqq + Dyq X4)Py + (= Cyy + Dyy X5)p, = 0

(= Cyq + Dyy Xq)Py + (= Cyy + Dyy X5)py =0



Let commodity group 1 have effective quota constraints
(X1 is given, P4 unknown) and group 2 ineffective constraints

(p2 is given X, unknown). Indicating the constant variables

2
by bars and writing again matrices in capital letters, the

system can be rewritten as

(= Cyq + Dqq X)Pq + DyyPy x5 = Cyy Py

(= €1 * Dyq X9)Pq + Dyopy X5 = €3 Py

Define b % 0
k k 1 k 1 k
¢ = [c,,0 ,y = (XZ) + AT = D\og @é)- C ;

k —
b =C2 p2

We have the nonhomogeneous system:
Ak yk - bk
Note that 1TAk = 1Tbk =0

The system has a known particular solution yg

where for k = 0: ygh = Py h=1,..n-1
o -
Yon Hy

more in general yk is the blocked value of the previous step.

5) Compute the general solution of Akyk = bk ;
k _ k
Y - QY*'
The solution space is' then
k _ .k k
Y =Y +DY*
k : P X
with Y, > 0 and y, > 0 (to be proved below).
Let YE be vector of blocking values for yk (yk > yﬁ)
6) Decrease p , starting from p = 0 . If balance of trade

equilibrium is reached stop, else decrease p until yk is

blocked by yg

7) Go to 3)

The convergence of the algorithm is obvious,

as

Ax > 0 , A
Ap

o}

>0

, by construction.

>

P

Again pw(x - y) as a function of p may show "flat" segments.



-

We still have to prove, that under a certain assumption

Ak yk = bk has a positive general solution determined up to

one scalar.

Define . . 2? 0 -1
F" = - A =k + I
0 P
| 2
. x]; o)’
= - (D ~-20C —k ) + I
0 Py
k

if ¥ > 0 then by the Frobenius theorem there is a dominant

eigenvalue and corresponding unique and positive eigenvector.

(that is a vector determined up to one scalar). Moreover

1TFk = 1T so that this dominant eigenvector is the solution of

(T - Fk)z = 0 and the positiveness of yk follows directly.

Fk > 0 means that

C1 X1 1

A sufficient condition for this is that

E(I - ulT)Y + EaITi > 0

+ D1—I > 0

X>K ,
so that the condition is satisfied if

E(r —alT)Y + Ea1T K >0

which is the condition we have already found in the one side
case E (Y - arT) > 0

The condition is sufficient, not necessary, on the other hand
E(Y - alT) > 0 would be necessary but not sufficient. The
convergence conditions thus lie in between the conditions for

the one-sided problems when L.P. is applied.

3.2.5.2 Constant distribution of income

(i) Import quota
m. = B. + t
: B] (py )
= 8y (uHU + py) .
Define
T T

—
i
- ™
=
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Then we may write

uH + pwx = pH1 YT + 6T ;
define
M = H(I - 1YT)
nT - pw(H -y YT)pw-1
Again the corresponding matrix N = pw_1 MY has nonpositive

diagonal elements so that the solution with the linear programme
is available.
Again M1 = H (1(1 - YTI)) = 0 as YTI = 1 so that balance of

trade equilibrium is realized. The export case is analogous.

(ii) The case of domestic price policy

xT . Pl(I - wT) + 5_1PWIYT] = pwy . YT

The matrix on the left hand side will always be singular.

Proof

pw o¥
Define nl = (=l,..., =
D1 o
and
Q =1[I- (1 - myT]

If Q is singular then 3 A # 0 such that
A= (1 -myA=0 .

Premultiply by YT , then remembering that YTI =1
YTv . YTA = 0 which is possible g.e.d.
Thus the linear complementarity methods cannot be applied
in a straightforward way when domestic price policy is in-
volved. Moreover, when both import and export quota are
involved the usual convergence conditions for Lemke's
algorithm are not satisfied. We are not able to prove that
it cannot end in a ray.

(iii) A pivoting algorithm for the case with import and

export quota and domestic price policy
We therefore develop an alternative algorithm of the same

type as sketched before.
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We know that in equilibrium of the balance of trade

prX (I -1y) =0
the matrix (I - 1YT) is singular, so pTX is determined up to
a scalar and is positive.

pTX = b

K <X<H
Find X,p such that pr1 = pwy , and such that the domestic

market is in equilibrium.
The algorithm proceeds as follows (the convergence is obvious)

1) set X = H

2) determine A, p such that
pTH = Ab , and p > p with one equality say for the
.th .
1 commodity.

3) Set p;, = p;

4) Decrease A until it is blocked by an export constraint

Xj > Kj or by Ppb 2 P, -

* In the first case set Xj = Kj and do not further consider
this commodity (except in (5)).

* In the second case set Py = Sk .

5) If |[p¥(y - X)| > e go to (4) .

The algorithm has the advantage that the pivoting does not
involve any matrix inversion, and only one solution of a simult-

aneous set of equations.
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3.3 Some further results on the computation of domestic
equilibrium under tariffs and quota, in a pure exchange

econo‘mz

In this section no new algorithm will be developed. It

will only be investigated in which cases the algorithms of
section 3.2, or a convex programming algorithm can be used to
compute domestic equilibrium. )

3.3.1 Hicksian pure exchange economy with quota

Consider the optimization:

max u(Xj)

S.T. pr = pyJ + ajtr

The first order conditions are:

. - M4Pi

pyj + ajtr

g

»“
.

I

u(x]) is assumed to be homothetic then (cf p. 46);

su du

Ei _ axij —,axi

P Ju 2u
n

axnj axn

We may thus consider the case

1) Consumer:

max u(x)

S.T. px = py + tr



2) Government:

tr = (p" - p) y - x)
l <y-x<r
3) Market equilibrium

P=PpP + ¥~V

i

ply - x) ul

v(y - x) = vr
p,v,p 20

4) Balance of trade:
p'x = py

We show that this model is equivalent with:

max u(x)

S.T. pwy = pwx

and l<y-x<r

Define again h =y -1 ; k=y -r

The Lagrangean is:
L = u(x) + A[Pw(y - x}) + pth -~ x) + vix - ki]

A has been taken out of brackets because we assume that it is

positive. This will be the case as long as

au

oX,
i

function. This condition also guarantees pg - Vg2 0 for

> 0 for all commodities entering the utility

these commodities so that no slack variable for the export
constraint needs to be introduced. Weaker assumptions would
be possible but will be investigated when needed.

Note that the unigueness of equilibrium is obvious as

long as y > 0



Among the first order condition we find:

o}
<
i
ol
w

We know that >0 , ¥x so that p > 0 will also be

satisfied g.e.d.
A gradient algorithm can solve the maximization problem.
It has however to be considered in which case a complementary

pivoting algorithm of the type derived before can also be used.

3.3.2 Domestic equilibrium in a Hicksian economy with

domestic price policy, quota and a CES utility

function

o\t
u = ZGiXi p

then aau = - BE 6ixi-(p+l)
9; au P
=P t1 G.X.—(p + 1)
iti
Py X3 6;
In— = -(p + 1) Inl—] + 1ln|—
P X 8
n n n

Due to the Hicksian character of the economy the taxation
system is irrelevant for the determination of prices and aggre-

gate demand. We therefore set up the following algorithm:

1) Set x =nh (all import quota effective)
2) Determine the relative prices from:

ou  _ -

X - kpi (x = h)
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3) Set p in such a way that p > p with one equality say for

the hth commodity. Consider the set of equations:
for i=1,...,h-1,h+ 1,...,n s
- _ _ i
1n P; 1n Py = (p + 1)(lnxi 1n xh) + 1n Gh
Eh is constant, ln(xh) is variable.
For a given ln(xh) we have (n - 1) linear equations in n - 1
unknows.
4) ln(xh) is the driving variable. () Decrease it until

p; or x; blocked.

5) Pivot (this only involves setting p; = Ei and Xs free,

no matrix inversion or the like is involved).
. \JJ \}
6) Stop the algorithm when p'x = p'y .

Convergence conditions:

§.
i = |- X ) L
if X constant: 1ln p; = {-(p + 1) lnxi + lnph + 1n 6;} + (p + 1)lnxh
. ~ 5i ~
if Py constant 1n X = [}nph - lnpi + 1n E;] /(p + 1) + 1n Xp

As long as p + 1 > 0 the algorithm will certainly converge.
This is equivalent to the condition that the elasticity of
substitution

-1

9% T30

must be negative, a totally acceptable assumption.

3.3.3 Generalized CES

The algorithm is obviously unchanged if the Mukerji-
Dhrymes-Kurz function [7 ] is used, provided the convergence
conditions are satisfied.

b,
i

1
u=1=I aixi o)

(1) Any free quantity or price may be chosen.



Ju b.-1_du
x. - 2iPi¥i Y U7 T ARy
i -
duop
a. b, x,Pi-1 P.
thus ST S = 2
a, b x bﬁ1 Ph
h “"h “h
convergence conditions:
a.b.
= X 1 - - -
lnpi = 1n =5t 1n Pt (bi 1) 1n X, (bh 1) 1n Xy
h™h
aibi _ _ bl'_11
ln x, = 1n + lnp,_ - 1lnp.|/,, +| — 1n x
i ahbh h i (bi1) b1 h
bi 1 *
It is sufficient for convergence that > 0
b<1
i

Further generalizations may be possible but will be looked
for when they are needed. Actually it seems that the principle
of the algorithm would apply in most cases where we can show
direct computability. The algorithm is however the most useful
when not only domestic prices can be computed easily at given
domestic demand, but when also complementarity pivots can easily
be computed, essentially a sort of combined primal dual demand
functions is needed, otherwise the maximization problem would

seem more efficient.

3.3. 4 Pure exchange economy where the commodities with

quota form a linear expenditure subsystem

Consider:
max uj(xj)
S.T. pxJ = q>py:|
1-
BJ BJ
uJ = uj1 uj2
k (o A
and u, = @I x.. 1]
31 i=1 ]
u = u (x,.), i=k+1,...n



- 79 -

The first order conditions are:

du
— = A.DP
Bxij jti
ou.
3 u j1
= = Asp; 7 1=1,...k
auj] axij Jt1
J
u
= 8-0. = )\'p
jij xij ivi
n
% B ]Cf-l] hi]ph yhj pl ij
define Ahi = ?Bjyhjaij i h,i=1,..,k
X1 = I:inj:l
J
pn‘ = (p1,---1pk)
n —
b =3I I P, Y..a::B. ( > 0)
j h=k+1 B ThITIITI
then;
p1X] = ¢p1A + ¢b

The complementary pivoting algorithm for the L.E.S. case
applies are. The initial P4 must however be calculated as a
generalized eigenvector. This yields a procedure to compute
domestic equilibrium for a pure exchange economy in which the

commodities with quota form a linear expenditure subsystemn.
3.3.8 Hicksian pure exchange economy with domestic price

policy and quota

The complementary pivoting algorithm is only applicable for
a specific type of utility function. We now describe a para-
metric convex programming algorithm for the general case.

Consider the following maximization problem

(

~—

max
S.T.

% — ol ¢
v hn ®x X
il
Sl
+
ct]

o X
1
ke

i A
R




For all t ¢ T = {E[ﬁ l1<~-t < p r} , 1, r finite,
and for any strictly quasi concave utility function this
problem is a feasible convex programming problem so that

it has a unique solution.

loreover, provided pwr > 0 , we know from section 1 that
there will exist a t = t* such that p (x - y) <0 . The
situation is analogous to the one occurring in the complementary
pivoting scheme: % is the driving variable which is adjusted
until the balance of trade constraint is satisfied (preferably
with equality). It is again the monotonicity of pw(x - y) as
a function of t which would (at positive world market prices)
guarantee the uniqueness of the domestic equilibrium. Whether
this condition is fulfilled depends however on the specification
of the utility function.

Anyhow, in equilibrium we find for this algorithm.

— 3 | B
3%, Pt MY TV
i
px=py+t
pv(x -y) <0

X, Ay U, v 20

l <y-x<r

u(y - x-1) =20

vy - x - r) =0
this coincides with the market equilibrium conditions. Intro-
duction of a technology: g(y) < 0 within the constraints of the
maximization problem yields the solution for a Hicksian economy
with production.

3.3.6 Domestic price policy, gquota and stock policy in

a pure exchange economy with L.E.S.

When the government operates a stock policy it tries to
maintain a certain desired stock (s).

th comnodity

If however the government also subjects the i
to a domestic price policy and to import and export quota, the
stock policy may also be used in order to more or less maintain
a desired domestic price (Ei) while quota constraints are binding.

In this case the domestic price policy may overrule the stock



policy in a similar way as the quota policy overrules the

domestic price policy. We present the model for this case.

1) Consumer: pX = ¢pA
2) Definitions: p=p+u-v, p>0
s =5s+qg

y =Y . Y
1=
A a = Ly e
[lh] j=1 "33t
3) Government: l<y-x-s<r
0 < Smin < Smax
p = p*
g = g¥
4) Equilibrium conditions: ply - x-s -1) =0
vy - x~-~8s =-1) =0
p(s - smin) =0
v(s - spax) =0
w,v 20
5) Balance of trade: pw(y - X - §) =0

The boundaries s min and s max need not be physical, they
can be considered as limits outside of which the stock policy
cannot be overruled. The previously derived complementary
pivoting algorithm solves this case after some minor
modifications. This is easily seen after substitution of the

third and fourth equilibrium condition into the first and second

respectively.

We again can write pH = puX and
vK = vX ,

where

K = [Yi = T~ ®max,i
Negative elements of K represent export quota which cannot be

active and thus can be discarded.




Considering these equations together with the consumer demand
equation, we have the basic elements for the pivoting algorithm.
It remains to be seen what the influence of a change in ¢ is on
the balance of trade.

The variable which needs explicit solution is s ;

S. s. + .
1 1 ql

Y.

; T omax (y; - x; - s, - r., 0) + min (y, = % - s, - 1., 0)

1 1 1 1 1 1

This allows to compute the balance of trade deficit.

The introduction of stock policy as an extra instrument
implies that the net export of a certain commodity remains un-
changed when a quota is effective but that the effectiveness
of a quota constraint does not automatically imply overruling
of the domestic price policy. The pivoting algorithm proceeds
as before. Note that when one knows that the domestic price
policy will not be overruled, a direct iteration over taxation
rates can be applied. The balance of trade equilibrium implies
again equilibrium of the government budget, by the consumer's
budget equilibrium:

income tax = - {tariff receipts + receipts on sales of stocks}

~{e" - Py - x - 5) + pE°- s)}

!

3.3.7 Stock policy in Hicksian pure exchange with quota

The consumer equation in the previous paragraph is changed
and the domestic price policy is omitted.

The constraints are now:

-1

[
I
03]
A
=
=
i
L<
1
=
=y
[
=

We consider the utility maximization under these constraints

(and x, s > 0)
The Lagrangean is (taking again A out of brackets).
L =u(x) - A[(pw(x + S)—pwy) + u(x + s - h)- v(ix + s - k)

- p(s = spip * d(s = Spay)]



The Kuhn-Tucker equilibrium conditions are

oL 2u \ oL
= - A VU ; mo—X, =
9X . 9X. X(pl ul Vl) =0 9X. Xl 0
i i : i
oL w oL
= + -V, =- =
9s. X(pl Hy Vi Py + ¢1) =0 3s. °i 0
i i
The constraints
X, +s. - h. <0 ; p.(x. + s, - h,) =0
i i i= it i i
X. +s. -k, >0 ; v.,(x. + s. - k.) =0
i i i= i1 i i
—— . . o ; . N . . =
S5 sm1n,1 == pl(sl Smln,l ) 0
Si T Smax,i 29 i ¢;(s; - Smax,i ) = 0
X, S; Uy, Vv, Py O, A >0
We assume that s_.. >0

min
then pw + u~-v-p+9¢=20

Ju

0X.
i

= Api

This policy is not one in which stock policy is always over-
ruled by quota policy: the price at which the domestic consumer
can buy does not always get priority over the policy of adjusting
stocks. It may be much "better" to have the consumer price go up
and sell stocks on the world market. We shall however not go in-

to welfare theoretical arguments in this paper.

3.4 Domestic equilibrium in an economy with lagged

production quota, domestic price policy and/or

more than one consumer

3.4.1 Linear technology, no intermediate inputs

In an economy gith production, factor ownership is the
primary income distributing mechanism.
* When all producers own the factors they use and no
intermediate inputs are involved, the lagged output
is also fully owned by the producer and the pure

exchange case follows.



* As long as there is a lag in production and no inter-
mediate inputs are inyolved a pure exchange model can
be obtained if specific assumptions are made on the owner-
ship of output.

* We consider a linear technology:

y = Dg
Ag <b ; g2 0
y = (yi) final output
qa= (g;) level at which the kth activity to produce
- the ith product is operated
b = (byk) factor availability
A = Ag h: technology matrix: requirement on the kth
1 factor when the h,th activity is operated
at unit level
D = Di h- output of i when hi is operated at unit level.
r 1

The variables are defined in such a way that the nonzero elements
of D have unit value.
* The factors b are owned by the income groups.
b =1I bj
J
* The producer is assumed to maximize the yalue of this out-

put this yields the primal and dual linear programme,

max p D g min w b
S.T. A g < S.T. WA > pD
qg20 w >0

Various distributive assumptions can be made:
a) If we assume that the optimal output Dg* is divided over
factor owners so that

Xj p Dg* = w*b? '

this yields the endowment y] = kj Dg* which implies that
the factors are paid in kind before the exchange.
b An alternative assumption would be that the income distri-

bution between factors is set on the basis of the ratio

w*bj

w¥*b




c) There is however also a possibility to evaluate the factor
rentals on the basis of current prices. Suppose the optimal

basis is AB and that all factors are fully employed then

* =
w AB pB DB

As long as price fluctuations between periods are small,
the current value of w computed under changing current prices
will be positive; this implies that the production decision
taken at the expected prices would be unchanged under current
prices. As soon as this is not the ¢case some elements cf w
become negative: factor owners are penalized for wrong decisions.
Combinations of the distributive rules a), b) and c) are also
possible and may be desirable in order to show different
types of price risk to which owners of different factors are
exposed. (The approach is still deterministic, allocations
are made on the basis of expected prices; no future markets).

The rules a) and b) can obviously be introduced without
leaving algorithm developed within the pure exchange framework.
This is not so certain for rule c) as will now be shown

for the L.E.S. case.

Consider Py xij = ¢mj eji
= 6L Wy bpy €44
h
define F =[i b, . e..]
3 hj 73i

This yields:

pPX = ¢w F .

If the technology selected is A with output Y_ (we

B B
assume YB to be unique even if it is produced by a combination
of techniques, because of the production lag) and if all

factors are fully employed we get

Ay YB = b
W Ap = pp Dy (assume Ay is nonsingular , square)
= —1 - —
W = pg DB AB (note that for all Pgp: Pp DB YB = w b)

defining C = [DB A;1F] we get p X = ¢p C

0




If C is semipositive the previously derived algorithm will
converge otherwise problems arise. This is a matter of distri-
bution of endowments and differences in tastes between income
groups; yB = A;1 F1 is knowh to be positive. If all income

groups were equal this would imply the positiveness of C.

3.4.2 Economy with production and domestic price policy

As soon as intermediate inputs are involved one has to
abandon the pure exchange view. Even if outputs are given input
demands are not. As long as prices are given that is as long as
a domestic price policy is effective the problems are not too
serious because a recursive approach is feasible:

1. Calculate input demand at given prices;

2. Consider these as committed expenditures for the

investing class;

3. Calculate consumer demand at given income, given endow-
ment or the like {(see 3.4.1), given the committed
expenditures.

There may however be savings constraints on these invest-

ment plans. We shall now discuss these problems.

Assumptions:
1. To any domestic price vector corresponds a unique
net supply;

2. Outputs have a one year production lag (or more);

3. All desired domestic prices are positive.

ad 1 - This assumption is made in order to maintain the unique-
ness of excess demand at given world market prices. The
assumption is not unreasonable when many factors are
fixed so that diminishing returns to variable inputs
are likely to occur.

ad 2 -~ This assumption is not unrealistic: on the one hand
it permits to show the financing problem for the farmer
who has to buy current inputs, while on the other hand
computation is simplified as the outputs can be taken
as given endowment.

ad 3 ~ This assumption is realistic.



1. p. = p. for all i . No savings constraint
i i

When all commodities have a desired domestic prices the
production plan under profit maximization is fully predetermined:
world market prices do not directly indluence supply.

The producer might however be unable to finance the invest-
ment needed.

2. p. =p., all i. Sectoral savings constraints as a side
i i

condition of net revenue maximization

Suppose there is a taxation proportional to wealth, then;

pxd = ¢py’
Where
x? is the demand by the jth income class

yJ endowment of the income class

by ~ PX

1-¢ is the rate of taxation By

it is set in order to meet pwx = pwy at the national
level.

mj = d)pyJ is the disposable income of the sector.

Suppose a savings constraint is set:

sj < Bj mj Bj is given

h class as qj.

define the demand for inputs by the jt
The savings constraint is a side condition of the maximization

of net revenue:
pa’ < ¢B.BY) .

The world market prices can thus influence the investment
through the taxation policy. The simultaneity introduced in
this way would be avoided if the savings constraint is formulated
as a function of earned instead of disposable income:
S

J
. < .
SJ A BJ pY



3. P, = Ei’ i=1%1....,h; p;=p;, i=h+1,...,n ,

savings constraint

In this case the production plan is dependent on world
market prices. As the output is lagged the receipts have only
an expected value based on expected yields and expected prices.
This introduces pfice risk, a feature which needs special

attention but which will not be discussed in this paper.

Anyhow, the demand for inputs needs to be computed again
at all world market prices. This is cumbersome as the production
model will usually be quite complex. It may be advisable to use
simplified demand functions for inputs (e.g. based on constant
price elasticity) for use during the world market iterations.
w

4. p, = max (pY , Ei) pi=1...,n ;p,=p;,1T=h+1,...n

This case is similar to the previous one.

3.4.3 Economy with production and quota on inputs which

are not consumer goods

3.4.3.1 Linear technology

* Consider a producer with a linear technology, and
a one period lag in production,

* no savings constraint is considered.

* The government confronts this producer with a
minimum and a maximum on the import of current
inputs (the assumption of a minimum import may
be unrealistic but is maintained for generality).

* The commodity may be produced domestically but it

is a net input and is not used by the consumer.

The model now would be:

1) Producer
max 51 X1 = P, X,
X4
S.T A <b
)
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2) government policy.

3) market equilibrium.

”1hi - ulxl
v.k, = Vv
ii iTi
= D + -
pl pl ul vl

The equilibrium conditions of the linear programme are:

A(b - AX) = O

M2 (B, - py)

[(p1' - p2) - AA:, x =0
Ax < b

X,A 20

The model can be seen as a linear complementarity

problem.
Define: 91 =h - x,
dy = %X, - k
dq5 = b (A1x1 + Azxz)

T T

Q
=

i

-

T
1
T.T =T T T
At Py Ty

Q
(S,

i

g
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u
v q2
p = A i P = q3
X, a,
X, qs
h
0 I O -B -k
B = o -I H M = T H n =
A1 A2 B O - 1
P,

the L.C.P would be:

Mp + n

o]
Il

T
pq inrqio

However, as M has the structure shown above, the solution is
identical to the solution of the L.P.

max p]x] - pzx2
h
S.T. Bx |-k
b

0

this implies that the producer would react in the same way as

]
v

if he was directly exposed to the desired domestic prices. This
implies that the demand for inputs can be considered to be
predetermined and thus treated as a committed expenditure for
the "investor" independedly whether the economy is Hicksian

or not. This assumes however that 51 is given for the producer.
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If we assume quota on outputs also and assume that the expected
price for next period equals the realized price for the current
period 51 is not given anymore. The previous approach still
holds when many producers are considered.
¥ If every producer has a linear goal function with the
same coefficient and a convex technology, the maximization
of the aggregate goal function under the technology yields
the same result as individual profit maximization. As
expressed by Koopmans [8], this mathematically trivial
property has important economic consequences in terms
of decentralization of decision making. Mathematically
speaking it only says that when the goal function is linear
and the constraints have a block diagonal structure the
blockwise solution of the programme is equivalent with
the total solution.
* In the linear programming case introduction of quota
on inputs however, introduces interdependence (a row in
the matrix). Special algorithms are available which
make use of this special structure of the aggregate
technology matrix.

3.4,3.2 Convex technology

*¥* The convexity guarantees a unique optimum.

The problem now is:

max 51 X, - P, X,
S.T. g(x) <0
and k < X5 < h

x>0 .,

The Lagrangean is
L =py %Xy - (p2 + p - \))x2 - A+g(x) + u k - vh

the equivalence is again obvious.
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3.4.4 A Hicksian economy with production and gquota

The model for this case is:

1) Consumer

max u(xJ)
(u homothetic)

S.T. pxJ = py]+aj tr
2) Producer
max pyj

S.T. gJ(y) <0 (convex)

3) Government

tr (pw - p)ly - x)

1

A

y - x<r

4) Market equilibrium

ply - x) = pl
vy = x) = vr
p=p +u-v
P,y 2 0

5) Balance of trade

w w
PY=PX
We prove that this case is equivalent to

max u(x)

S5.T. pwx = pwy

and l<y-x=<r
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<
[N
A
o

and

g
Now L = u(x) + [A(pw + u - v)(y - x)__Z¢JgJ(yJﬂ + X * constant

utility maximizing

conditions
%E— - Ap; £ 0
3L 3g)
j i
Y3 Y3
profit maximizing
3 conditions
j 9
A Py - |97 gj>;0
3%
i
W \J
pX=pYy )
l<y-x<r
. constraints
gd (v < 0
y = Iyl
ply = x) = ul
v(iy = X) = vr ( market equilibrium
b, v > 0

The previous cases suggest situations in which the
optimization problem can easily be decomposed. We can summar-
ize the previous discussion by saying that as long as the
economy is Hicksian, no domestic price policy is introduced,
and no savings constraint is imposed on the production plan,
the equilibrium problem is a convex optimization problem. As
soon as the economy is non-Hicksian the conflict of interests
between income classes destroys the optimality property of
equilibrium. The introduction of domestic price policies also
causes problems:

In the model the change is minor:

pPp=p+ 1L~V replaces p = P’ 4+ U o~



But the consequences are significant: the problem is not
longer an optimum problem as the dual variables are constrained
it is a nonlinear complementarity problem only, which can be
solved as a parametric convex programming problem. We discussed

this under 3.3.5.



The computation of domestic equilibrium; summary

To summarize the situation at this moment, the algorithms

presented to solve domestic equilibrium problems are listed

below. Scarf's fixed point algorithms as mentioned in § 1, is

disregarded. It could solve all the cases mentioned below,

. specific policies like food aid, asset redistribution, stock

policy are not explicitly listed:

domestic
domestic price
free price pelicy and
trade policy guota quota
One consumer¥*
no production 1 1 3 5,6
More consumers
no production 1 2 4 4
One consumer*
production 1 2 3 6
More consumers 1 2 (7) (7)

production

1.

2.

Direct computation, for the consumer through dual, for
the producer either through dual or primal;

iteration over taxation rate (assumption: no inferior
goods) ;

convex programming problem; 4,5 can solve special cases
of this;

complementary pivoting algorithm. The commodities with
quota form a linear expenditure subsystem; several taxa-
tion policies are possible;

4 but also valid for generalized C.E.S. utility function;
parametric convex programming;

only solved for cases with quota on inputs which are not

consumer goods.

A Hicksian economy is considered as an economy with one
consumer.
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