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I n t r o d u c t i o n  

Let us  c o n s i d e r  a  r e s o u r c e  W > 0 i s  t o  be d i v i d e d  i n  
n  

p a r t s  w l ,  . . .  where (1 wn = W )  and consumed i n  t h e  fo l low-  ,wn 1 
i n g  way: a t  t h e  f i r s t  s t e p ,  an amount x l ,  

"1 2 X1 W1 - bl , 

c a n  be consumed; a t  t h e  second s t e p ' o n e  can  consume x 2 ' 

where 

and ,  g e n e r a l l y ,  a t  t h e  k t h  - s t e p ,  consumption i s  x  k  ' 

a k  2 X k  2 Y k - 1  + W k  - bk 3 

where a  b  a r e  some non-negat ive  c o n s t a n t s  and y  
k' k  k  ' 



Of c o u r s e ,  a l l  p a r a m e t e r s  a k , b k  and wk Ck = l , . , . , n )  a r e  s u c h  

t h a t  t h e r e  i s  a t  l e a s t  one  f e a s i b l e  r e s o u r c e  d i s t r i b u t i o n ,  

s a y  

The p r o b l e m  i s  t o  f i n d  t h e  " b e s t "  d i s t r i b u t i o n  o f  r e s o u r c e s .  

I f  i t  i s  p o s s i b l e  t o  assume t h a t  t h e  d i s t r i b u t i o n  x l ,  ..., xn 

o f  r e s o u r c e s  g i v e s  u s  a t o t a l  b e n e f i t  

where  c l , . . .  , c n  a r e  some c o e f f i c i e n t s ,  t h e n  t h e  f i n d i n g  o f  

t h e  b e s t  f e a s i b l e  d i s t r i b u t i o n  o f  r e s o u r c e s  becomes a 

c l a s s i c a l  l i n e a r  programming prob lem.  

But s u p p o s e  t h e r e  a r e ,  i n  some s e n s e ,  i n d e p e n d e n t  con- 

sumers  who a r e  n o t  v e r y  much i n t e r e s t e d  i n  t h e  t o t a l  b e n e f i t ,  

and t h e  d e s i r a b l e  p u r p o s e  o f  e a c h  o f  them i s  t o  r e c e i v e  as 

much as p o s s i b l e .  Suppose t h e s e  consumers  (who a r e  n o t  

l i v i n g  i n  a  j u n g l e ! )  want t o  r e a c h  a  compromise b a s e d  o n  some 

r e a s o n a b l e  demands. 

Namely, s u p p o s e  i t  i s  g i v e n  t h a t  some demands x i , .  . . ,xL 
a r e  c o n s i d e r e d  a s  q u i t e  r e a s o n a b l e  by  a l l  consumers ,  y e t  t h e s e  

demands a r e  n o t  f e a s i b l e :  xy,. . . , x i  do n o t  s a t i s f y  t h e  con- 
n  

s t r a i n t s  ( 1 ) .  F o r  example ,  t h e  t o t a l  demand 1 x{ c a n  b e  
1 

n  
much more t h a n  t h e  t o t a l  r e s o u r c e s  amount W = 1 wk. The 

1 



problem i s  how t o  d i s t r i b u t e  ou r  r e s o u r c e s  w l ,  . . . ,  wn acco rd -  

i n g  t o  t h e  demands x:, ..., x:, which c o n t r a d i c t  each  o t h e r  i n  

t h e  s e n s e  t h a t  i f  we s a t i s f y  one group of  consumers,  t h e n  we 

l e a v e  t o o  l i t t l e  f o r  o t h e r s .  

A s o l u t i o n  of  t h i s  problem may be based on min imiza t ion  

( i n  t h e  p r o p e r  s e n s e )  of some " d i s t a n c e "  between r e s o u r c e  

d i s t r i b u t i o n  v e c t o r  x  = ( x l ,  ..., xn)  and t h e  demand v e c t o r  

X* = (x:, x ) .  Th i s  i s  c o n s i d e r e d  below. 

We wish t o  say  t h a t  o u r  problem on a  compromise f o r  

many consumers which was d e s c r i b e d  above a r o s e  i n  t h e  w a t e r  

r e s o u r c e  d i s t r i b u t i o n  f i e l d .  

Examnle. One can r e a l i z e  a  problem of wa te r  s t o r a g e  

and o f  w a t e r  d i s t r i b u t i o n  d u r i n g  some n  s e q u e n t i a l  p e r i o d s  

of t i m e .  Suppose d u r i n g  each  k g  p e r i o d ,  t h e  s t o r a g e  r e -  

c e i v e s  t h e  w a t e r  amount w k ,  and some amount xk ,  xk , a k ,  i s  

t a k e n  i n  such  a  way t h a t  t h e  r e s t  o f  w a t e r  r e s o u r c e  w i l l  n o t  

be  l e s s  t h a n  bk , 0; k  = 1, ..., n .  I f  we a r e  g i v e n  t h e  

d e s i r a b l e  demands x i ,  ..., x: f o r  t h e  w a t e r  from t h i s  s t o r a g e  

( x i  f o r  t h e  k s  p e r i o d  of t i m e ) ,  t h e n  we have t o  d e a l  w i t h  

t h e  problem d e s c r i b e d  above.  

Example. Let  us  c o n s i d e r  a  b i g  r i v e r  b a s i n  which i s  

d i v i d e d ,  a c c o r d i n g  t o  geograph ic  o r  economic p r i n c i p l e s ,  i n  

n  s e q u e n t i a l  p a r t s  ( a l o n g  t h e  main r i v e r ) .  Let t h e  t o t a l  

a v a i l a b l e  amount of wa te r  ( i n  t h e  p r o p e r  s c a l e )  a t  t h e  k t h  - 

r e g i o n  of  t h i s  b a s i n  be w k .  Suppose a t  eve ry  r e g i o n  one can 

consume a  co r r e spond ing  wa te r  amount xk ,  xk 2 a k ,  such  t h a t  



t h e  r e s t  h a s  t o  be  n o t  l e s s  t h a n  some bk 2 0 .  O b v i o u s l y ,  i f  

a t  t h e  f i r s t  ( k - 1 )  p a r t s  i t  consumed amounts  X ~ , . . . , X ~ - ~ ,  

k  k-1 
t h e n  xn i s  bounded w i t h  t h e  v a l u e  1 w j -  1 x . - b n .  

j -1 j=1 J 

Under t h e  d e s i r a b l e  b u t  n o n - r e a l i s t i c  w a t e r  demands x ? ,  ..., x t  

f o r  a l l  n  r e g i o n s  o f  t h e  r i v e r  b a s i n ,  we h a v e  t o  d e a l  w i t h  

t h e  p r o b l e m  on a compromise c o n c e r n i n g  t h e  a c t u a l  w a t e r  d i s -  

t r i b u t  i o n .  

I n  t h e  g e n e r a l  s i t u a t i o n  o f  t h e  r e s o u r c e s  s h o r t a g e ,  when 

i t  i s  r e a s o n a b l e  t o  assume t h a t  

we s u g g e s t  t h a t  t o  d e t e r m i n e  a  d i s t a n c e  be tween  d i s t r i b u t i o n  

v e c t o r  x  = ( x l ,  ..., x n )  and  demand v e c t o r  x*  = ( x ? ,  ..., x:) a s  

where  X1, ..., A n  a r e  some n o n - n e g a t i v e  c o e f f i c i e n t s .  The 

c h o i c e  o f  t h e  p r o p e r  X1, ..., A n  may be c o n s i d e r e d  a s  re- 
e v a l u a t i o n  o f  d i f f e r e n t  demands x:, ..., x t  u n d e r  c e r t a i n  c i r -  

c u m s t a n c e s .  F o r  example ,  some demands x c  may be n e g l e c t e d  

c o m p l e t e l y  ( u n d e r  t h e  c h o i c e  o f  X k  = 0 ) .  But we s u p p o s e  

t h e  c h o i c e  o f  w e i g h t - c o e f f i c i e n t s  X1, ..., X, i s  s u c h  t h a t  a l l  

consumers  a g r e e  t o  c o n s i d e r  t h e  c o r r e s p o n d i n g  m e t r i c  r ( x , x t )  

a s  t h e  l o s s  f u n c t i o n ,  i . e .  a  v e c t o r  x '  i s  p r e f e r a b l e  w i t h  



r e s p e c t  t o  a v e c t o r  x" i f  

A c c o r d i n g  t o  t h i s  a g r e e m e n t ,  t h e  most  p r e f e r a b l e  d i s t r i b t u t i o n  

v e c t o r  w i l l  be  

0 x O  = (x l , . . . , x ; )  y 

f o r  which 

r ( x O , x * )  = min r ( x , x * )  , 

where x  r u n s  a l l  p o s s i b l e  d i s t r i b u t i o n ,  i . e .  x  = ( x l ,  . . . ,  x n )  

s a t i s f i e s  t o  t h e  c o n s t r a i n t s  ( 1 )  and ( 2 ) .  

U n f o r t u n a t e l y ,  a l l  componen ts  x y ,  . . . ,x: o f  s u c h  minimum 

p o i n t s  g e n e r a l l y  depend  on all r e s o u r c e  components  w l ,  ..., w n ,  

a n d  i f  we have  t o  c h o o s e  t h e  amount xk o n l y  w i t h  o u r  know- 

l e d g e  o f  w l ,  ..., wk;  X1, - Y X ~ - ~ J  t h e n  we a c t u a l l y  c h o o s e  

0 
t h e  p r o p e r  xk;  k  = 1, ..., n .  

But somet imes  we c a n  assume t h a t  a l l  w l , .  . . ,wn a c t u a l l y  

a l r e a d y  a r e  known a t  t h e  f i r s t  s t e p .  Say f o r  a w a t e r  s t o r a g e  

o r  a b a s i n  w i t h  one  b i g  r i v e r ,  t h e  components  w 2 ,  ..., wn may 

be  much l e s s  t h a n  wl ,  and  i n  t h i s  c a s e  we c a n  assume a p p r o x -  

i m a t e l y  t h a t  



L e t  u s  c o n s i d e r  t h e  c a s e  when a l l  r e s o u r c e  componen t s  

w l ,  . . . ,  wn a r e  known f r o m  t h e  v e r y  b e g i n n i n g ,  a n d  we c a n  as- 

sume minimum p o i n t  x  = ( x y ,  ..., x:) o f  t h e  l o s s  f u n c t i o n  

r ( x , x * )  a s  t h e  o p t i m a l  compromise  f o r  o u r  r e s o u r c e  d i s t r i b u -  

t i o n  p r o b l e m .  

The demands x;, ..., x:, which g e n e r a l l y  a r e  i m p l i c i t  

f u n c t i o n s  o f  a c t u a l  r e s o u r c e s  w l ,  ..., w n ,  i l l  t h i s  c a s e  a r e  

known c o n s t a n t s ,  and  t h e  m i n i m i z a t i o n  p r o b l e m  f o r  l o s s  f u n c -  

t i o n  r ( x , x t )  o f  t h e  t y p e  ( 3 )  i s  a p rob lem o f  q u a d r a t i c  p r o -  

gramming.  Namely, a f t e r  a v a r i a b l e s  s u b s t i t u t i o n ,  

t h e  c o n s t r a i n t s  ( 1 )  a n d  ( 2 )  c a n  b e  d e s c r i b e d  as 

where  



o r  i n  a n o t h e r  form a s  

(remember t h a t  0 2  xk 2 x:, a c c o r d i n g  t o  o u r  a s s u m p t i o n  [2] ) . 

1. L e t  u s  t r y  t o  g i v e  some e x p l i c i t  f o r m u l a s  f o r  t h e  

o p t i m a l  x?, ..., x l ,  u s i n g  t h e  well-known B e l l m a n ' s  p r i n c i p l e  

o f  dynamic programming.  ( S e e ,  f o r  example ,  [2] . ) 

Namely, l e t  u s  b e g i n  w i t h  m i n i m i z a t i o n  o f  

2 
Xn(xn - x;) , 

where  

o < x n '  min ( Y , - ~  + W n y  x:) - - 

O b v i o u s l y ,  x 0  a s  a  f u n c t i o n  o f  n  

i s  t h e  f o l l o w i n g :  

( S e e  F i g u r ~  1 . )  



0 x:. n 

F I G U R E  1 

Remember t h a t  

L e t  u s  f i x  x l ,  . . .  "n-2 a n d  s e t  

Then we h a v e  

x O  = min ( z  - x n n-1  n-1'  "A' . 

I f  Zn-l > 0 s u c h  > x;, t h e n  t h e r e  i s  a f e a s i b l e  amount x ~ - ~  - 

> x* a n d  x: = x * .  It h o l d s  t r u e ,  f o r  exam- "at Zn- l  - Xn-l - n n 

p l e ,  i n  t h e  c a s e  o f  wn 2 x;, when t h e  o p t i m a l  X O , - ~  i s  ob- 

v i o u s l y  s i m i l a r  t o  x:, namely ,  

x:-~ = max ( Y , , ~  + w , , ~ Y  ~ ; -1)  

S u p p o s e  wn < x:. If zn-l 2 X: + x A - ~ ,  t h e n  



a n d  n o t  o n l y  t h e  l a s t  demand w i l l  b e  s a t i s f i e d  ( x z  = x i )  

b u t  a l s o  = x .  I n  t h e  c a s e  

we o b v i o u s l y  h a v e  

2  
'n-1 ('n-1 

a n d  f o r  small 2 0 t h e  c o r r e s p o n d i n g  i n c r e m e n t  a t  t h e  

p o i n t  x ~ - ~  = c o f  o u r  u t i l i t y  f u n c t i o n  ( u n d e r  f i x e d  n -1  

x l , .  .. , x ~ - ~ )  i s  

s o  t h e  minimum p o i n t  x k l  i s  s u c h  t h a t  x k l  > c n-1 '  The 

same a r g u m e n t  c o n c e r n i n g  Ax < 0 a n d  x ~ - ~  = X* g i v e s  u s  n- 1 n-1  

t h e  i n e q u a l i t y  x 0  x:-~. n -1  It means t h a t  i f  we c a n n o t  

s a t i s f y  Path o f  t h e  demands  xA a n d  x* t h e n  u n d e r  t h e  n-1  ' 



o p t i m a l  compromise we have t h e  s t r i c t  i n e q u a l i t i e s  

I n  t h i s  c a s e  t h e  f u n c t i o n  

where 

g e n e r a l l y  i s  no t  n e c e s s a r i l y  p o s i t i v e ,  bu t  ha s  t h e  a b s o l u t e  

minimum ~ o i n t  

Because t h e  c o n s i d e r e d  f u n c t i o n  i s  monotone d e s c r e a s i n g  f o r  

< 2 and i t  i s  monotone i n c r e a s i n g  f o r  x ~ - ~  ) ?n-l,  'n-1 - n-1 

we o b v i o u s l y  o b t a i n  

(Remember, as i t  was shown above ,  t h a t  under  t h e  c o n d i t i o n s  



c < x* w < x i  t h e  o p t i m a l  amount i s  s t r i c t l y  l e s s  n- 1 n-1'  n  

t h a n  x i -  . ) 
L e t  u s  c o n s i d e r  a s  a f u n c t i o n  o f  

which i s  t h e  t o t a l  amount o f  a v a i l a b l e  r e s o u r c e s  a t  t h e  ( n - 1 ) t h  - 

s t e p .  I f  t h e  n e x t  demand x i  i s  c o m p a r a t i v e l y  h i g h  and [n-l 

i s  t o o  small, namely,  

'n- 1 0  < ( x i  - W n )  - - - 
'n Xi-. I 

and 

o r  t h a t  i s  t h e  same a s  

'n-lx;-l + + Wn - - 
X - - < o  ; 

n-1 - 
'n- 1 + 'n 

0 
t h e n  x ~ - ~  = 0 .  I t  i s  e a s y  t o  v e r i f y  t h a t  t h e  f i r s t  i n e q u a l i t y  

a l w a y s  i m p l i e s  

0 The f u n c t i o n  x ~ - ~  o f  [n-l may be one  o f  t h e  f o l l o w i n g  t y p e s  



( S e e  F i g u r e  2 .  ) 

I n  p a r t i c u l a r ,  we o b t a i n  t h a t  u n d e r  t h e  c o n d i t i o n  o f  a 

non-ex t reme  r e s o u r c e s  s h o r t a g e ,  when we d o n ' t  u s e  e x t r e m e  

s t r a t e g y  0 o r  tn-l ( " n o t h i n g "  o r  " a l l " ) ,  t h e  o p t i m a l  amount 

0 
X n- 1 c o i n c i d e s  w i t h  2 n-1 ' which  i s  t h e  l i n e a r  f u n c t i o n  o f  

en- 1 as w e l l  a s  o f  t h e  p a r a m e t e r s  wn;  x;, x ; - ~ ,  namely,  

where  



F I G U R E  2 



I n  a  v e r y  s i m i l ~ r  way one c a n  c o n s i d e r  t h e  s t r u c t u r e  o f  

a l l  o t h e r  o p t i m a l  components  xok; k = "-2, n-1, ..., 1, which  

a r e  t h e  minimum p o i n t s  o f  t h e  c o r r e s p o n d i n g  f u n c t i o n s  

where  

i s  t h e  t o t a l  r e s o u r c e s  ( a v a i l a b l e  a t  t h e  k t h  s t e p ) .  - 

I n  p a r t i c u l a r ,  i t  i s  v e r y  e a s y  t o  d i s c o v e r  t h e  f o l l o w i n g  

p r o p e r t i e s  o f  o p t i m a l  d i s t r i b u t i o n s .  

I f  x: = x;, t h e n  x? = x f  f o r  a l l  j > k ;  m o r e o v e r ,  i f  
J J 

x0, + 0 ,  

h k  (x; - x i )  max ( x f  - o  
j J x j )  . 

k <  j < n  - 

I n d e e d  i n  t h e  c o n t r a r y  c a s e ,  

f o r  some i > k ,  and  i f  we t a k e  



t h e n  we c o u l d  improve t h e  o p t i m a l  d i s t r i b u t i o n ,  b e c a u s e  

f o r  s u f f i c i e n t l y  s m a l l  Ax > 0 .  

Suppose  t h a t  

what  o n e  may e x p e c t  n o r m a l l y  u n d e r  t h e  r e s o u r c e s  s h o r t a g e ,  

t h e n  a t  e a c h  s t e p  k  = 1, ..., n  t h e r e  a r e  t h r e e  p o s s i b i l i t i e s :  

(Remember t h a t  ck  i s  t h e  t o t a l  r e s o u r c e s  which a r e  a v a i l a b l e  

a t  t h e  k t h  - s t e p . )  

A c c o r d i n g  t o  t h e  i n e q u a l i t y  ( l o ) ,  t h e  d e c i s i o n  x: = 5, 

may be  o p t i m a l  o n l y  i f  t h e r e  i s  a p o s s i b i l i t y  t o  s a t i s f y  

o t h e r  demands X ~ + ~ , . . . , X ~  ( w i t h  t h e i r  own r e s o u r c e s  w k t l ,  ..., w n )  

i n  s u c h  a  way t h a t  



So we c a n  check  w h e t h e r  o r  n o t  i t  i s  p o s s i b l e  t h a t  x i  = C k ;  

k  = 2  n .  F o r  example ,  i n  t h e  c a s e  when 

and  t h e  demands x;; k  = 1, . . . , n  d o n '  t d e c r e a s e  v e r y  much, 

we have  x: < c k ,  k  = 1 , 2 ,  ..., n .  

On t h e  o t h e r  hand ,  i t  u s u a l l y  i s  n o t  w o r t h  t r a n s f e r r i n g  

a  l a r g e  amount y,? = c k  - x  t o  o t h e r  consumers  when t h e  n  

demand x: i s  l a r g e .  I n  p a r t i c u l a r ,  i f  y: > 0 and 

kxC 
> max X~ ( x f  J - x . )  J 

k < j < n  - 

f o r  some d i s t r i b u t i o n  ( x k t l , .  . . , x n )  o f  t h e  r e s o u r c e s  yi t 
w k + l , . . . , w n ,  t h e n  x: 0 ,  b e c a u s e  i n  t h e  c a s e  x0 = 0  w i t h  k  

t a k i n g  back a  s u f f i c i e n t l y  s m a l l  amount Ayk we c a n  d e c r e a s e  

o u r  u t i l i t y  f u n c t i o n  r ( x , x * ) .  

Thus ,  one c a n  somet imes  f i n d  o u t  ( w i t h o u t  a n y  c a l c u l a -  

t i o n s )  t h a t  t h e  o p t i m a l  d i s t r i b u t i o n  h a s  t o  be  t h e  f o l l o w i n g :  

i . e .  a t  e a c h  s t e p  k ,  o n e  consumes s o m e t h i n g  b u t  n o t  a l l  

a v a i l a b l e  amount c k .  
I n  t h i s  c a s e  t h e  minimum p o i n t s  x: o f  t h e  c o r r e s p o n d -  

i n g  f u n c t i o n s  f R ( x k ) - - s e e  (9 ) - -can  be d e t e r m i n e d  i n  a n  ob- 



v i o u s  way. Namely, 

i s  t h e  a b s o l u t e  minimum p o i n t  o f  t h e  p a r a b o l i c  f u n c t i o n  

fn- l   see ( 8 ) .  The n e x t  f u n c t i o n  f n - 2  ( x , - ~ )  a l s o  i s  

o f  t h e  same p a r a b o l i c  t y p e  b e c a u s e  = 2 n-1 i s  a l i n e a r  
n-1 n-2 

f u n c t i o n  o f  5,-,- = 1 wk - xk ( a s  w e l l  as o f  t h e  p a r a -  
k = l  k =  1 

m e t e r s  wn,  xg ,  X A - ~ ) ,  and u n d e r  t h e  c o n d i t i o n  ( 1 2 ) :  0 < xim1 
0 

< Sn-2, t h e  optimum x ~ - ~  h a s  t o  c o i n c i d e  w i t h  t h e  a b s o l u t e  

minimum p o i n t  o f  t h e  f u n c t i o n  f n - 2  ( x , - ~ ) ,  a n d  s o  on.  By 

t h e  same a r g u m e n t s ,  t h e  optimum x i  f o r  a l l  o t h e r  K = n - 2 , . .  .,1 

c o i n c i d e s  ( u n d e r  t h e  c o n d i t i o n  6121) w i t h  t h e  a b s o l u t e  m i n i -  

mum p o i n t  o f  t h e  c o r r e s p o n d i n g  p a r a b o l i c  f u n c t i o n  

0 
where  x  j > k  a r e  t h e  p r o p e r  l i n e a r  f u n c t i o n s  o f  J' ' 

k  k- 1 - 
= 1 wi - 1 xi a s  w e l l  as o f  t h e  p a r a m e t e r s  w, , . .  . 

'k i;l i=l ' W k + l ;  

x;, ..., x;. 

Remember t h a t  u n d e r  t h e  c o n d i t i o n  x: < x: t h e r e  a r e  o n l y  

t h r e e  p o s s i b i l i t i e s  a t  e a c h  k t h  - s t e p :  1 )  x z  = 0 2 )  0 < x: < c i  
0 

k  k-1 
3 )  X k  = C k ,  where ck  = 1 wi - 1 xi i s  t h e  t o t a l  a v a i l a b l e  

i= 1 i=l 

r e s o u r c e .  So we c a n  d e s c r i b e  t h e  type o f  o u r  d e c i s i o n  a s  t h e  

c o r r e s p o n d i n g  s e q u e n c e  ( d l ,  d 2 ,  . . . , d n ) ,  where  dk  means " n o t h i n g "  



0 
(xG = 01, or "something" (0 < xk < Sk), or 'alln (xi = k 5,). 

Obviously if we know the type of the optimal distribution, 
0 0 

then the optimal components xk can be determined as x = 0, k 
0 or as xz = Sky or as the absolute minimum point xk = lk of 

the proper parabolic function fk(xk)--see (9)--with the al- 

ready chosen xy.. . . ,x:-~, which are the proper linear func- 

-~ - 

tions of Sk = 1 wi - 1 xi, as well as of the parameters 
i = 1 i=l 

F I G U R E  3 

The tree of the possible decision types under the 

resources shortage when xi < x* for all k = 1,. . . ,n. 
k 



Example. Fo r  two consumers and r e s o u r c e s  wl = W ,  

w 2  = 0 under  t h e  maximum demands x; = W ,  x: = W f o r  

we have 

x O = W - X 1  2  , - X 1 = - 2  W ' 

Remember t h a t  z1 i s  t h e  a b s o l u t e  minimum p o i n t  o f  t h e  co r -  

r e s p o n d i n g  f u n c t i o n  

Because t h e  va lue  z1 = W/2, i t  s a t i s f i e s  t h e  c o n s t r a i n t s  

(1) and ( 2 ) :  

We o b t a i n  x0  = ?1 s o  o u r  o p t i m i z a t i o n  p r i n c i p l e  g i v e s  u s  
1 

2 .  A s  i t  was d e s c r i b e d  above ,  t h e  o p t i m a l  d e c i s i o n  

( even  a t  t h e  f i r s t  s t e p ! )  depends very  much on - a l l  p a r a -  

m e t e r s  w l ,  ..., wn. So a  new problem a r i s e s  i n  t h e  c a s e  when 

t h e  c o r r e s p o n d i n g  d e c i s i o n  abou t  a  p r o p e r  amount xk h a s  t o  

be made w i t h  knowing on ly  abou t  m l ,  ..., wk and  x ~ , . . . , x ~ - ~ .  



G e n e r a l l y ,  i n  o r d e r  t o  c h o o s e  t h e  components  x: (when 

0 0 x ~ , . . . , x ~ - ~  h a v e  b e e n  c h o s e n  a l r e a d y  a n d  W ~ , . . . , W ~ _ ~  a r e  

k n o w n ) , i t  may b e  recommended t o  s u b s t i t u t e  t h e  unknown p a r a -  

m e t e r s  W ~ + ~ , . . . , W ,  w i t h  t h e  a p p r o p r i a t e  e s t i m a t e  w { + ~ ,  ..., w: 

0 (which  c a n  b e  improved a t  t h e  n e x t  ( k + l ) t h  - s t e p  when xk w i l l  

be  c h o s e n  a n d  w ~ + ~  w i l l  b e  known).  

I t  i s  p o s s i b l e ,  f o r  example ,  t o  u s e  u p p e r  a n d  l o w e r  

b o u n d a r i e s  f o r  unknown r e s o u r c e s .  Namely, i f  we h a v e  some 

e s t i m a t e s  

t h e n  we c a n  o b t a i n  i t  a s  i t  was d e s c r i b e d  a b o v e  c o r r e s p o n d -  

i n g  t o  o p t i m a l  d i s t r i b u t i o n  v e c t o r s  

- - - 
x = ( z l  ,... X )  and x = ( x l  ,..., x n )  - '--n 

w i t h  r e s p e c t  t o  t h e  p a r a m e t e r s  

- - 
W =  ( w ~  ,... W )  a n d  w =  ( w l  ,..., wn) - -n 

u n d e r  t h e  same demands xr, ..., x * .  By i n t u i t i o n  i t  seems t h a t  n  

- 
X < x O < x  * -k - k - k ¶ k = l , . . . , n ,  

and a c t u a l l y  i t  i s  t r u e .  



L e t  u s  show t h a t  f o r  any  p a r a m e t e r s  iik _< w k ;  k  = 1,.  . . , n  
- - - 

t h e  minimum p o i n t s  5 = (X1, ..., x n )  a n d  x  = (X1, ..., x n )  o f  

t h e  l o s s  f u n c t i o n  

u n d e r  t h e  c o r r e s p o n d i n g  c o n s t r a i n t s  ( 1 )  a n d  ( 2 )  s a t i s f y  t h e  

i n e q u a l i t i e s  xk 2 xk; k  = 1, ..., n .  

O b v i o u s l y ,  u n d e r  t h e  r e s o u r c e s  s h o r t a g e ,  more p r e c i s e l y  

u n d e r  t h e  c o n d i t i o n  ( 2 ) ,  t h e  t o t a l  c o n s u m p t i o n  i n  t h e  c a s e  

o f  o p t i m a l  d i s t r i b u t i o n  h a s  t o  b e  as much as i s  a v a i l a b l e :  

n  
1 xk = max . 
1 

- 
So f o r  t h e  o p t i m a l  d i s t r i b u t i o n s ?  = (x, . . . , x n )  a n d  7 = (X1,.. . , x n )  

- 
w i t h  r e s p e c t  t o  t h e  r e s o u r c e s  w = (wl, ..., wn) a n d  w = ( W 1 , . . . , ~ n ) I  

we h a v e  

- 
u n d e r  xi = x  we h a v e  an  e x t r a  p o s i t i v e  amount A = 1 A i  i i e  I 

( i n  c o m p a r i s o n  w i t h  xi = xi, i - I )  which  c a n  b e  d i s t r i b u t e d  



s o  t h e r e  i s  a  p a r t i t i o n  A = [ A .  ( w i t h  A .  > 0 )  s u c h  t h a t  
j 1 J J - 

The d i s t r i b u t i o n  of  t h e  components  

i s  f e a s i b l e  w i t h  (x . < x. ! ) u n d e r  t h e  r e s o u r c e s  11, . . . ,I,. 
J -  J 

Because  x = ( x l ,  ..., x  ) i s  t h e  c o r r e s p o n d i n g  minimum p o i n t ,  -n 

w e  h a v e  

> hj (xj - 2 + A - x ? )  , 
j 1 j J 

b e c a u s e  x .  > x . ,  j 41 a n d  
J - -J 



f o r  any A .  > 0 ;  x j  r A j  z x ; .  ( S e e  F i g u r e  4 . )  Thus f o r  
J - 

we o b t a i n  t h a t  I 

- 
f o r  f e a s i b l e  d i s t r i b u t i o n  ( u n d e r  t h e  r e s o u r c e s  wl , . . . ,Wn)  

X '  = ( x i ,  ..., x;) w i t h  components  

- 
But i t  c o n t r a d i c t s  t h e  f a c t  t h a t  x = (XI,. . . , x n )  i s  t h e  m i n i -  

- 
mum p o i n t  o f  r ( x ,  x * )  w i t h  r e s p e c t  t o  t h e  r e s o u r c e s  w l , . . . , w n ,  

s o  o u r  a s s u m p t i o n  on t h e  s t r i c t  i n e q u a l i t i e s  xi < zi, is1 i s  

n o t  t r u e  a n d  zk 2 xk f o r  a l l  k  = 1, ..., n .  



F I G U R E  L 

With knowledge o f  t h e  i n e q u a l i t i e s ,  o n e  c a n  u s e  t h e  f o l -  

l o w i n g  r e s o u r c e  d i s t r i b u t i o n  s t r a t e g y  i n  t h e  c a s e  when a t  

eacri  k t h  - s t e p  i t  i s  n e c e s s a r y  t o  keep  a good p a r t  o f  t h e  

t o t a l  r e s o u r c e s  f o r  t h e  o t h e r  consumers  k  + 1, ..., n .  Namely, 

one c a n  c h o o s e  t h e  c u r r e n t  amount xi as t h e  f i r s t  component 

of  t h e  minimum p o i n t  (x:, ..., x g )  o f  t h e  f u n c t i o n  

u n d e r  t h e  c o n s t r a i n t s  ( 1 )  and ( 2 )  w i t h  t h e  a l r e a d y  c h o s e n  

0 x l , .  . . ,x:-~ and  t h e  c o r r e s p o n d i n g  p a r a m e t e r s  wj = rj, 
j = k  + l , . .  . , n ,  w h i c h  a r e  a c t u a l l y  l o w e r  b o u n d a r i e s  f o r  

t h e  r e a l  r e s o u r c e s .  On t h e  c o n t r a r y ,  i f  one  d o e s n ' t  l i k e  t o  

t a k e  g r e a t  i n t e r e s t  i n  o t h e r  c o n s u m e r s ,  it i s  p o s s i b l e  t o  



- ( k ) .  use  i n  a  s i m i l a r  way t h e  upper  bounda r i e s  w = w 
j j '  

j = k + l ,  .. . , n .  

Let us now c o n s i d e r  w j , . . . , ~ n  a s  random v a r i a b l e s .  I n  

t h i s  c a s e  one can  t r y  t o  minimize a  mean v a l u e  of  t h e  l o s s  

f u n c t i o n  r ( x , x S )  and t o  f i n d  = (F:, ... ,?:) such  t h a t  

E r  (PI, x * )  = min E r  ( x , x * )  . 

(Remember t h a t  each  component xk i s  a  f u n c t i o n  of some d a t a  

T k  i n c l u d i n g  X ~ , . . . , X ~ - ~  and w 1 , . . . , w k . )  

Apparent ly  t h e  op t ima l  d e c i s i o n  a t  t h e  l a s t  n t h  s t e p  i s  - 
t h e  same a s  i t  was above:  

According t o  t h e  well-known Bel lman ' s  p r i n c i p l e  of  dy- 

namic programming, l e t  us minimize t h e  c o n d i t i o n a l  expec t a -  

where 



-0 
Obviousl.y,  x  - i s  t h e  f u n c t i o n  o n l y  of wn n  n n  

s o  n n  c o i n c i d e s  w i t h  t h e  o p t i m a l  d i s t r i b u t i o n  component 

0 - 
xn ( w l , . .  . , w ~ - ~ ,  wn) w i t h  r e s p e c t  t o  t h e  r e s o u r c e s  w l , . .  . , w ~ - ~ ,  
- 
W n - l  = E a n d  t h e  same c o n c l u s i o n  we h a v e  t o  make 

- 
c o n c e r n i n g  , namely,  x:-~ = x E - ~  ( w l  , . . . , W n - l  9 i n )  i s  t h e  

o p t i m a l  d i s t r i b u t i o n  component w i t h  r e s p e c t  t o  t h e  p a r a m e t e r s  

W1y". y W n - l y  w n Y  where 

0 - 
w ) i s  t h e  n o n - l i n e a r  G e n e r a l l y ,  x ~ - ~  ( W ~ , . . . ' W ~ - ~ ,  

n-1 n- 2 
f u n c t i o n  o f  En-1 = xk a s  w e l l  a s  of in. See  

k = l  

f o r m u l a s  ( 6 )  and ( 7 ) .  

Suppose t h a t  f o r  a l l  p o s s i b l e  p a r a m e t e r s  w = (wl, ..., w,), 

which may b e  f rom some known s e t  W i n  n -d imens iona l  v e c t o r  

s p a c e  R", t h e  c o r r e s p o n d i n g  o p t i m a l  d i s t r i b u t i o n s  x0 = ( x y ,  . . . , x z )  

h a v e  t o  be o f  t h e  same t y p e .  (It may be any of J =  3"-l 

d i f f e r e n t  t y p e s .  F o r  example ,  i t  may be o f  t h e  t y p e  [12] . )  

-0 I n  t h i s  c a s e  7: and  x ~ - ~  a r e  known l i n e a r  f u n c t i o n s  o f  t h e  
- 

v a r i a b l e s  E n  and En-1, wn. O b v i o u s l y ,  t h e  c o n d i t i o n a l  ex- 

p e c t a t i o n s  

n n  = E {"/rn-21 and nn-l  = E ~ x g - ~ / r ~ - ~ l  



a r e  o f  s i m i l a r  t y p e s  and c o i n c i d e  w i t h  t h e  co r r e spond ing  o p t i -  

mal d i s t r i b u t i o n  components 

and 

w i t h  r e s p e c t  t o  t h e  r e s o u r c e s  w l , . .  . , w , - ~ ,  where 

We have 

Here t h e  l a s t  t e rm is t h e  c o n s t a n t  (because  x? is  t h e  
J 

p r o p e r  l i n e a r  f u n c t i o n ,  i n  p a r t i c u l a r ,  t h e  l i n e a r  f u n c t i o n s  
- 

of t h e  v a r i a b l e  x ~ - ~ ) ,  S O  q = X ?  ( w ~ , . . . , w ~ - ~ ,  w ~ - ~ ,  
j J 

W )  a r e  

t h e  op t ima l  d i s t r i b u t i o n  components w i t h  r e s p e c t  t o  t h e  
- - 

r e s o u r c e s  w l , .  . . , w , - ~ ,  w and X:-2 a l s o  has  t o  be t h e  Wn- l '  n '  

o p t i m a l  component w i t h  r e s p e c t  t o  pa rame te r s  w ~ , . . . , w ~ - ~ ~  
- - 
W n - l y  Wn'  



Now i t  seems c l e a r  t h a t  a t  e a c h  k t h  s t e p  t h e  o p t i m a l  

- 0  amount xk a s  t h e  minimum p o i n t  of e  f u n c t i o n  -- 

c o i n c i d e s  w i t h  t h e  o p t i m a l  d i s t r i b u t i o n  component w i t h  r e -  
- - 

s p e c t  t o  t h e  p a r a m e t e r s  w l , .  . . . . . , w n ,  where  

- 
w = E {W . / r k l  ; j = k + l , .  . . , n ,  ( 1 4 )  
j J 

namely ,  
- 0 - - 
x 0  = xk ( w l , .  . . , w k ,  w ~ + ~ , .  . . , w n )  ; k  = 1, .  . , n .  ( 1 5 )  k  

(Remember we assumed a b o v e  t h a t  f o r  a l l  p o s s i b l e  p a r a m e t e r s  

w l ,  . . . ,  w n  t h e  c o r r e s p o n d i n g  o p t i m a l  d i s t r i b u t i o n s  a r e  t h e  

same t y p e !  ) 

Note t h a t  i n  t h e  c a s e  when, f o r  d i f f e r e n t  g r o u p s  o f  

p a r a m e t e r s  ( w l ,  . . . ,  wn) t h e  c o r r e s p o n d i n g  o p t i m a l  d i s t r i b u t i o n s  

0 0 ( x I  , . . . , x n )  a r e  o f  d i f f e r e n t  t y p e s  a n d  59 a r e  n o n - l i n e a r  
J 

f u n c t i o n s  o f  t h e  v a r i a b l e s  w k ,  k  < j ,  t h e  o p t i m a l  d i s t r i b u -  

-0 t i o n s  ( x y ,  . . . , x n ) - - c o n c e r n i n g  mean v a l u e  o f  t h e  l o s s  f u n c -  

t i o n - - i s  more c o m p l i c a t e d  t h a n  i t  was d e s c r i b e d  a b o v e .  

It i s  wor thy  t o  n o t e  a l s o  t h a t  t h e  mean v a l u e  c r i t e r i o n  

i s  n o t  u n i f o r m l y  good f o r  any p r o b a b i l i t y  d i s t r i b u t i o n s  o f  

t h e  p a r a m e t e r s  (wl , .  . . , w n ) .  

Example.  L e t  u s  c o n s i d e r  two demands x:, x i  f o r  

r e s o u r c e s  w i t h  i n d e p e n d e n t  components  w l ,  w 2 .  Suppose w2 0  

w i t h  a  v e r y  s m a l l  p r o b a b i l i t y  p  ( s a y ,  p  = 0 . 0 0 1 ) ,  s o  we a l -  

most c a n  b e  s u r e  t h a t  w 2  = 0 .  



I n  o r d e r  t o  make t h i s  more c l e a r ,  l e t  u s  assume t h a t  

E w2 1- x;. Then on t h e  b a s i s  o f  mean v a l u e  c r i t e r i o n  we 

h a v e  t o  c h o o s e  2: = w and T o  = 0  ( w i t h  a  b i g  p r o b a b i l i t y  
1 2  

I - p ) .  O b v i o u s l y ,  s u c h  a  d e c i s i o n  i s  n o t  good i n  t h e  c a s e  

when w i t h  a  good g u a r a n t e e  t h e  s e c o n d  demand x; h a s  t o  b e  

p a r t l y  s a t i s f i e d .  

3 .  Suppose t h a t  u n d e r  a  c o n d i t i o n  o f  unknown r e s o u r c e s  

w l , . . . , w n  t h e  c o r r e s p o n d i n g  demands x;, ..., x; a r e  g i v e n  i n  

t h e  fo rm 

where a;j, 0  5 a;j 2 1, a r e  some c o e f f i c i e n t s  ( i . e .  t h e  k t h  - 

consumer demands a * . t h  p a r t  o f  t h e  r e s o u r c e  w j < k ) .  Of 
k ~ -  j ,  - 

c o u r s e ,  t h e s e  c o e f f i c i e n t s  a *  may b e  n o n - f e a s i b l e .  Namely, 
n  k  j 

i t  may be  1 a *  > 1, and t h e  p rob lem i s  t o  f i n d  f e a s i b l e  
k z j  n j  

c o e f f i c i e n t s  a  . n j  ' 

which a r e  o p t i m a l  i n  some r e a s o n a b l e  s e n s e  f o r  t h e  r e s o u r c e  

d i s t r i b u t i o n  



Note t h a t  t h e  c o n d i t i o n s  (16)  f o r  a r b i t r a r y  pa rame te r s  

w l , . . . , w n  a r e  e q u i v a l e n t  t o  t h e  f o l l o w i n g :  

According t o  ou r  g e n e r a l  p r i n c i p l e  of  o p t i m a l i t y ,  we 

propose  a s  an  o p t i m a l  compromise t h e  r e s o u r c e  d i s t r i b u t i o n  

w i t h  t h e  c o e f f i c i e n t s  a 0  f o r  which 
n  j 

n  k 2 n n  2 1 hk  1 ( a l j  - a*  ) = 1 1 h a - a* ) = min . 
k = l  j = l  k j j-1 k = j  n  j 

Obvious ly ,  t h e  op t ima l  c o e f f i c i e n t s  azj, k  = j, . . . , n  

f o r  any j  = 1, ..., n  can  be de termined  from t h e  c o n d i t i o n  

2 1 h k  (aEj - a *  ) = min . 
k= 1 k j 

Le t  u s  f i x  j = 1,. . . , n .  Under t h e  s u b s t i t u t i o n  



l e t  u s  c o n s i d e r  a  = (a1, ..., a m )  as v e c t o r s  in m-dimensional  

s p a c e  w i t h  t h e  i n n e r  p r o d u c t  

a n d  t h e  m e t r i c  

L e t  S  b e  a s i m p l e x  of  a l l  v e c t o r s  a = ( a l ,  ..., a m )  which  m 

s a t i s f y  t h e  c o n s t r a i n t s  (l), namely,  

The p rob lem i s  t o  f i n d  a v e c t o r  a 0  = (a:,. . .,a:) eSm s u c h  

t h a t  

0 1 1 0  - a * )  1 = min 1 la - a * J  1 . 
ae  Sm 

Of c o u r s e ,  a: = a *  i f  a *  €Sm. Suppose a *  Bs,. L e t  u s  

c o n s i d e r  a h a l f - l i n e  f rom t h e  p o i n t  a * ,  which i s  p e r p e n d i c u l a r  
m 

t o  t h e  h y p e r p l a n e  L = {a! 1 an = 1 s ] .  I t  i s  a l l  p o i n t s  B 
k = l  

w i t h  c o o r d i n a t e s  



Let II = (ITl ' .  . . 'Urn) be a  p r o j e c t i o n  o f  t h e  p o i n t  a *  o n t o  

t h e  hype rp l ane  L: 

and S; = L n S m  be a  s e t  o f  a l l  v e c t o r s  a  = ( a l Y . . . ' a m )  such  

t h a t  

Obvious ly ,  i f  IIES;, i . e .  

t h e n  a0 = II .  (See  F i g u r e  5 . )  

Suppose ITgSA. Th i s  means t h a t  some of t h e  c o o r d i n a t e s  

I T l , .  . . ,IIm a r e  n e g a t i v e .  Let  u s  c o n s i d e r  

t *  
8;: = - - , k = l ,  ..., m ,  

l k  
where 

t *  = min ik a; . 



F I G U R E  5 



m 
Obvious ly ,  1 @ A  > 1 and t h e  hype rp l ane  L s e p a r a t e s  @ *  

k= 1 

and Sm. Because a  O i s  t h e  minimum p o i n t  o f  

rnin \ l a  - l 2  = rnin I l a  - 61 1 2  

a&Sm ass; 

2  
= rnin ( l a  - n )  1 + I I @  - J [ J \ ~  

ass; 

2 
= rnin 1 l a  - 61 ( t I I @  - 111 ( *  

a€Sm 

m 
0 

f o r  any @ o f  t h e  t y p e  ( 3 ) ,  1 6, 1, we can  de t e rmine  a  
k = l  

from t h e  c o n d i t i o n  

1 ) a 0  - B * J  1 = rnin \ l a  - . 
a s s m  

From t h e  ve ry  beg inn ing  we cou ld  s e t  c o o r d i n a t e s  i n  such  

a  way t h a t  

Then 

rnin L a *  = h a *  
k k  m m  ' 

l < k Q  - - 



* 0 ) .  Obvious ly ,  i . e .  8* = ( B T , . . . , B m - l ,  

m m-1 
min 1 h k  ( a k  - 8;)' = min I h k  ( a k  - 8;12 + h a  

k =  1 k= 1 k k  

m - 1  2  = min h k  ( a k  - 8;) , 
k = 1 

where Sm-l d e n o t e s  t h e  s e t  o f  a l l  v e c t o r s  a  = ( a l , .  . . , a,,,1) 

i n  (m-1)-dimensional  space  f o r  which 

0 0 Thus = 0 and t h e  q u e s t i o n  on  a l , . .  . ,am-l can  be  c o n s i d e r e d  

i n  t h e  same way a s  i t  was done above,  because  t h e  problem now 

0 0 i s  t o  f i n d  a  v e c t o r  a 0  = (a1, .  . . ,am-l) E S ~ - ~  such  t h a t  

1 l a 0  - 8*l 1 = min I l a  - 81 1 . 
~ E S  m- 1 

S i m i l a r l y ,  a s  i t  was above ,  we can d e t e r m i n e  a  O = 

( a 7  , . . . ,ao- ) a t  t h i s  second  s t e p  o r  r e d u c e  o u r  problem t o  m 1 
0 0 t h e  c a s e  of (m-2) unknown components a1 , . . . , am-2 .  Not more 

0 0 t h a n  i n  m s t e p s  c a n  we d e t e r m i n e  a l l  components a l , . . . , am .  

According t o  t h e  fo rmu la s  ( 1 9 )  and (201 ,  a t  e v e r y  s t e p  

we have t o  r educe  a;, 8; e t c .  t o  z e r o  o r  w i t h  s u b t r a c t i o n  



of  a  v a l u e  which i s  p r o p o r t i o n a l  t o  t h e  co r r e spond ing  l / l k .  

Thus t h e  op t ima l  a:, . . . ,ao n  a r e  t h e  f o l l o w i n g :  

where t h e  c o n s t a n t  to can  be de termined  from t h e  c o n d i t i o n  

i . e .  t h e r e  i s  t h e  c r u c i a l  l e v e l  to such  t h a t  

The same r e s u l t  h o l d s  t r u e  i n  t h e  c a s e  when, i n  a d d i t i o n  

t o  t h e  c o n s t r a i n t s  ( 1 6 ) ,  we assume--according t o  ( 2 ) - - t h a t  

0 because  ak; k = 1, ..., m o f  t h e  t y p e  ( 2 1 )  s a t i s f i e s  t h e s e  

" e x t r a "  c o n s t r a i n t s .  


