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PREFACE

One of the tasks of the Food and Agriculture Program at
IIASA consists of linking together national models through
international markets for agricultural products. This requires
in particular to find an economic equilibrium, i.e. to solve a
system of nonlinear ill-conditioned equations.

On the other hand, the task "Nonsmooth Optimization" has
been created in the System and Decision Area to investigate
modern methods for solving difficult problems of mathematical
programming, and their possible applications to fields of in-
terest at IIASA.

It appeared that these topics are strongly related, one
could even say that Nonsmooth Optimization seems to be a fruit-
ful approach for attacking equilibrium problems. Therefore a
collaborative research has been carried out, whose result is
now a computer code implemented on PDP 11, that finds an equi-
librium through Nonsmooth Optimization.

The aim of this paper is to demonstrate the feasibility
and the relative efficiency of this approach.
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SUMMARY

In an international economy --i.e. a system of importers-
exporters who react to prices -- equilibrium can be defined as a
system of prices such that the imports are not larger than the
exports. Mathematically, imports and exports are rather com-
plicated nonlinear functions of prices, so that finding an equi-
librium amounts to solving a nonlinear system.

To solve this problem, a technique was selected which
operates by defining iteratively a sequence of price vectors
which aim at reducing the gap between imports and exports, until
it is below an acceptable level.

In this paper, we give two examples of an international

model, outline the methodology adopted, and report on a substan-
tial set of numerical experiments.
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ABSTRACT

In the first section we describe the problem in general
terms, setting the precise hypothesis in mathematical language.
Section 2 describes the principles of an example which arises
in the context of the linkage of national models of food and
agriculture. The general methodology is presented in Section 3,
where the algorithm of solution is outlined. Section 4 reports
on an extensive set of numerical experiments, both on problems
known in the literature, and on the example of Section 2.

Finally the paper concludes by some remarks about improvements
of the algorithm, which motivate further research on the subject.
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Computing Economic Equilibria Through Nonsmooth Optimization

1. The Problem

Let Pqre--sPp be n nonnegative variables which are required

to sum up to:
(1) p; 2 0 i=1,...,n 1;p; =1

These variables are called prices, and we denote by S the set of
price vectors p which satisfy (1). To these variables are as-
sociated n functions zj(p),...,zn(p), called excess demands,

which satisfy the relation
(2) Zipi.zi(p) =0

known as Walras' law.

The problem is to find a vector p €S such that
(3) z,(F) <0 i=1,...,n .

A solution to this problem is called an equilibrium. From
(1) and (2), it is clear that, for any p€ S, all the zi(p) cannot
be strictly negative. Therefore it is absolutely impossible to
find an exact equilibrium-- at least when the problem is non-

linear -~ and we must be content if we find a p€ S such that
(4) z,(p) < g i=1,...,n ,

for some prescribed small positive tolerances €5 -

In Section 3, we suggest a methodology which can be applied

to solve (4), provided the following fundamental assumptions are

satisfied:

(1) For avy p€S such that P; > 0 i=1,...,n, each zi(p)



has a uniquely defined value, which is a continuous

function of p.

(ii) For any p€S such that p; > 0 i=1,...,n, there
exists a sequence kaES, pk—>p such that the gradients

Vzi(pk) extst and are bounded.

We thus require the ability to compute the gradients when-
ever they exist -- which may not be a trivial task. Moreover,
we need the zi(p) to have a "semismoothness" property which, due
to its technical nature, is not defined here, but can be found

in [8] and [9].

Hence, (i) rules out problems in which z(p) is a multi-
valued mapping. For this kind of problem, there exists only one
algorithm [11] for finding an equilibrium. Our aim is to compete
with this algorithm in the easier case of continucus excess
demands. If the excess demand is admitted to be continuous, then
the additional differentiability hypotheses are not much more
restrictive. 1In fact, they are only violated by strange (from

the point of view of applications) functions such as

z(p) = p2 sin% for peR.

The methodology we propose is strongly related to, and com-
parable with, Newton [1,12] or quasi-Newton [13] methods. However,
since we do not require the gradients to be continuous, the field
of applicability is significantly larger. RAlternatives to the

present approach can be found in [2] and [3].

2. An Example

Simple economic examples which fit into the above framework
can be found in [11]. However, this study was motivated by a
problem which is substantially more complex. We give a simpli-
fied description of it here, and refer the interested reader to
[4] for a more complete description from the economic point of
view. It is a model of international trade, with which is con-
sidered the linkage of national models having domestic price

policies and quotas on imports and exports.



The vector z(p) of excess demands for n commodities.is the
sum over j = 1,...,m of national excess demand yectors zj(p).
Each country determines its own excess demand zj(p) as a function
of the international price vector p, through a rather complicated
process. To simplify notation, we drop the superscript j and

describe the behavior of one country.

The country contains several income classes {(indexed by h),
each of which is considered as an individual consumer, so that
the national excess demand for commodity i is given by

h h_ . h
2; = lp?y = lp (x5 -yy) -

In this notation, x denotes the consumption, whereas y? is
the quantity of commodity i owned by the income class h after
production. Although economies with production as a function of
prices can be considered, we restrict the description to a simpler
example in which the availability and ownership of commodities
is given, the so-called exchange economy. Therefore, the numbers
yh are fixed, and it is the behavior of the consumption levels x?,

i
as functions of p, which must be described.

The consumptions depend on p through two kinds of inter-
mediate parameters: those which are national, i.e. common to all
income classes, and those which are specific to each income class.

We begin with the national parameters.

First there are given gquotas inside which the national excess

demands must lie, which create constraints of the type

h
(5) L, < Xh}%_ < Uy

The following basic national relation expresses that the

balance of trade condition is satisfied:

h h
(6) 2ipiihxi = Eipiihyi + k(PqseeoiPy) s

where k is a function (one for each country) continuous and



homogenous of degree 1; moreover ZKJ(p)= 0. Hence (2) holds.
]

The income classes are not directly confronted with the
international prices P but rather with effective domestic
prices pe;. By means of tariffs at the border, the government
tries to make pe = vd, a desired price vector, which should

follow p according to a given adjustment rule
(7) pd; = F; (Pgs---+Pp)

each F; being a differentiable and homothetic function.

However, the equality pe = pd = F(p) may not be realizable,
because of quotas. There is a deviation between pe and pd, which

can be roughly explained as follows

* 1if both of the bounds in the ith constraint (5) are

inactive, then pe; = pdi;

* if a bound is active, then the corresponding consumption
is not free, and there is a shadow price difference A

which represents the marginal "cost" of satisfying the

constraint. If the constraint is actually th? = Uy

h
(resp. zflxi
and if the constraint is inactive A; = 0. Therefore,

= Li) then Ai is positive (resp. negative);
we write

(8) pe; = pdi + Ai .

(In the particular case of a single income class, the problem of
computing x reduces to an optimization problem. If in addition,
pd = p, then the above relations are just the Kuhn-Tucker

equations.)

We now turn to the income - class specific aspects. Each
income class will have to satisfy an equation similar to (6),
relating pe, and x?. Since pe # p, this equation becomes the

so-called budget equation:



h h . .h
(9) zipeixi = zipeiyi + t ,

where th is the contribution of income class h to the national
n

income tax t = zht It is convenient to set

ah being determined by a system of taxation. Various such

systems are possible, for example:

1. ah depends only on h.

h h h
2. a = ];pe; ¥/ 0y nhPey v

h h h h _,h .
3. o such that (zipeiyi+t )/(Ei,hpeiyi+t)—8 given.
Finally, when pe and t are fixed, (9) reduces to a system
of linear equations in x?, and each income class chooses a con-
sumption vector which maximizes its own utility function uh,
i.e. which solves

h

max u (x

h h
1,...,xn)

h h h
Zipei X, = Zipeiyi + o't

We assume that each problem (10) has a unique nonnegative
solution, which is the case if the utility function is strictly

concave and the <income ZFKH_Y? + aht is strictly positive.
i

Suppose now that an index set I C{1,...,n} is given such
that the constraints (5) are required to be active for i€I.
Then the government has to find a value of the tax parameter t,
which generates a system of prices pe, such that the solutions
of (10) satisfy equation (6) together with equalities (5) for
i€I. Of course, there is ﬂg reason for the constraints (5) to

be satisfied for i ¥ I, unless I has been properly chosen.



In summary, computing z(p) amounts to iterating over I and
t such that the equilibrium defined by (6) and (10) satisfies
(5). The existence of such an equilibrium is studied in [4]
where, for specific utility functions, uniqueness has been shown,

and algorithms have been given to compute z(p) and the Jacobian

3Z .
§§i . This computation has been realized as a FORTRAN program
J
(whichwe will not try to describe here!) We simply point out

that the Jacobian is discontinuous at vectors p such that for

some country the set of active constraints (5) switches.

3. The Methodology

The idea for solving (3) is to choose a nonnegative goal
funetion f(p), which measures how far p is from an equilibrium,
and which is zero if and only if p is an equilibrium. Then the

problem is reduced to

min f (p)

pes

i.e. a constrained optimization prcblem. Since S is particularly
simple, and since one is generally interested in problems where
the equilibrium prices are all nonzero, we eliminate the con-

straints by the following technique:

First add to f a barrier function Q(p) which is positive
for any pe S, and which tends to +«» when p approaches the
boundary of 8. It is convenient to set Q(p) = ziq(pi)where

0 if t > ¢
(11) g(t) = 2

8

[LogE-} lf0<t_<_6

Thus, the actual f(p) is considered only when each Py is greater

than § (and we can choose for example § = 10_u.) This eliminates

the constraints p; > 0. We now change notation and denote by
Py 2 g



f(p) the function f(p) + Q(p).

To eliminate the constraint Epi = 1, we consider the re-
striction of f to the set {p|)}p; = 1}. This restricted function
has a gradient whose components g; sum up to 0, and are given by

the following formula:

_3f(p) _ 1 3f (p) .
(12) g; = 3§I- o Ej BPj i=1,...,n

It remains to specify the goal function. First, the excess
demands should be mutually comparable. This leads us to con-

sider the scaled excess demands

where the coefficients ai(p) are required to satisfy
ai(p)_>_0L>O i=1,...,n ¥p €8

The proper choice of qi(p) depends on the problem considered.

In view of (4), we can choose

o; (p) = 1/&:i i.e. constant coefficients.
It is also possible to choose

a; (p) = op; + (1- a)ﬁi

where o €]0,1[ and p is some strictly positive fixed vector in

S, which is hopefully not far from the desired equilibrium.

For the example of Section 2, a particularly suitable choice

would be
a; (p) = 1/2j max (0,zi(p))

where zi(p) is the excess demand of the jth country. However,



we do not study further this choice, which presents some com-

putational difficulties.

Once each excess demand is scaled, various goal functions

are possible.

f(p) maxizi (p) which is the most natural one

£(p) = }; max (0,z!(p))

J;[max (0,2} (p))1% which is differentiable

’—h
o]
1l

if every zi(p) is differentiable.
Suppose for example we choose

(13) f(p) = maxi(zi(.p)/ei) .

(The other choices are simple variants.) This function has a
gradient only when p is such that there is exactly one 1 such
that zi(p)/ei is maximum, and the corresponding gradient Vzi(p)
exists. Otherwise we speak of a generalized gradient. The com-

putation of f and a generalized gradient is simply described by

1. Check that all prices are positive. Compute the excess

demands and their (generalized) gradients.

2, Determine some index i such that zi/ei is maximum. This

gives f and a (generalized) gradient g.

3. If necessary, add to f and g the barrier terms corresponding

to (11).
4. Substract from g the restriction term corresponding to (12).

To minimize f, we just apply some method for nonsmooth
optimization described in [9]. Every such method is based on
the usual principle of descent methods [5], in which a direction

d of incrementation of prices is computed from the current iterate



p, and then a line-search is performed in this direction, hope-
fully providing a stepsize t such that f(p+ td) < f(p). The
common characteristic of these methods is that the direction is
computed through a quadratic programming problem inQolving the
gradients accumulated during the previous iterations. We can

describe their general scheme briefly as follows.
ALGORITHM 1

Step 1. Suppose k iterates p1,...,pk have been generated, and
the corresponding gradients have been stored in the bundle

1 k
{g ,...,9}.

Step 2. According to some deletion rule, select an index set
KC{1,...,k}.

Step 3. Find the vector dk of minimal length among the convex

combinations

a= 3 g, A > o ;a3 =

j€EK j€eK

Step 4. Perform a line-search along —dk to find the stepsize

t > 0 and the next gradient gk+1 = Vf(pk-tdk) such that
. k k k .
- either f(p —-td ) < f(p') (serious step). Then set
KT oK - K
. k+1 k
- or t is small enough (null step). Then set p = p .

Step 5. 1Increase k by 1 and go to Step 1.

In Step 2 the deletion rule can be used in particular to
reduce the size of the bundle when it becomes too large for the

allocated computer memory.

Under the hypotheses listed in Section 1, the algorithm can
be implemented. Whether the sequence pk converges to an equi-
librium is in general a matter of chance, but we can state con-

vergence at least under some classical hypotheses [1].
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THEOREM 1

Suppose f is given by (13). Then the above algorithm pro-

duces an equilibrium under either of the two following assumptions.

(i) Each zi(p) is semiconvex [8] (or more simply: convex)

(ii) When p approaches the boundary of S, at least one
zi(p) goes to +». Each zi(p) is a continuously 4if-
ferentiable function, positively homogenous of degree 0:
zi(up) = zi(p) Yu > 0. Any subset of at most n-1

gradients Vzi(p) is linearly independent.

PROOF. (i) is just Corollary 5.3 of [9].

Now assume (ii). For p and q in Rn, denote (p,q) = § P; 9;
the usual scalar product. Let p€§ be such that p; > §
i=1,...,n. Let I(p) be the index set such that zi(p)/ei is
maximum for i€ I(p). According to (11), (13) the generalized

gradients of f at p are the vectors of the form

(14) (Vz, (p) - L (Vz, (p),wul/e;  i€I(p)

where u€R" is the vector whose all components are 1.

We define a stationary point of f as a point such that there
exists a convex combination of generalized gradients which vanishes.
Theorem 5.2 of [9] states that the algorithm produces such a
stationary point p. Because of (ii) and since f(pk) is nonin-
creasing, we may suppose that Ei > 6. Then from (14) the sta-
tionarity of p means that there exist xi > 0,i€I(p), Ai not all

zero, such that

— 1 —
(15) Y A Vz. (p) - = Y (AVz. (P),uw)u =0 .
ier(e) * * “ierpy **t
We now show that the coefficient 1 y (A;Vz, (p),u) is zero.

1€I (p)
Call this coefficient a. In (15), we have a vector of R" which

is zero. Therefore, its scalar product with p is also zero:
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L2y (V2 (®),p) - alu,p) =0

Observe that (u,p) = Zﬁi = 1. On the other hand, the homogeneity
of z; implies that (Vzi(ﬁ),ﬁ) = 0 (Euler relation), so that we
get o = 0. Therefore (15) can be written

L _ X9z, (P) =0
ier(p
From the independency assumption in (ii), this implies that
I(p) contains n vectors. Finally we have proved that at p, all
the scaled excess demands are equal. Because of Walras' Law,

this means that they are actually zero. Q.E.D.

This 1is a theorem of global convergence, which requires a
global assumption on the independency of the gradients. Of course
there are local analogues which state that convergence is ensured
provided the starting point p1 is close enough to an equilibrium.
Suppose for example that, for any stationary point p which is
not an equilibrium, one has f(5)31m2>0. Then the algorithm con-
verges provided that f(p1) <m. Note also that this theorem
neglects the influence of the penalty function, which is supposed

to be eventually inactive during the algorithm.

The reason why we do not give a theorem of convergence for
the general case where the excess demands are not differentiable
(such as in Section 2) or with other goal functions, is because
the definition of a stationary point is then much more technical.
We can just say that in practical examples (as in Section 2 with a
significant number of countries), convergence to a wrong point is

rather unlikely.

4. Numerical Results

The algorithm of Section 3 can be illustrated with the
examples of [11], in which three test problems involving n = 5,8,10
respectively are given. For each test problem, we made 6 runs;
with three different goal functions, and two different starting

price vectors:



GOAL 1

GOAL 2

GOAL 3

START 1 1is

START 2 is close to (1,0,..

is f(p) =
is f(p) =
is f(p) =

Pj =}1§

point of Scarf's algorithm.

max.
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z; (p)

maxi(zi/z.w..)

J 1]

Xipilzi(P)|

(cf. [11

] for the meaning

of w..) :
i

J

.,0) which is the starting

Each test is then run until the maximum excess demand is

reduced to the final maximum excess demand obtained

Table 1 gives the comparison in terms of the number of evalua-

tions required (evaluation of the excess demand for Scarf, of

the excess demand and its Jacobian for the,present algorithm.)

n =25 n =28 n =10
Max E.D. .02 .07 .04
Final
[(11] 158 640 468
Scarf
best [13] 77 104 121
(1) (1)
GOAL 1 27417 52 35 65 57+26 90
GOAL 2 31 52 35 68 50 93
GOAL 3 26 (2) 68 (2) 60 (2)
Max E.D. 20.2 98. 9.8 4y, 27. 318.
Initial
START1 START?2 START1 START?2 START1 START 2

Table 1

by Scarf [11].
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(1) The algorithm converged to a "critical point" where (n-1)
excess demands were equal (the nth being negative). However,
the cure was simple: it sufficed to restart --i.e. to clean up

the index set K in Step 2.

(2) It converged to a local optimum near the boundary of S,

which we could not jump. This shows that using prices to scale
the excess demands us unsafe because the goal function may not
go to +» near the boundary of S, so that the barrier is active

and may introduce local optima.

We turn now to the example of Section 2. We have chosen an
economy with 15 commodities, 3 countries, and each country has
10 income classes. The utility functions have the form
h h h h _

e, Log x; e; >0 Ye, =1
1 i
For each country, the system of taxation is the third one,

all the coefficients Bh being 0.1.

The third country is a very small one which, in this
exercise, serves as a barrier function (to prevent the prices
from going to zero) so that, for this third country, the adjust-
ment rule for the desired domestic prices is in fact pd; = P
i=1,...,15. For the first two countries the adjustment rule

has the form
pd; = (rp;) " p

where the exchange rate r is 1 and the vector p is
(1,2,3,4,2,1,50,100,1,0.2,1,1,1,2,10] for both countries.

We have defined several test problems, taking different

values for the degrees of free trade c;

TEST 1 c; = 1 i=1,...,15 for countries 1 and 2

TEST 2 cy

i
o
u

TEST 3 Ci = 0.1 " " " " "



14~

0 i <7
TEST 4 First country: c, =
i .
1 i>7
1 i <10
Second country: c; =
0 i> 10

h h

The other data Yir €40 L., Ui for each country are given on the

i i
following pages. For each test we ran the algorithm with three

goal functions

GOAL 1: to minimize f(p) max zi(p)/yi

15
GOAL 2: to minimize f(p) = Z max (O,Zi(p))
i=1
15 ,
GOAL 3: to minimize f(p) = } max (0,2, (p))/y;
i=1
3 10 ‘h
(where y, is the total endowment: vy, = D) yg ).

j=1 h=1
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COUNTRY 2

Endowments y(i,h)
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In each run, the iterations were stopped as soon as each
excess demand z; was less than 1% of the total corresponding
endowment.yi. The starting value for the world vector price

1

was always P; = 95°

Table 2 below summarizes the results. For each of the 5
tests, we give the maximum initial excess demand, and for each
of the 15 runs, we give the final maximum excess demand and the
total number of function-gradient evaluations. Note that the

excess demands in this model can be shown to be "semi-smooth".

GOAL 1 GOAL 2 GOAL 3
Max ED Max E.D. Max E.D. Max E.D.
Initial #ewval Final # e val Final #eval Final
TEST 1 210. 59 5.28 81 1.25 48 5.81
TEST 2 413. 74 1.85 236 1.18 96 1.8
TEST 3 368. 143 0.28 460 1.02 121 1.3
223 316.1 213 12.3
TEST 4 369. + 138 1.23
69 2.1 | 43 4.5
TABLE 2

(l)Cf. Note (1) below Table 1.
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5. A New Technique for Minimax Problems

Minimizing the maximum excess demand consists in solving
(3) as a minimax problem, for which a special method exists [4].
Basically, it proceeds as in Algorithm 1 (for the goal function
f(p)
fact the set {Vzi(pk)|i= 1,...,n}. In other words, it uses in

max z} (p)) except that the set {g7]j €K} at step 3 is in

the same way (i.e. for computing a direction) all the information
computed at pk (the Jacobian matrix) instead of partial informa-
tion computed at previous steps (one line of the Jacobian at

each pl).

This method is equivalent to Newton's method for solving
the system of inequalities (3), as defined in [10]. Correspond-
ingly, it is shown in [7] to be guadratically convergent, pro-
vided the hypotheses of Theorem 1 are satisfied. However, in
the present situation, it may fail because the excess demands

are not continuously differentiable.

It is therefore attractive to combine the advantages of
these two methods, in order to obtain a safe method which con-

verges superlinearly when the problem is smooth enough.

This amounts to modifying Step 2 of Algorithm 1 in the
following manner: select an index set K and the corresponding

set of gradients {g7,j €K} by taking
- first some subset of {Vf(pj),j= 1,...,k}

- and then some subset of {Vzi(pk),i= 1,...,n}

We are now studying various strategies for choosing K prop-
erly, the problem being to find a good balance between efficiency

(rapidity) and safety (avoiding local optima of the goal function).
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