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PREFACE 

Interest in water resources systems has been a critical part of resources 
and environment related research at IIASA since its inception. As demands 
for water increase relative to supply, the intensity and efficiency of water 
resources management must be developed further. This in turn requires 
an increase in the degree of detail and sophistication of the analysis, 
including economic, social and environmental evaluation of water resources 
development alternatives aided by application of mathematical modelling 
techniques, to generate inputs for planning, design and operational de- 
cisions. 

In 1976 and 1977 IIASA initiated a concentrated research effort 
focusing on modelling and forecasting of water demands. Our interest 
in water demands derived from the generally accepted realization that 
these fundamental aspects of water resources management have not been 
given due consideration in the past. 

This paper, the sixth in the IIASA water demand series, reports on a 
price coordination method proposed for the solution of a complex 
demand-supply problem in water resources management. I t  is assumed that 
mathematical models are available for the description of each "supply" and 
"demand" unit in the region. The method presented in this paper allows 
one to determine optimum levels of development for both supply and 
demand units, such as to maximize total net benefits from water use in a 
given region. Although the complexity of the problem under consideration 
necessitated some simplifying assumptions, practical applicability of the 
method is demonstrated and recommendations are made as to  how it could 
be extended further. 

Janusz Kindler 
Task Leader 
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A scheme is proposed for the coordination by prices of water supplies 
and demands in a region. The objective is to maximize the total regional 
net benefit from water use and it is achieved when the marginal benefit 
at each demand point is equal to the marginal cost of delivering water to  
that point. The class of problems to  which the scheme can be applied is 
determined from the graph of the network connecting supplies and 
demands. An example is presented in which the scheme is applied to 
analyze possible interbasin water transfers in the Northwest Water Plan in 
Mexico. 





Supply-Demand P r i c e  Coord ina t ion  i n  
Water Resources Management 

1 . INTRODUCTION 

I n  w a t e r  r e s o u r c e s  management, t h e  demands f o r  t h e  use o f  
w a t e r  t r a d i t i o n a l l y  have been t r e a t e d , a s  f i x e d  " requ i rements " .  
These requ i rements  a r e  based on c o e f f i c i e n t s  ( e . g .  s o  many l i ters  
p e r  pe rson  p e r  day,  s o  many l i ters  p e r  t o n  o f  s t e e l )  which h a v e .  
been assumed t o  be c o n s t a n t  over  t i m e .  F u t u r e  w a t e r  requ i rements  
have been f o r e c a s t  by ex tend ing  p a s t  t r e n d s .  

I n  many i n d u s t r i a l i z e d  c o u n t r i e s ,  t h i s  approach t o  t h e  
management o f  n a t u r a l  r e s o u r c e s  i s  prov ing  i n a d e q u a t e .  Demands 
a r e  n o t  growing a s  f o r e c a s t ;  f a c t o r i e s  and power p l a n t s  a r e  
s w i t c h i n g  t o  r e c y c l i n g ;  t h e  number o f  water -us ing a p p l i a n c e s  i n  
homes is l e v e l i n g  o f f ;  i r r i g a t i o n  i s  becoming more e f f i c i e n t .  
Moreover, it i s  be ing  i n c r e a s i n g l y  recogn ized  t h a t  i n s t e a d  o f  
i n v e s t i n g  more money on t h e  supply  s i d e  o f  t h e  supply-demand 
p i c t u r e  t o  b r i n g  e x t r a  w a t e r  from f u r t h e r  away, it may be more 
e f f e c t i v e  t o  i n v e s t  t h i s  money on t h e  demand s i d e  t o  e n s u r e  
more e f f i c i e n t  u s e  of t h e  w a t e r  c u r r e n t l y  a v a i l a b l e .  

To cope w i t h  t h i s  r a p i d l y  changing s i t u a t i o n  new management 
approaches a r e  be ing  deve loped and a p p l i e d .  Water demands a r e  
b e i n g  f o r e c a s t  us ing  t h e  a l t e r n a t i v e  f u t u r e s  c o n c e p t  i n  which 
v a r i o u s  s c e n a r i o s  o f  f u t u r e  changes i n  demand a r e  deve loped.  
The f a c t o r s  a f f e c t i n g  t h e  v a r i o u s  t y p e s  o f  w a t e r  demands a r e  
b e i n g  model led by mathemat ica l  programming and s t a t i s t i c a l  
t e c h n i q u e s .  

Now t h a t  b e t t e r  models f o r  wa te r  demands a r e  becoming 
a v a i l a b l e ,  it is necessary  t o  s e e k  ways i n  which t h e y  can be 
combined w i t h  t h e  models c u r r e n t l y  e x i s t i n g  f o r  w a t e r  supp ly  
(e .g .  models f o r  r e s e r v o i r  r e l e a s e s )  i n  o r d e r  t o  s o l v e  problems 
o f  r e g i o n a l  w a t e r  management. The o b j e c t i v e  o f  t h i s  paper  is 
t o  deve lop  an a l g o r i t h m  f o r  t h e  c o o r d i n a t i o n  o f  s u p p l i e s  and 
demands i n  a  r e g i o n  assuming t h a t  each  s i g n i f i c a n t  u n i t  i s  
r e p r e s e n t e d  by such a  model, and t h a t  t h e r e  i s  no economic 
l i n k a g e  among demand and s u p p l y  u n i t s .  

Two g e n e r a l  approaches t o  t h i s  t y p e  o f  a n a l y s i s  may be 
noted:  aggrega ted  and d i s a g g r e g a t e d .  I n  t h e  aggrega ted  approach,  
a  l a r g e  mathemat i ca l  model i s  f o rmu la ted  t o  r e p r e s e n t  t h e  s u p p l i e s  
and demands over  t h e  whole r e g i o n  and s o l v e d  t o  y i e l d  t h e  o p t i m a l  
s o l u t i o n ,  which maximizes t h e  t o t a l  n e t  b e n e f i t  from w a t e r  u s e .  
When t h e  s u p p l i e s  and demands a r e  connec ted  i n  a  complex network 
under  c e n t r a l i z e d  management, t h e  aggrega ted  approach may be t h e  
most a p p r o p r i a t e  one t o  u s e ,  b u t  it i s  o f t e n  d i f f i c u l t  t o  synthe-  
s i z e  a l l  t h e  i n f o r m a t i o n  i n t o  one aggrega ted  model. Computer 



t ime  and memory requ i rements  may be p r o h i b i t i v e ;  t h e  models which 
c u r r e n t l y  e x i s t  f o r  v a r i o u s  t y p e s  o f  demands may n o t  be compat ib le  
( e - g .  a g r i c u l t u r a l  wa te r  demands a r e  commonly model led by l i n e a r  
p r o g r a m i n g  w h i l e  s t a t i s t i c a l  r e g r e s s i o n  i s  u s u a l l y  used t o  e s t i -  
mate mun ic ipa l  wa te r  demands);  because o f  i n s u f f i c i e n t  d a t a ,  i t  
may n o t  be f e a s i b l e  t o  c o n s t r u c t  any s a t i s f a c t o r y  "mathemat ica l "  
model f o r  some o f  t h e  demands. 

A d i s a g g r e g a t e d  approach a t t e m p t s  t o  a v o i d  t h e s e  d i f f i c u l t i e s  
by t r e a t i n g  s u p p l i e s  and demands a s  independen t  e n t i t i e s  which 
must be c o o r d i n a t e d  s e q u e n t i a l l y  by a  s u p e r v i s o r .  Such a  u n i t  
needs in fo rmat ion  o n l y  on t h e  s t r u c t u r e  o f  t h e  sys tem,  namely 
upon t h e  i n t e r c o n n e c t i o n s  e x i s t i n g  among t h e  d i f f e r e n t  s u p p l i e s  
and demands. Using t h i s  i n f o r m a t i o n ,  t h e  s u p e r v i s o r  can  gu ide  a  
k ind  o f  game c o n s i s t i n g  o f  a  sequence o f  q u e s t i o n s  and answers  
between h imse l f  and t h e  a g e n c i e s  r e s p o n s i b l e  f o r  t h e  d i f f e r e n t  
s u p p l i e s  and demands. These q u e s t i o n s  and answers  a r e  r e p e a t e d  
i n  a  w e l l  s p e c i f i e d  o r d e r  u n t i l  convergence t o  an o p t i m a l  b a l a n c e ,  
o r  e q u i l i b r i u m ,  between s u p p l i e s  and demands is o b t a i n e d .  

The o b j e c t i v e  o f  t h e  c o o r d i n a t i o n  a l g o r i t h m  i s  t o  maximize 
t h e  t o t a l  r e g i o n a l  n e t  b e n e f i t  b u t  i n s t e a d  o f  approach ing  t h i s  
by accoun t ing  f o r  t o t a l  b e n e f i t s  and c o s t s ,  a s  i s  u s u a l l y  t h e  
c a s e ,  t h e  a l g o r i t h m  works w i th  marg ina l  b e n e f i t s  and c o s t s .  The 
key i d e a  i n  de te rm in ing  t h e  op t ima l  s o l u t i o n  is t h a t  i f  a  c e r t a i n  
f low i s  t o  be t r a n s f e r r e d  from a  supp ly  t o  a  demand, t h e  c o s t  o f  
d e l i v e r i n g  t h e  f i n a l  u n i t  o f  w a t e r  (which is t h e  marg ina l  c o s t  
o f  t h i s  f low)  must be e q u a l  t o  t h e  b e n e f i t  g e n e r a t e d  by t h i s  
f i n a l  u n i t ,  o r  marg ina l  b e n e f i t .  T h i s  is ana logous  t o  d e t e r -  
mining t h e  e q u i l i b r i u m  p r i c e  i n  a  marke t ,  s o  " p r i c e "  i s  o f t e n  
s u b s t i t u t e d  f o r  marg ina l  c o s t  o r  b e n e f i t  i n  t h e  d i s c u s s i o n  which 
f o l l o w s  . 

The snag  i n  a p p l y i n g  a  market  e q u i l i b r i u m  approach t o  
r e g i o n a l  w a t e r  management i s  t h a t  w a t e r  s u p p l i e s  and demands 
a r e  n o t  i ndependen t  o f  one a n o t h e r  a s  i s  u s u a l l y  assumed i n  
market  e q u i l i b r i u m  a n a l y s i s .  Fo r  example,  upst ream u s e r s  a f f e c t  
downstream u s e r s ;  groundwater w i thd rawa ls  d e p l e t e  s u r f a c e  w a t e r s .  
Al though some o f  t h e s e  c o m p l e x i t i e s  a r e  t r e a t e d  i n  t h e  p r e s e n t  
paper ,  a  number o f  s i m p l i f y i n g  assumpt ions s t i l l  had t o  be made 
i n c l u d i n g  t h e  fo l l ow ing :  w a t e r  q u a l i t y  i s  n o t  e x p l i c i t l y  con- 
s i d e r e d ;  a l l  f lows a r e  made a v a i l a b l e  a t  t h e  same t i m e ;  a l l  
s u p p l i e s  have t h e  same r e l i a b i l i t y .  

The paper  i s  s t r u c t u r e d  i n  t h e  f o l l o w i n g  way: S e c t i o n  2 
p r o v i d e s  background i n f o r m a t i o n  on t h e  b a s i c  c o n c e p t s  which a r e  
used  i n  S e c t i o n  3 f o r  t h e  a n a l y s i s  o f  a  t y p i c a l  w a t e r  r e s o u r c e s  
management problem i n v o l v i n g  t h e  c o o r d i n a t i o n  o f  two s u p p l i e s  
and two demands; S e c t i o n  4 expands t h i s  a n a l y s i s  i n t o  a  g e n e r a l  
scheme which i s  a p p l i e d  i n  S e c t i o n  5 t o  de te rm ine  t h e  o p t i m a l  
i n t e r b a s i n  wa te r  t r a n s f e r s  i n  t h e  Northwest Water P l a n  i n  Mexico; 
S e c t i o n  6 p r e s e n t s  conc lud ing  remarks.  



2 .  SOME BACKGROUND INFORMATION 

S i n c e  t h e  main t o o l s  o f  t h e  method p r e s e n t e d  i n  t h i s  paper  
a r e  t h e  s o - c a l l e d  demand and supp ly  models we now s h o r t l y  rev iew 
what t h e y  a r e .  

The b e n e f i t  B  o f  a  demand u n i t  ( a  f i r m ,  a  c i t y ,  an a g r i c u l -  
t u r a l  a r e a ,  an e n t i r e  r e g i o n ,  ... ) i s ,  i n  g e n e r a l ,  a  f u n c t i o n  o f  
t h e  amount Q o f  w a t e r  consumed o r  used by t h e  u n i t ,  i .e .  

N a t u r a l l y ,  i n  r e a l  c a s e s ,  t h e  b e n e f i t s  depend on t h e  t i m i n g  and 
r e l i a b i l i t y  o f  t h e  f low d e l i v e r e d .  For  example, i n  i r r i g a t i o n  
p l a n n i n g  it i s  i m p o r t a n t  t o  know t h e  f low a b l e  t o  be  d e l i v e r e d  
w i t h  h i g h  r e l i a b i l i t y  ( e . g .  95%, 99%)  d u r i n g  t h e  c r i t i c a l  weeks 
o f  t h e  growing season .  However, most i r r i g a t i o n  demand models 
a r e  fo rmu la ted  t o  y i e l d  t h e  t o t a l  volume needed i n  t h e  whole 
growing season  r a t h e r  than  some c r i t i c a l  peak f low,  s o  t h e  
assumpt ion i n  t h e  p r e s e n t  a n a l y s i s  o f  a  c o n s t a n t  average  f low 
i s  c o n s i s t e n t  w i t h  t h e  o u t p u t  o f  t h e s e  models. The t i m e  p e r i o d  
o v e r  which t h e  f low i s  be ing  d e l i v e r e d  shou ld  be t h e  same f o r  
a l l  demands. 

I f  t h e  w a t e r  i s  p a i d  f o r  a t  a  p r i c e  p  t h e  p r o f i t  o f  t h e  
u n i t  i s  [B(Q) - pQ] s o  t h a t  a  p a r t i c u l a r  amount of  w a t e r  w i l l  
be demanded f o r  each  g iven  p r i c e .  Under t h e  assumpt ion t h a t  
t h e  u n i t  i s  p r o f i t  maximizing, t h i s  amount o f  w a t e r  can e a s i l y  
b e  de te rm ined  by s o l v i n g  t h e  f o l l o w i n g  o p t i m i z a t i o n  problem 

I f  problem (1 )  i s  s o l v e d  f o r  a l l  v a l u e s  o f  t h e  paramete r  p ,  a 
f u n c t i o n ,  c a l l e d  t h e  demand f u n c t i o n  

i s  o b t a i n e d  which g i v e s  t h e  amount o f  w a t e r  demanded by t h e  u n i t  
a s  a  f u n c t i o n  o f  t h e  p r i c e  o f  t h e  w a t e r .  I f  t h e r e  a r e  no e x p l i c i t  
i n e q u a l i t y  c o n s t r a i n t s  added t o  problem ( 1 )  t h e  necessary  condi -  
t i o n s  f o r  o p t i m a l i t y  i m p l i e s  t h a t  



s o  t h a t  t h e  demand f u n c t i o n  ( 2 )  can  be i n t e r p r e t e d  a s  t h e  marg ina l  
b e n e f i t  o f  t h e  u n i t  ( a c t u a l l y  t h e  i n v e r s e  o f  t h i s  f u n c t i o n ) .  

The same c o n s i d e r a t i o n s  can  be a p p l i e d  t o  a  supp ly  u n i t  ( a  
r e s e r v o i r ,  a  d e s a l i n a t i o n  p l a n t ,  a  pumping s t a t i o n ,  a  r e g i o n ,  ...) 
which a t  c o s t  C(Q)  s u p p l i e s  an amount Q o f  w a t e r  and sel ls  i t a t  
a  p r i c e  p .  I n  t h i s  c a s e  t h e  o p t i m i z a t i o n  problem s o l v e d  by t h e  
u n i t  i s  

and t h e  co r respond ing  s o l u t i o n  g i v e s  a  supp ly  f u n c t i o n  

which i s  n o t h i n g  b u t  t h e  i n v e r s e  o f  t h e  marg ina l  c o s t  o f  supp ly .  

The b e n e f i t  and c o s t  f u n c t i o n s  B(Q) and C(Q)  and t h e  demand 
D S and supp ly  f u n c t i o n s  Q ( p )  and Q ( p )  may be themselves t h e  r e s u l t  

o f  complex o p t i m i z a t i o n  p rocedures  ( e . 9 .  op t ima l  d e s i g n  o f  t h e  
p l a n t ,  d e t e r m i n a t i o n  o f  t h e  op t ima l  s i z e  o f  t h e  r e s e r v o i r ,  ... ) 
and f o r  t h i s  reason  t h e y  may n o t  be e x p l i c i t l y  known, i . e .  t h e i r  
f u n c t i o n a l  form may n o t  be a v a i l a b l e .  What i s  a v a i l a b l e  i n s t e a d  
i s  a p rocedure  t h a t ,  g i ven  a  p r i c e ,  a l l o w s  t h e  d e t e r m i n a t i o n  of  
t h e  w a t e r  demanded o r  s u p p l i e d  a t  t h a t  p r i c e .  I n  many c a s e s  t h i s  
p rocedure  may be a  complex mathemat ica l  programming model ( s e e ,  
f o r  example,  [ I ,  21 f o r  i n d u s t r i a l  demand, [ 3,UI f o r  a g r i c u l t u r a l  
demand, and [ 5 , 6 ]  f o r  mun ic ipa l  demand). I n  o t h e r  c a s e s  t h e  
p rocedure  may be a  sequence o f  o p e r a t i o n s  based on more o r  l e s s  
e m p i r i c a l  o b s e r v a t i o n s  e v e n t u a l l y  i n t e g r a t e d  by some s i m u l a t i o n  
s t u d y .  T h i s  i s  t h e  way t y p i c a l l y  fo l lowed by c o n s u l t i n g  a g e n c i e s  
when d e s i g n i n g  supp ly  u n i t s  such a s  r e s e r v o i r s ,  i n t e r b a s i n  t r a n s -  
f e r s ,  and pumping s t a t i o n s .  Al though, s t r i c t l y  speak ing ,  t h e s e  
p r o c e d u r e s  a r e  n o t  mathemat ica l  models,  they  can  be regarded  a s  
models f o r  t h e  purpose o f  deve lop ing  t h e  a l g o r i t h m s .  

I n  t h e  fo l l ow ing  we assume a model i s  a v a i l a b l e  f o r  t h e  
d e s c r i p t i o n  o f  each  s u p p l y ,  demand, and t r a n s f e r  u n i t  o f  t h e  
sys tem.  I n  p a r t i c u l a r ,  t h e  demand and supp ly  u n i t s  w i l l  be 
d e s c r i b e d  by models o f  t h e  k i n d  Q ( p )  , namely p rocedures  t h a t  
c a n  a l l o w  t h e  d e t e r m i n a t i o n  o f  t h e  f lows g i ven  t h e  p r i c e s ,  wh i le  
t h e  t r a n s f e r  o p e r a t i o n s  w i l l  b e  d e s c r i b e d  by models o f  t h e  k ind  
p  ( Q )  . Moreover, we w i l l  assume t h a t  t h e  models a r e  such t h a t  
t h e  c o r r e s p o n d i n g  demand and supp ly  f u n c t i o n s  a r e  d i f f e r e n t i a b l e  
and s t r i c t l y  monotonic a s  shown i n  F igu re  1 ,  and t h a t  t h e  f lows 
and t h e  p r i c e s  invo lved  i n  t h e  sys tem a r e  n o t  e x p l i c i t l y  con- 
s t r a i n e d .  These assumpt ions a r e  needed i n  o r d e r  t o  j u s t i f y  t h e  
a l g o r i t h m  p r e s e n t e d  i n  t h e  paper  and a r e  n o t  ve ry  s e v e r e  i n  



p r a c t i c a l  s i t u a t i o n s .  I n  p a r t i c u l a r ,  t h e  p r o p e r t y  t h a t  t h e  
f lows a r e  uncons t ra ined ,  which seems t o  be q u i t e  l i m i t i n g  a t  
f i r s t  g l a n c e ,  can o f t e n  be o b t a i n e d  by means o f  a  s u i t a b l e  
f o r m u l a t i o n  o f  t h e  models. For example, t h e  f a c t  t h a t  t h e  f low 
Q s u p p l i e d  by an a r t i f i c i a l  r e s e r v o i r  s t i l l  t o  be c o n s t r u c t e d  
c a n n o t  be g r e a t e r  t h a n  a  v a l u e  a, is a u t o m a t i c a l l y  taken  i n t o  
accoun t  i f  t h e  model d e s c r i b i n g  t h i s  supp ly  u n i t  has a  supply  
f u n c t i o n  which goes t o  Q f o r  p  go ing t o  i n f i n i t y .  

Figure 1. Demand (QD) and supply (QS) functions 
and equilibrium solution E. 

When a  supply  and a  demand u n i t  a r e  connected,  t h e  v a l u e  
o f  wa te r  exchanged can s imply  be o b t a i n e d  from t h e  p l o t  o f  
F i g u r e  1 .  The p o i n t  E i n  t h e  p l o t ,  c a l l e d  e q u i l i b r i u m  p o i n t ,  
i s  c h a r a c t e r i z e d  by 

and g i v e s  t h e  v a l u e  QE o f  t h e  f low t h a t  must be  exchanged 
- 

between t h e  two u n i t s  i n  o r d e r  t o  maximize t h e  t o t a l  n e t  
b e n e f i t  o f  t h e  system,  i .e .  

Consequent ly ,  t h e  e q u i l i b r i u m  p r i c e  pE i s  t h e  p r i c e  t h a t  l e a d s  
- 

t h e  supply  and demand u n i t s  n o t  on ly  t o  spontaneous ly  exchange 
t h e  same amount o f  water  b u t  a l s o  t o  s e l e c t  t h a t  p a r t i c u l a r  v a l u e  
(namely QE) which maximizes t h e  t o t a l  n e t  b e n e f i t  o f  t h e  system. 



D S 
Of c o u r s e ,  i f  t h e  two f u n c t i o n s  Q ( p )  and Q ( p )  a r e  e x p l i c i t l y  
q i ven  t h e  e q u i l i b r i u m  s o l u t i o n  i s  immedia te ly  o b t a i n e d .  I f ,  on 

t h e  c o n t r a r y ,  on ly  t h e  models f o r  comput ing Q~ and QS a r e  a v a i l -  
a b l e  i t  becomes i m p o r t a n t  t o  o b t a i n  t h e  e q u i l i b r i u m  s o l u t i o n  
w i t h o u t  u s i n g  t h e  models t o o  many t i m e s .  o n e  way o f  d o i n g  t h i s  
c o n s i s t s  o f  f i x i n g  a  p r i c e  and comput ing t h e  co r respond ing  

D imbalance Q' - Q ( s e e  F igu re  1 )  and t h e n  i t e r a t i n g  on t h e  p r i c e  
u n t i l  t h e  imbalance i s  z e r o .  T h i s  i s  t h e  e s s e n c e  o f  t h e  c l a s s i c a l  
p r i c e  c o o r d i n a t i o n  method t h a t  i s  a p p l i e d  i n  t h i s  paper  t o  complex 
management problems c h a r a c t e r i z e d  by t h e  p r e s e n c e  o f  many demand 
and supp ly  u n i t s .  (See [7,8] f o r  i n t e r e s t i n g  rev iews and a p p l i -  
c a t i o n s  o f  t h e  c l a s s i c a l  p r i c e  c o o r d i n a t i o n  method. P r i c e  coor -  
d i n a t i o n  i n  wa te r  r e s o u r c e  sys tems i s  v e r y  w e l l  su rveyed  i n  [9] . )  

3. ANALYSIS OF A TYPICAL PROBLEM 

The aim o f  t h i s  s e c t i o n  i s  t o  p r e s e n t  an i d e a l  b u t  t y p i c a l  
w a t e r  management problem c h a r a c t e r i z e d  by many s u p p l y  and demand 
u n i t s  and t o  o u t l i n e  o u r  p r i c e  c o o r d i n a t i o n  scheme f o r  t h e  so lu -  
t i o n  o f  such problems. 

The sys tem i s  shown i n  F i g u r e  2 and compr ises two supp ly  
and two demand u n i t s .  It i s  a c t u a l l y  a  p a r t  o f  t h e  problem 
c o n s i d e r e d  l a t e r  i n  t h e  a p p l i c a t i o n  example.  The groundwater  
e x t r a c t e d  by t h e  pumping s t a t i o n  S1 i s  t r a n s f e r r e d  th rough  an 
a r t i f i c i a l  open channe l  ( t h e  dimension o f  which i s  t o  be d e t e r -  
mined) t o  an i r r i g a t i o n  a r e a  Dl .  The wa te r  s u p p l i e d  by t h e  
r e s e r v o i r  52 i s  f i r s t  t r a n s f e r r e d  t o  p o i n t  A t h rough  a  n a t u r a l  
channe l  (no c o s t  o f  t r a n s f e r )  and then  d i v e r t e d  t o  t h e  two i r r i -  
g a t i o n  a r e a s  Dl and D2 through two a r t i f i c i a l  c h a n n e l s .  I n  a l l  
o f  t h e s e  c h a n n e l s  a  s p e c i f i e d  f r a c t i o n ,  d e f i n e d  a s  a ,  ( e . 9 .  5%)  
of  t h e  i n f l o w  i s  l o s t  th rough seepage .  

L e t  u s  now imagine t h a t  a  model d e s c r i b i n g  e a c h  s u p p l y ,  
demand, and t r a n s f e r  u n i t  o f  t h e  problem i s  a v a i l a b l e .  I n  
p a r t i c u l a r ,  l e t  us assume t h a t  supp ly  and demand models o f  t h e  
k i n d  Q(p) a r e  a v a i l a b l e  f o r  t h e  pumping s t a t i o n ,  t h e  r e s e r v o i r ,  
and t h e  two i r r i g a t i o n  a r e a s ,  and t h a t  models o f  t h e  k i n d  p ( Q )  
a r e  a v a i l a b l e  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  marg ina l  t r a n s f e r  
c o s t s  T  S I , D I .  T ~ , ~ ~ '  T ~ , ~ z  f o r  any p o s s i b l e  amount o f  t r a n s f e r r e d  

w a t e r .  I n  t h e  c a s e  o f  demand u n i t s  t h a t  have more t h a n  one s o u r c e  
o f  supp ly  a s  i s  t h e  c a s e  o f  t h e  i r r i g a t i o n  a r e a  Dl, w e  assume t h a t  
t h e  economy o f  t h e  u n i t  is  o n l y  s e n s i t i v e  t o  t h e  sum o f  t h e  i n -  
f l ows .  T h i s  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e  same p r i c e  p  must 
be a s s o c i a t e d  w i t h  a l l  i n f l o w s  and t h a t  t h e  model g i v e s  t h e  t o t a l  
i n f l o w  demanded f o r  each g i v e n  p r i c e .  T h i s  assumpt ion i s  j u s t i -  
f i e d  o n l y  i f  t h e  f lows have t h e  same r e l i a b i l i t y ,  t i m i n g ,  and 
q u a l i t y .  The same i s  t r u e  o f  s u p p l y  u n i t s  whose o u t f l o w  goes t o  
more t h a n  one demand. 

The problem c o n s i s t s  i n  f i n d i n g  t h e  o v e r a l l  " e q u i l i b r i u m "  
s o l u t i o n ,  i . e .  t h e  f lows and t h e  p r i c e s  a s s o c i a t e d  t o  them t h a t  
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Figure 2. A typical example. 
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maximize t h e  t o t a l  n e t  b e n e f i t  o f  t h e  r e g i o n .  T h i s  problem can 
be s o l v e d  i n  one s h o t  i f  t h e  models d e s c r i b i n g  t h e  d i f f e r e n t  
u n i t s  o f  t h e  sys tem ( s u p p l i e s ,  demands, and c h a n n e l s )  can  be 
a g g r e g a t e d .  F o r  example,  i f  a l l  u n i t s  a r e  d e s c r i b e d  by l i n e a r  
programming models,  t h e n  t h e  a g g r e g a t i o n  is  s t r a i g h t f o r w a r d  and 
t h e  o v e r a l l  problem i s  s t i l l  a  l i n e a r  one a l t h o u g h  t h e  problem 
becomes sometimes f a r  t o o  b i g  t o  be hand led .  A l t e r n a t i v e l y ,  t h e  
prob lem can  be s o l v e d  i n  a  d i s a g g r e g a t e d  way by means o f  t h e  
c l a s s i c a l  p r i c e  c o o r d i n a t i o n  method [ 9 ] ,  which e s s e n t i a l l y  con- 
s is ts  i n  a s s o c i a t i n g  a  p r i c e  t o  e a c h  independen t  f low ( t h r e e  i n  
t h e  c a s e  o f  F i g u r e  2 ) ,  and t h e n  s e a r c h i n g  f o r  t h e  optimum i n  t h e  
space  o f  t h e s e  p r i c e s .  Because o f  t h e i r  p a r t i c u l a r  s t r u c t u r e ,  
t h e  prob lems we a r e  d e a l i n g  w i t h  i n  t h i s  p a p e r  can be s o l v e d  by 
more e f f i c i e n t  p r i c e  c o o r d i n a t i o n  schemes. F o r  example,  f o r  t h e  
problem d e s c r i b e d  i n  F i g u r e  2  t h e  f o l l o w i n g  one-d imens iona l  
s e a r c h i n g  scheme c a n  be used: 

TA,DI A 

1  . Given a  p r i c e  pS de te rm ine ,  by means o f  t h e  model 

TA,D, 

d e s c r i b i n g  t h e  pumping s t a t i o n  S1, t h e  amount QS1 o f  

1 - h  D2 
Y - w  
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w a t e r  s u p p l i e d  by t h a t  u n i t .  

2. Compute t h e  w a t e r  l o s s e s  a  QS1 i n c u r r e d  i n  t h e  t r a n s f e r  

f rom S1 t o  Dl, t h e  c o r r e s p o n d i n g  amount o f  w a t e r  s u p p l i e d  
t o  t h e  i r r i g a t i o n  a r e a  Dl 

(QD1 = 
(1 - a ) Q S 1 ) ,  and t h e  



marg ina l  c o s t s  T  S1 ,Dl o f  t h i s  o p e r a t i o n  ( t h e  t o t a l  c o s t  

o f  t r a n s f e r  i s  TSl ID1QS1) .  F i n a l l y ,  de te rm ine  t h e  p r i c e  

pD1 = (pS1 + TS1 , D 1 ) / ( l  - a )  . (Th is  r e l a t i o n s h i p  comes 

from t h e  fo l l ow ing  b a l a n c e  e q u a t i o n :  c o s t  o f  w a t e r  a t  
p o i n t  S1 + c o s t  o f  t r a n s f e r  from S1 t o  Dl = c o s t  o f  w a t e r  
a t  p o i n t  Dl; i . e .  pSIQS1 + TSlID1QS1 = pDIQD1.)  

3 .  Determine by means o f  t h e  model d e s c r i b i n g  t h e  i r r i g a -  
t i o n  a r e a  Dl t h e  t o t a l  amount o f  wa te r  demanded by t h i s  
a r e a  a t  t h e  p r i c e  pD1 and,  consequen t l y ,  t h e  f low t h a t  

t h e  channel  (A,Dl) must supp ly  i n  a d d i t i o n  t o  t h e , f l o w  
coming from S  1  . 

4 .  Compute t h e  f low e n t e r i n g  t h e  channe l  (A,Dl) by t a k i n g  
t h e  wa te r  l o s s e s  i n t o  accoun t ,  t h e  co r respond ing  marg ina l  
c o s t  TAID1,  and t h e  new p r i c e  pA = pD1 (1 - a )  - T ~ , ~ i  
a s s o c i a t e d  w i t h  p o i n t  A.  

5.  Determine t h e  wa te r  s u p p l i e d  by t h e  r e s e r v o i r  S2 a t  
p r i c e  pS2 = p A ( l  - a )  and t h e  co r respond ing  l o s s e s  i n  

t h e  n a t u r a l  channel  connec t ing  S2 w i t h  A. Then, by 
means o f  t h e  mass ba lance  e q u a t i o n  i n  p o i n t  A de te rm ine  
t h e  amount o f  w a t e r  e n t e r i n g  t h e  channe l  (A,D2). 

6 .  Compute t h e  l o s s e s  i n  channe l  (A,D2),  t h e  amount Q' o f  
wa te r  s u p p l i e d  t o  t h e  i r r i g a t i o n  a r e a  D2, t h e  marg ina l  
c o s t  T A , D 2 1  and t h e  p r i c e  pD2 = (pA + TAID2 ) / ( I  - a )  - 

7 .  Determine t h e  amount QD o f  w a t e r  demanded by D2 a t  
t h e  p r i c e  pD2. 

S  I f  t h e  demand QD e q u a l s  t h e  supp ly  Q , t h e  f lows and p r i c e s  
computed i n  t h e  above seven s t e p s  a r e  t h e  o p t i m a l  ones .  I n  f a c t ,  
by c o n s t r u c t i o n ,  a t  each  p o i n t  i n  t h e  system marg ina l  b e n e f i t s  
e q u a l  marq ina l  c o s t s  and hence t h e  maximum t o t a l  n e t  b e n e f i t  has  

D been o b t a i n e d .  I f ,  on t h e  c o n t r a r y ,  Q d i f f e r s  from QS t h e  p r i c e  
pS1 must be s u i t a b l y  updated and t h e  o p e r a t i o n s  r e p e a t e d  u n t i l  

Qs - QD = 0 .  Th is  co r responds  t o  f i n d i n g  t h e  v a l u e  o f  pS1 f o r  
D which t h e  imbalance o f  f low Q' = QS - Q g iven  by t h e  seven 

p roceed ing  o p e r a t i o n s  is e q u a l  t o  ze ro .  

There fo re ,  one must f i r s t  de te rm ine  a  p a i r  o f  p r i c e s  
1 2  

(pS1,pS1)  such t h a t  t h e  co r respond ing  imbalances a r e  o f  o p p o s i t e  

s i g n  and t h e n  p r o g r e s s i v e l y  reduce  t h e  i n t e r v a l  o f  u n c e r t a i n t y  
1 2  [pS1,pS11 by fo l l ow ing  a  s u i t a b l e  scheme, such a s  t h e  b i s e c t i o n  

p rocedure  o r  t h e  F ibonacc i  s e a r c h .  T h i s  p rocedure  w i l l  c e r t a i n l y  
converge t o  t h e  op t ima l  s o l u t i o n  under t h e  assumpt ion t h a t  t h e  



o p t i m a l  p r i c e  psi i s  t h e  on ly  v a l u e  f o r  which t h e  imbalance i n  
- 

t h e  i n i t i a l  i n t e r v a l  o f  u n c e r t a i n t y  i s  z e r o .  Th is  assumpt ion 
i s  n o t  a t  a l l  a  r e s t r i c t i v e  one s i n c e  i n  a lmos t  a l l  p r a c t i c a l  
s i t u a t i o n s  good lower and upper bounds o f  t h e  o p t i m a l  p r i c e  a r e  
a  p r i o r i  known. A s  f a r  a s  t h e  speed o f  convergence o f  t h e  method 
is concerned we can  e x p e c t  t h a t  j u s t  a  few i t e r a t i o n s  a r e  needed. 
For  example, i f  a  b i s e c t i o n  procedure i s  used a f t e r  t e n  i t e r a t i o n s  
t h e  i n t e r v a l  o f  u n c e r t a i n t y  f o r  t h e  p r i c e  w i l l  be reduced more 
t h a n  a  thousand t i m e s .  

4 .  THE COORDINATION SCHEME 

P a r t i c u l a r  c o o r d i n a t i o n  schemes, l i k e  t h e  one d e s c r i b e d  i n  
t h e  p reced ing  s e c t i o n ,  can be fo rma l l y  d e r i v e d  from t h e  g e n e r a l  
p r i c e - c o o r d i n a t i o n  method [ 9 ]  when one assumes t h a t  t h e  economy 
o f  each u n i t  o n l y  depends upon t h e  sum o f  a l l  i n p u t s  o r  o u t p u t s .  
One c a n  a l s o  o b t a i n  t h e s e  schemes by d i r e c t l y  imposing t h e  neces-  
s a r y  c o n d i t i o n s  f o r  o p t i m a l i t y ,  namely by s e t t i n g  t o  z e r o  t h e  
f i r s t  o r d e r  d e r i v a t i v e s  o f  t h e  t o t a l  n e t  b e n e f i t  w i th  r e s p e c t  t o  
a l l  t h e  f lows p r e s e n t  i n  t h e  system.  By i n t e r p r e t i n g  t h e s e  condi -  
t i o n s  i n  t e r m s  of  r e l a t i o n s h i p s  between marg ina l  t r a n s f e r  c o s t s  
and supp ly  and demand f u n c t i o n s  and by r e a d i n g  them i n  a  s u i t a b l e  
s e q u e n t i a l  o r d e r  one e x a c t l y  o b t a i n s  a  scheme of  t h e  k ind used 
i n  t h e  p reced ing  s e c t i o n .  S i n c e  b o t h  t h e s e  ways o f  d e r i v i n g  t h e  
c o o r d i n a t i o n  scheme a r e  a b s t r a c t  and d i f f i c u l t  t o  fo l l ow i n  com- 
p l e x  c a s e s ,  we p r e f e r  t o  s u g g e s t  a  h e u r i s t i c  method which i s  based 
on ly  upon t h e  c h a r a c t e r i s t i c s  o f  t h e  graph d e s c r i b i n g  t h e  i n t e r -  
a c t i o n s  among t h e  u n i t s  o f  t h e  system. By i n s p e c t i n g  and i n t e r -  
p r e t i n g  t h e  c a s e  p r e s e n t e d  i n  t h e  p reced ing  s e c t i o n  we w i l l  
i d e n t i f y  t h e  c l a s s  o f  sys tems f o r  which a  one-dimensional  coor-  
d i n a t i o n  scheme can  be d e v i s e d  i n  o r d e r  t o  s o l v e  t h e  problem. 
Moreover, we w i l l  p o i n t  o u t  how t h e  sequence o f  o p e r a t i o n s  o f  
t h e  scheme aan  be o b t a i n e d .  

L e t  u s  f i r s t  ana lyze  t h e  p r o p e r t i e s  o f  t h e  graph shown i n  
F i g u r e  3 which d e s c r i b e s  t h e  system c o n s i d e r e d  i n  S e c t i o n  2 .  A 
model o f  t h e  k i n d  Q i ( p )  i s  a s s o c i a t e d  t o  each node i o f  t h i s  

graph r e p r e s e n t i n g  supp ly  and demand u n i t s ,  w h i l e  no model is 
a s s o c i a t e d  t o  t h e  d i v e r s i o n  p o i n t  A which r e p r e s e n t s  on ly  t h e  
mass b a l a n c e  e q u a t i o n .  On t h e  o t h e r  hand, each a r c  ( i , j )  o f  t h e  
graph is c h a r a c t e r i z e d  by a  p a i r  ( O i , Q i )  o f  f lows r e p r e s e n t i n g  

t h e  upst ream and downstream f lows o f  t h e  channe l .  Thus, a  
r e l a t i o n s h i p  between Qi and Q i  d e s c r i b i n g  t h e  w a t e r  l o s s e s  i s  

- 

a s s o c i a t e d  t o  t h e  a r c  ( i , j )  t o g e t h e r  w i t h  a  model o f  t h e  k ind  
pi ( Q .  ) g i v i n g  t h e  marg ina l  t r a n s f e r  c o s t .  I n  o t h e r  s i t u a t i o n s  

some supp ly  (demand) nodes can have i n p u t  ( o u t p u t )  a r c s  a s  i n  
t h e  c a s e  o f  r e s e r v o i r s  i n  cascade ,  o r  r e c y c l i n g .  I n  such c a s e s  
t h e  model a s s o c i a t e d  w i t h  t h e  node e n a b l e s  t h e  computat ion o f  
t h e  n e t  amount o f  wa te r  s u p p l i e d  o r  demanded f o r  any g iven  p r i c e .  
Moreover, t h e  a r c s  o f  t h e  graph can a l s o  r e p r e s e n t  i ns t ream uses  
of t h e  wa te r  and, t h e r e f o r e ,  t h e  model p i j  (Q i )  g i v e s  i n  such 



s i t u a t i o n  t h e  m a r g i n a l  b e n e f i t  o f  t h e  use .  Of c o u r s e ,  i n  t h e  
l i m i t  c a s e  o f  no consumpt ive  u s e  on an a r c  ( i , j )  t h e  r e l a t i o n -  
s h i p  between Qi and Q. i s  t h e  i d e n t i t y  f u n c t i o n .  

7 

L e t  us  now a n a l y z e ,  on t h e  g raph  shown i n  F i g u r e  3, t h e  
seven  s t e p s  o f  t h e  one-d imens iona l  a l g o r i t h m  d e s c r i b e d  i n  t h e  
p r e c e d i n g  s e c t i o n .  The f i r s t  o p e r a t i o n  c o n s i s t s  i n  a s s o c i a t i n g  
a  p r i c e  pS1 w i t h  t h e  node S1 o f  t h e  g raph  and  i n  comput ing  t h e  

c o r r e s p o n d i n g  f low Q S1 .  S i n c e  node S1 i s  a  t e r m i n a l  one ( i . e .  

t h e r e  i s  o n l y  one a r c  connec ted  t o  i t) t h e  f l o w  QS1 i s  u n i q u e l y  

a s s o c i a t e d  w i t h  a r c  (S1 , D l ) ,  s o  t h a t  t h e  f l o w  Q D 1 ,  t h e  m a r g i n a l  

t r a n s f e r  c o s t  T  (QS ) , and t h e  p r i c e  pD1 can  b e  computed 

( s t e p  2  o f  t h e  a l g o r i t h m ) .  A t  t h i s  p o i n t  one can e l i m i n a t e  
node S1 and a r c  (S1,D l )  from t h e  g raph  o f  F i g u r e  3 and c o n s i d e r  
t h e  reduced  g raph  shown i n  F i g u r e  4 i n  which node Dl i s  c h a r a c -  
t e r i z e d  by t h e  new demand f u n c t i o n  Q h l  ( p )  = QD1 ( P I  - QD1 . Thus, 

we a r e  i n  t h e  same s i t u a t i o n  we were a t  t h e  b e g i n n i n g  o f  o u r  
a n a l y s i s  s i n c e  we can  a s s o c i a t e  t h e  p r i c e  pD1 t o  t h e  t e r m i n a l  

node D l  and p roceed  by e l i m i n a t i n g  node Dl and  a r c  (A,Dl)  ( s e e  

s t e p s  3 and 4 of  t h e  a l g o r i t h m ) .  U n f o r t u n a t e l y ,  a f t e r  t h e s e  
two o p e r a t i o n s  we a r e  n o t  i n  t h e  same c o n d i t i o n  a s  w i t h  t h e  
p r e v i o u s  node s i n c e  node A i s  n o t  a  t e r m i n a l  node.  N e v e r t h e l e s s ,  
we can  t u r n  o u r  a t t e n t i o n  t o  t h e  t e r m i n a l  node 52 s i n c e  t h e  
p r i c e  pS2 must  b e  e q u a l  t o  p A ( l  - a )  because  o f  t h e  absence  o f  

any t r a n s p o r t a t i o n  c o s t  on t h e  a r c  (S2,A) . 



Figure 4. The reduced graph after the first two operations with price associated to D l .  

I t  i s  very  impor tan t  t o  n o t i c e  t h a t  t h e  p r i c e  pS2 cou ld  

a l s o  be computed from p  i f  t h e  a r c  (S2,A) were c h a r a c t e r i z e d  A  
by a  c o n s t a n t  marg ina l  c o s t  f o r  t r a n s f e r  TS2,Ar s i n c e  we would 

o b v i o u s l y  have 

On t h e  c o n t r a r y ,  i f  t h e  t r a n s f e r  c o s t  and/or t h e  seepage l o s s e s  
a r e  n o t  l i n e a r l y  r e l a t e d  t o  t h e  f low ( e . g .  when t h e r e  a r e  econo- 
m i e s  o f  s c a l e )  t h e r e  i s  no p o s s i b i l i t y  o f  e x t e n d i n g  t h e  a n a l y s i s  
t o  a  new t e r m i n a l  node. I n  c o n c l u s i o n ,  once t h e  p r i c e  o f  a  non- 
t e r m i n a l  node i has  been computed i t  i s  p o s s i b l e  t o  de te rm ine  t h e  
p r i c e  o f  a  new t e r m i n a l  node j  on ly  i f  t h e  a r c s  between i and j  
have c o n s t a n t  marg ina l  t r a n s f e r  c o s t s  and a r e  c h a r a c t e r i z e d  by 
a  f i x e d  f r a c t i o n  o f  w a t e r  l o s t  through seepage.  For example, i n  
t h e  c a s e  o f  F i g u r e  5 where t h e  dashed a r c s  a r e  assumed t o  have 
c o n s t a n t  marg ina l  c o s t s  and l i n e a r  seepage l o s s e s  one can s t a r t  
from t h e  t e r m i n a l  node 7  and e l i m i n a t e  node 7  and a r c  ( 7 , 8 ) ,  t h u s  
f i n d i n g  t h e  p r i c e  p g ,  and t h e n  c o n t i n u e  t o  reduce t h e  graph by 

jumping on t h e  t e r m i n a l  node 1  which is  connected t o  node 8  
through t h e  a r c s  ( 8 , 4 )  , ( 2 , 4 )  and ( 1 , 2 )  . The p r i c e  p l  i s  g iven  



Figure 5. Interaction graph (dashed arcs have 
linear transfer costs and losses). 

Coming back  t o  o u r  example we a r e  now r e d u c e d  t o  t h e  g r a p h  
c o n s t i t u t e d  by t h e  t h r e e  nodes (S2 , A ,  D2) and by t h e  two a r c s  
(S2,A) and (A,D2).  A  p r i c e  i s  a s s o c i a t e d  t o  t h e  t e r m i n a l  node 
S2 s o  t h a t  we can  e l i m i n a t e  it (and ,  c o n s e q u e n t l y ,  t h e  a r c  
( S 2 , A ) )  a s  i n d i c a t e d  i n  s t e p  5  o f  t h e  c o o r d i n a t i o n  scheme, t h u s  
r e d u c i n g  t h e  g raph  t o  a  p a i r  o f  nodes  c o n n e c t e d  by an a r c .  By 
means o f  t h e  mass b a l a n c e  e q u a t i o n  i n  node A we compute t h e  f l ow  
QA i n  a r c  (A,D2) and t h e n  we c a n  e l i m i n a t e  a r c  (A,D2) a s  i n d i c a t e d  

i n  s t e p  6 ,  t h u s  r e d u c i n g  t h e  g raph  t o  t h e  o n l y  node D2. S i n c e  a  
p r i c e  pD2 i s  a s s o c i a t e d  w i t h  t h i s  node t h e  f i n a l  o p e r a t i o n  ( s t e p  

7 )  c o n s i s t s  i n  comput ing  t h e  amount o f  w a t e r  Q~ demanded by t h e  

u n i t .  Thus,  a  compar ison between Q~ and t h e  f l o w  QD2 a s s o c i a t e d  

w i t h  a r c  (A,D2) i s  p o s s i b l e .  

I t  i s  i m p o r t a n t  t o  n o t i c e  t h a t  even when t h e  prob lem i s  
s o l v a b l e  by means o f  a  one-d imens iona l  c o o r d i n a t i o n  scheme i t  
i s  n o t  p o s s i b l e  i n  g e n e r a l  t o  s t a r t  t h e  p r o c e d u r e  from any 
t e r m i n a l  node.  F o r  example ,  t h e  c a s e  d e s c r i b e d  i n  F i g u r e  5 c a n  
b e  s o l v e d  by a l t e r n a t i v e l y  e l i m i n a t i n g  nodes and  a r c s  i n  t h e  
f o l l o w i n g  o r d e r :  6 ,  ( 5 , 6 ) ,  5 ,  ( 4 , 5 ) ,  1 ,  ( 1 , 2 ) ,  3,  ( 3 , 2 ) ,  2 ,  ( 2 , & ) ,  
4r (81 '+ )  t 71 (718)  1 8r ( 9 r 8 )  1 10,  ( 1 0 1 9 )  r 91 (1219)  r 111 (11112) r 
1  ( 1  2  , 13. On t h e  c o n t r a r y ,  i f  one s t a r t s  f rom node 7  t h e  
f o l l o w i n g  sequence  i s  o b t a i n e d :  7 ,  ( 7 , 8 ) ,  1 ,  ( 1 , 2 ) ,  3 ,  ( 3 , 2 ) ,  
2 ,  ( 2 , 4 )  which l e a d s  t o  t h e  reduced  g raph  shown i n  F i g u r e  6  where 
a  p r i c e  is  a s s o c i a t e d  t o  t h e  n o n t e r m i n a l  node 4. S i n c e  t h i s  
node i s  n o t  c o n n e c t e d  w i t h  any o t h e r  t e r m i n a l  node t h r o u g h  a  
dashed  p a t h  t h e  g raph  c a n n o t  be  reduced  any more. I t  is t h e r e -  
f o r e  o f  i n t e r e s t  t o  f i r s t  i d e n t i f y  t h e  c l a s s  o f  t h e  prob lems 
s o l v a b l e  by means o f  a  one-d imens iona l  c o o r d i n a t i o n  scheme and  
t h e n  t o  g i v e  a  r u l e  f o r  c o n s t r u c t i n g  a t  l e a s t  one  sequence  o f  
o p e r a t i o n s  t h a t  s o l v e s  t h e  prob lem i n  t h i s  way. 



Figure 6.  The graph that cannot be further reduced, 
with a price associated with node 4. 

A s  f a r  a s  t h e  f i r s t  ques t i on  i s  concerned, it is p o s s i b l e  
t o  prove t h a t  "so lvab le "  problems aEe c h a r a c t e r i z e d  by a  graph 
t h a t  s a t i s f i e s  t he  fo l low ing  two cond i t i ons :  

( i)  t h e  graph i s  a tree ( i .e .  i n t e r p r e t e d  a s  an und i r ec ted  
graph,  is  a c y c l i c  and connec ted ) ;  

(ii) f o r  any node o f  degree k  2  a t  l e a s t  (k  - 2 )  o f  t h e  
di 'sconnected subgraphs ob ta i ned  by e l i m i n a t i n g  t h i s  
node from t h e  graph must have c o n s t a n t  marg ina l  c o s t s  
and l i n e a r  l o s s e s  on a l l  a r c s  ( t h e  degree o f  a  node 
is t h e  number o f  a r c s  connected wi th  i t ) .  

For  example, i n  t h e  case  o f  F igure  5 t h e r e  a r e  f i v e  nodes 
o f  degree  3  (nodes 2 ,  4, 8 ,  9 ,  1 2 )  . Since  f o r  each one o f  t h e s e  
nodes cond i t i on  (ii) is s a t i s f i e d  (easy t o  c h e c k ) ,  and t h e  graph 
i s  a t r e e ,  one can a p r i o r i  conclude t h a t  t h e  problem can be 
so l ved  by means o f  a  one-dimensional  coo rd i na t i on  scheme. 

I n  o r d e r  t o  answer t h e  second q u e s t i o n  (de te rmina t ion  o f  
t h e  sequence o f  o p e r a t i o n s )  we must f i r s t  i n t r oduce  t h e  no t i on  
o f  c r i t i c a l  nodes a s  fo l lows:  a  node o f  degree k  > 2 i s  s a i d  
t o  be c r i t i c a l  i f  two of  t h e  d isconnec ted  subgraphs ob ta i ned  by 
e l i m i n a t i n g  it from t h e  graph con ta i n  a r c s  w i t h  noncons tan t  
marg ina l  c o s t  and/or non l i nea r  l o s s e s .  These a r e  termed c r i t i c a l  
subgraphs i n  t h e  fo l low ing .  For  example, t h e  c r i t i c a l  nodes o f  
t h e  graph shown i n  F igure  5 a r e  t h e  nodes 4, 8, 9 ,  and 12, whi le  
t h e  node 2, which is of degree  3 ,  i s  n o t  c r i t i c a l  s i n c e  on ly  one 
o f  i ts  d isconnec ted  subgraphs c o n t a i n s  nonconstant  marg ina l  c o s t s  
and/or non l i nea r  l o s s e s .  A t  t h i s  p o i n t  we can s t a t e  t he  fo l lowing 
f o r  t h e  s e l e c t i o n  o f  t h e  i n i t i a l  node of  t h e  sequence i n  s o l v a b l e  
problems : 

( a )  I f  t h e r e  a r e  no c r i t i c a l  nodes t h e  f i r s t  node t o  be 
cons idered  can  be  any t e rm ina l  node. 



( b )  I f  t h e r e  a r e  c r i t i c a l  nodes,  determine f o r  each one o f  
them t h e  set ( c a l l e d  t e r m i n a l  c r i t i c a l  s e t )  of t h e  
t e r m i n a l  nodes o f  i t s  two c r i t i c a l  subgraphs and t h e n  
determine t h e  nodes t h a t  a r e  i n  common t o  a l l  t h e  ter- 
minal  c r i t i c a l  s e t s .  Any one o f  t h e s e  nodes (which can 
be proved t o  e x i s t )  can be c o n s i d e r e d  a s  i n i t i a l  nodes 
of  t h e  sequence. 

For example, f o r  t h e  c a s e  o f  F igu re  5 t h e  t e r m i n a l  c r i t i c a l  s e t s  
a r e  shown on t h e  rows of  Table 1 ,  s o  t h a t  t h e  p o s s i b l e  i n i t i a l  
nodes a r e  t h e  nodes 6 and 13  ( r e c a l l  t h a t  a sequence s t a r t i n g  
from node 6 and s o l v i n g  t h e  problem has a l r e a d y  been i n d i c a t e d ) .  
A s  f o r  t h e  de te rm ina t ion  o f  t h e  r e s t  o f  t h e  sequence,  t h e  problem 
i s  s t r a i g h t f o r w a r d  s i n c e  t h e  a p p l i c a t i o n  o f  t h e  c r i t e r i a  o u t l i n e d  
above n a t u r a l l y  l e a d s  t o  t h e  complete r e d u c t i o n  o f  t h e  graph.  

Tab le  1 .  The t e r m i n a l  c r i t i c a l  s e t s  f o r  t h e  graph 
of  F igu re  5 .  

\ NODES 

CRITICAL 
NODES 

I t  i s  now wor thwhi le  t o  i n t e r p r e t  t h e  a l g o r i t h m  i n  t e r m s  
of a two- leve l  r e c u r s i v e  decis ion-making p r o c e s s .  For  t h i s  l e t  
u s  c o n s i d e r  F igu re  7 where t h e  c e n t r a l  b lock  r e p r e s e n t s  t h e  
s u p e r v i s o r ,  w h i l e  t h e  e x t e r n a l  b locks  r e p r e s e n t  t h e  seven s t e p s  
o f  t h e  scheme d i s c u s s e d  i n  S e c t i o n  3 .  T h e i r  o r d e r  co r responds  
t o  a sequence o f  o p e r a t i o n s  t h a t  s o l v e s  t h e  problem and h a s  
been predetermined by t h e  s u p e r v i s o r  by a p p l y i n g  r u l e s  ( a )  and 
( b ) .  The a l g o r i t h m  can t h e r e f o r e  be i n t e r p r e t e d  a s  a r e c u r s i v e  
sequence o f  q u e s t i o n s  and answers between t h e  s u p e r v i s o r  and 
t h e  s i n g l e  components. The q u e s t i o n  o f  t h e  s u p e r v i s o r  i n  g e n e r a l  
depends upon some o f  t h e  p reced ing  answers ,  w h i l e  t h e  answer o f  
each  component i s  t o t a l l y  independent  from t h e  p reced ing  ones .  
I n  t h i s  way t h e  g l o b a l  problem o f  maximizing t h e  t o t a l  n e t  bene- 
f i t  o f  t h e  system is so lved  w i t h o u t  r e q u i r i n g  t h e  in fo rmat ion  
on t h e  economy o f  a l l  components t o  be c e n t r a l i z e d .  Each sub- 
problem r e l a t e s  w i th  o n l y  one component and i s  so lved  by means 
o f  t h e  co r respond ing  model. A f i n a l  i n t e r e s t i n g  remark i s  t h a t  



t h e  sequence o f  q u e s t i o n s  and answers between t h e  s u p e r v i s o r  
and one component o f  t h e  sys tem deve lops  l i k e  a  common r e c u r s i v e  
n e g o t i a t i o n  u n t i l  t h e  e q u i l i b r i u m  is reached .  

1 

Figure 7 .  The two-level recursive decision-making process. 

5. APPLICATION EXAMPLE 

I n  t h i s  s e c t i o n  t h e  a l g o r i t h m  p r e v i o u s l y  p r e s e n t e d  i s  
a p p l i e d  t o  t h e  proposed Nor thwest  Water P l a n  i n  Mexico. Th is  
p r o j e c t  i s  p a r t  o f  t h e  P l a n  H i d r a u l i c o  d e l  Noroeste  which 
i n v o l v e s  t h e  t r a n s f e r  o f  w a t e r  from s o u t h  t o  n o r t h  a l o n g  t h e  
Mexican c o a s t  o f  t h e  Gul f  o f  C a l i f o r n i a .  The m o t i v a t i o n  f o r  
t h e  p r o j e c t  i s  t h a t  t h e  groundwater l e v e l  i n  t h e  a q u i f e r  o f  t h e  
Cos ta  de  Hermos i l l o  a t  t h e  n o r t h e r n  end  o f  t h e  r e g i o n  is con- 
t i n u a l l y  d e c l i n i n g  due t o  e x c e s s i v e  pumping f o r  i r r i g a t i o n ,  
l e a d i n g  t o  s e a w a t e r  i n t r u s i o n  of  t h e  a q u i f e r  a t  t h e  r a t e  o f  
abou t  1 km p e r  y e a r  (see F i g u r e  8 ) .  The r a t e  o f  r e c h a r g e  o f  
t h e  a q u i f e r  i s  e s t i m a t e d  a s  350 m i l l i o n  c u b i c  m e t e r s  p e r  y e a r ,  
and t h e  c u r r e n t  r a t e  o f  pumping i s  more t h a n  t w i c e  t h i s  r a t e .  

I t  i s  proposed t o  s low down t h i s  s e a w a t e r  i n t r u s i o n  by 
b r i n g i n g  w a t e r  abou t  480  km n o r t h  t o  t h e  Cos ta  d e  Hermos i l l o  
from t h e  F u e r t e  R ive r  th rough  a  s e r i e s  o f  c a n a l s  b u t  t h i s  w a t e r  
c o u l d  a l s o  be used i n  o t h e r  i r r i g a t i o n  a r e a s  l o c a t e d  c l o s e r  t o  
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Figure 8. The Northwest Water Plan in Mexico. 
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t h e  F u e r t e  R ive r .  The a l g o r i t h m  i s  a p p l i e d  t o  de te rm ine  t h e  
o p t i m a l  b a l a n c e  between s u p p l i e s  and demands i n  t h e  r e g i o n  and 
t h e  a s s o c i a t e d  p a t t e r n  o f  i n t e r b a s i n  w a t e r  t r a n s f e r s .  A l l  d a t a  
and models used i n  t h i s  example a r e  t a k e n  from t h e  comprehensive 
economic a n a l y s i s  o f  t h e  r e g i o n  g i v e n  i n  [ l o ] .  

A s  shown i n  F i g u r e  8, t h e  sys tem c o n s i s t s  o f  4  s u p p l i e s :  
t h e  groundwater  pumping i n  t h e  Cos ta  d e  Hermos i l l o ,  and t h e  t h r e e  
s u r f a c e  w a t e r  r e s e r v o i r s  on t h e  Yaqui, Mayo, and F u e r t e  R ive rs .  
Water i s  demanded i n  4  i r r i g a t i o n  a r e a s .  The s u p p l i e s ,  0, con- 
s i d e r e d  t o  be a v a i l a b l e  f o r  a l l o c a t i o n  from t h e  t h r e e  s u r f a c e  
w a t e r  r e s e r v o i r s  a r e  2483, 946, and 1000 m i l l i o n  c u b i c  me te rs  
p e r  y e a r ,  r e s p e c t i v e l y ,  and from t h e  groundwater  a q u i f e r ,  350 
m i l l i o n  c u b i c  m e t e r s .  The r e s e r v o i r  supp ly  f u n c t i o n s  a r e  assumed 
t o  be o f  t h e  form Q(p)  = Q. 

The F u e r t e  R ive r  s u p p l y  (S4) c o u l d  be b rough t  by c a n a l  4  
t o  an  i r r i g a t i o n  a r e a  i n  t h e  Fuerte-Mayo v a l l e y  (D4) and f u r t h e r  
by c a n a l  3 t o  a n o t h e r  i r r i g a t i o n  a r e a  i n  t h e  Mayo v a l l e y  (D3) .  
T h i s  t r a n s f e r  would r e l e a s e  s u p p l i e s  f rom t h e  Mayo r i v e r  ( S 3 ) ,  



f o r m e r l y  used i n  Mayo v a l l e y ,  t o  f l o w  t h r o u g h  c a n a l  2  t o  a n  
i r r i g a t i o n  a r e a  i n  t h e  Yaqui v a l l e y  (D2 ) ,  t h u s  r e l e a s i n g  s u p p l i e s  
f rom t h e  Yaqui  r i v e r  (S2)  t o  be  pumped t o  t h e  C o s t a  d e  H e r m o s i l l o  
a l o n g  c a n a l  1  t o  comp le te  t h e  t r a n s f e r .  

The demands f o r  w a t e r  i n  t h e  f o u r  i r r i g a t i o n  a r e a s  a r e  
d e s c r i b e d  by l i n e a r  programming mode ls  wh ich  maximize t h e  t o t a l  
a n n u a l  n e t  b e n e f i t s  o f  i r r i g a t e d  fa rm ing .  The n e t  b e n e f i t s  a r e  
g i v e n  by t h e  v a l u e  o f  c r o p  o u t p u t s  less t h e  c o s t s  o f  p r o d u c t i o n ,  
and  a l l o w a n c e  i s  made f o r  t h e  dependence  o f  t h e  nea rby  urban 
communi t ies  on  t h e  fa rm economy. 

Two c o s t  f u n c t i o n s  f o r  t h e  c h a n n e l s  were  t r i e d ,  o n e  l i n e a r ,  
a n d  one  n o n l i n e a r  r e f l e c t i n g  economies  o f  s c a l e .  S i n c e  t h e  
r e s u l t s  o b t a i n e d  f rom t h e  two a n a l y s e s  d i d  n o t  d i f f e r  g r e a t l y ,  
o n l y  t h e  r e s u l t s  f rom t h e  n o n l i n e a r  c o s t  f u n c t i o n  a r e  p r e s e n t e d .  
T h i s  f u n c t i o n  i s  o f  t h e  g e n e r a l  form: m a r g i n a l  c o s t  i n  d o l l a r s  

-0.4 p e r  c u b i c  m e t e r  = bV f o r  a  t r a n s f e r  o f  V c u b i c  m e t e r s ,  where 
b i s  a  c o e f f i c i e n t  computed f o r  e a c h  c h a n n e l .  The v a l u e s  o f  b  
a r e  0.01296,  0.00384,  0.00018,  and  0.00612 f o r  c h a n n e l s  1 t o  4  
r e s p e c t i v e l y .  The c o r r e s p o n d i n g  s e e p a g e  l o s s e s  e x p r e s s e d  a s  a  
p r o p o r t i o n  o f  t h e  i n f l o w  a r e  18%,  2 .5%,  5%, and  5%.  

The i n t e r a c t i o n  g raph  f o r  t h e  c a s e  a t  hand is shown i n  
F i g u r e  9 .  As one c a n  e a s i l y  v e r i f y  t h e  p rob lem i s  s o l v a b l e  
w i t h  o u r  o n e  d i m e n s i o n a l  s e a r c h  s i n c e  t h e  c o n d i t i o n s  ( i) a n d  
(ii) o f  t h e  p r e c e d i n g  s e c t i o n  a r e  s a t i s f i e d .  TO select t h e  
sequence  o f  o p e r a t i o n s  we mus t  f i r s t  choose  t h e  s t a r t i n g  node.  
The c r i t i c a l  nodes  a r e  A l ,  A2, and  A3 and  i n  T a b l e  2  t h e i r  
t e r m i n a l  c r i t i c a l  sets a r e  shown, s o  t h a t  one c a n  see t h a t  
t h e  p o s s i b l e  i n i t i a l  nodes  a r e  S1 and  S4 .  W e  choose  node 54 
a s  t h e  s t a r t i n g  node ,  and  by a p p l y i n g  t h e  i d e a s  o u t l i n e d  i n  
t h e  p r e c e d i n g  s e c t i o n ,  t h e  f o l l o w i n g  s e q u e n c e  i s  o b t a i n e d :  
S4 ,  (S4,A4) ,  A4, (A4,A3),  D4, (A3,D4),  A3, (A3,D3),  D3, (A2,D3),  
S3,  (S3 ,A2 ) ,  A2, (A2,D2), D2, (A l ,D2 ) ,  S2 ,  (S2 ,A1 ) ,  A1, ( A l , D l ) ,  
Dl , S l D 1  , 1  The i n i t i a l  r a n g e  o f  t h e  p r i c e  pS4,  was t h e  

i n t e r v a l  0  . O 1  t o  0 .25  d o l l a r s  p e r  c u b i c  meter. Convergence o f  
t h e  a l g o r i t h m  i s  o b t a i n e d  i n  12-15 i t e r a t i o n s  i n  t h i s  example .  

Figure 9. The interaction graph of the Northwest Water Plan. 



Table  2. The c r i t i c a l  nodes and t h e i r  
t e r m i n a l  c r i t i c a l  s e t s .  

critical 
nodes 

terminal 
critical set \ 

The r e s u l t s  o f  two c a s e s  a r e  p r e s e n t e d .  I n  t h e  f i r s t ,  
t h e  p r i c e  c o o r d i n a t i o n  a l g o r i t h m  i s  a p p l i e d  t o  each  supp ly  and 
demand p a i r  i n  i s o l a t i o n ,  i . e .  (S1 , D l ) ,  (S2,D2) ,  . . .; i n  t h e  
second ,  t r a n s f e r s  a long  a l l  c a n a l s  a r e  f e a s i b l e .  The b a l a n c e  
o f  f lows between s u p p l i e s  and demands (Tab le  3) shows t h a t  w i t h  
each  p a i r  c o n s i d e r e d  i n  i s o l a t i o n  t h e  demand i s  e q u a l  t o  t h e  
s u p p l y  a v a i l a b l e .  I t  may be no ted  i n  Tab le  3  t h a t  D4 r e c e i v e s  
5% less f l ow  t h a n  S4 s u p p l i e s  because  o f  l o s s e s  i n  t h e  t r a n s f e r  
c h a n n e l .  When a l l  t r a n s f e r s  a r e  p o s s i b l e ,  Dl ( t h e  Cos ta )  draws 
some w a t e r  from each of  t h e  o t h e r  demands s o  t h a t  t h e  f low i n  
t h e  c h a n n e l s  i n c r e a s e s  a s  t h e  Costa  i s  approached.  

Tab le  3. The ba lance  o f  f lows ( i n  m i l l i o n s  o f  c u b i c  m e t e r s ) .  

S1 Dl T21 D2 S2 T32 D3 S3 T43 D4 T44 S4 

without 
transfers 

350 350 - 2482 2482 - 946 946 - 950 1000 1000 

with 
transfers 

350 779 - 523 2438 2482 491 748 946 2 642 1000 1000 - 

S = supply, D = demand, T = transfer. 

The annua l  t o t a l  n e t  b e n e f i t  i n  t h e  r e g i o n  i n c r e a s e s  by 
6% from 741.4 m i l l i o n  d o l l a r s  t o  784.2 m i l l i o n  d o l l a r s  i f  t h e  
t r a n s f e r  scheme i s  b u i l t  w i t h  t h e  c a p a c i t i e s  i n d i c a t e d  i n  Tab le  
3. The a n n u a l i z e d  c o n s t r u c t i o n  and main tenance c o s t  i s  16.1 
m i l l i o n  d o l l a r s ,  y i e l d i n g  a  b e n e f i t - c o s t  r a t i o  o f  2 .7  f o r  t h e  
p r o j e c t .  

The co r respond ing  b a l a n c e s  o f  m a r g i n a l  b e n e f i t s  and c o s t s  
a r e  shown i n  F i g u r e  10,  where t h e  s o l i d  l i n e  r e p r e s e n t s  t h e  



marg ina l  v a l u e  of  w a t e r  when a l l  t r a n s f e r s  a r e  p o s s i b l e .  The 
f l a t  p o r t i o n s  o f  t h i s  l i n e  a r e  t h e  e q u i l i b r i a  a t  each  demand 
p o i n t  and t h e  i n c l i n e d  p o r t i o n s  r e p r e s e n t  t h e  marg ina l  c o s t  of  
t r a n s f e r  a long  t h e  c h a n n e l s .  A s  e x p e c t e d ,  t h e  marg ina l  v a l u e  
rises i n  t h e  d i r e c t i o n  of  t r a n s f e r  t o  a  maximum i n  t h e  Costa  
( D l ) .  The dashed l i n e s  i n  F igu re  1 0  show t h e  p r i c e  e q u i l i b r i a  
reached when each supply-demand p a i r  i s  i s o l a t e d .  When t h e  
t r a n s f e r  scheme i s  i n t r o d u c e d ,  t h e  p r i c e  f a l l s  from 2 4  t o  1 0  
c e n t s  p e r  c u b i c  meter  i n  t h e  r e c e i v i n g  a r e a  ( D l )  b u t  r i s e s  from 4  
t o  9 c e n t s  p e r  c u b i c  me te r  on ave rage  i n  t h e  donor  a r e a s  ( D 2  t o  D 4 ) .  

I I e q u i l i b r i u m  with transfers 
- 13.3,____ 

change in price with transfers 
(cents / m3 1 

25 - 

20 . 

Figure 10. Balance of marginal values. 

--I-- ---- equilibrium without transfers 

Th is  change i n  t h e  p r i c e s  is an impor tan t  r e s u l t  because 
it q u a n t i f i e s  t h e  degree  t o  which t h e  fa rmers  i n  t h e  donor a r e a s  
a r e  b e i n g  p e n a l i z e d  f o r  t h e  s a k e  o f  t h e  fa rmers  i n  t h e  Costa .  
A common c r i t e r i o n  o f  t h e  v i a b i l i t y  o f  such t r a n s f e r  p r o j e c t s  
i s  t h e  w i l l i n g n e s s  o f  t h e  fa rmers  t o  pay f o r  t h e  w a t e r  b rough t  
t o  them. I f  t h e  demand models used  i n  t h i s  example p r o p e r l y  
r e f l e c t  t h e  r e a l  s i t u a t i o n ,  t h e n  t h e  p r i c e s  used i n  t h e  a l g o r i t h m  
a r e  i n d i c a t i v e  o f  t h e  marg ina l  v a l u e  o f  w a t e r  t o  t h e  fa rmers ,  and 



hence what they cou ld  a f f o r d  t o  pay f o r  t h e  wa te r .  Although 
w a t e r  i s  n o t  normal ly  p r i c e d  a s  a  market  commodity, t h e  p r i c e s  
o b t a i n e d  by t h e  a l g o r i t h m  may be u s e f u l  a s  r e f e r e n c e  p o i n t s  
a g a i n s t  which p r i c e s  determined by more conven t iona l  methods 
cou ld  be compared (such a s  p r i c i n g  t o  cover  supply  c o s t s ) .  

6 .  CONCLUSIONS 

A p a r t i c u l a r  p r i c e  c o o r d i n a t i o n  scheme f o r  t h e  s o l u t i o n  o f  
a  complex w a t e r  management problem h a s  been p r e s e n t e d  i n  t h i s  
paper .  The method works i n  t h e  "marg ina l  domain", t h u s  making 
use o f  demand and supply  models d e s c r i b i n g  t h e  economy o f  t h e  
s i n g l e  u n i t s  o f  t h e  system. The scheme i s  e s s e n t i a l l y  a  one- 
d imens iona l  s e a r c h  c o o r d i n a t e d  by a  s u p e r v i s o r .  The advantages 
o f  t h i s  scheme w i t h  r e s p e c t  t o  aggrega ted  c o s t - b e n e f i t  a n a l y s i s  
a r e  t h e  s a v i n g  o f  computat ion t ime and memory requ i rements ,  and 
t h e  f a c t  t h a t  t h e  in fo rmat ion  s t r u c t u r e  needed i s  h i g h l y  decen- 
t r a l i z e d .  A lso,  t h e  marg ina l  b e n e f i t s  o r  c o s t s  a s s o c i a t e d  w i t h  
each u n i t  a r e  e x p l i c i t l y  o b t a i n e d  a s  p a r t  o f  t h e  problem s o l u t i o n .  

The c l a s s  o f  problems t o  which t h e  method can be a p p l i e d  
h a s  been i d e n t i f i e d  by means o f  a  s imple  t o p o l o g i c a l  a n a l y s i s  
o f  t h e  graph d e s c r i b i n g  t h e  i n t e r a c t i o n s  among t h e  v a r i o u s  u n i t s  
o f  t h e  system. The c l a s s i c a l  p r i c e  c o o r d i n a t i o n  scheme a p p l i e d  
t o  t h e  same c l a s s  o f  problems would r e q u i r e  t o  s e a r c h  f o r  t h e  
optimum i n  a  space  o f  d imensions e q u a l  t o  t h e  number o f  indepen- 
d e n t  f lows t o  be determined ( rough ly  t h e  number o f  a r c s  o f  t h e  
g r a p h ) .  Thus, f o r  example, i n  t h e  c a s e  o f  t h e  Northwest Water 
P l a n  i n  Mexico ana lyzed i n  S e c t i o n  5 ,  a  s t r a i g h t f o r w a r d  a p p l i c a -  
t i o n  o f  t h e  c l a s s i c a l  p r i c e  c o o r d i n a t i o n  method would r e q u i r e  an 
e igh t -d imens iona l  s e a r c h ,  wh i le  o u r  one-dimensional  scheme has  
been shown t o  be  w e l l  s u i t e d  f o r  de te rm in ing  t h e  op t ima l  s o l u t i o n .  

When t h e  i n t e r a c t i o n  g raph  i s  t o o  complex, i . e .  when t h e  
t o p o l o g i c a l  c o n d i t i o n s  p r e s e n t e d  i n  S e c t i o n  4 a r e  n o t  s a t i s f i e d ,  
t h e  problem canno t  be s o l v e d  by means o f  a  one-dimensional  s e a r c h .  
N e v e r t h e l e s s ,  one can e l i m i n a t e  a r c s  from t h e  i n t e r a c t i o n  graph 
u n t i l  t h e  above-mentioned c o n d i t i o n s  a r e  s a t i s f i e d ,  t h u s  o b t a i n i n g  
a  subproblem s o l v a b l e  by means o f  o u r  one-dimensional  s e a r c h .  
T h i s  co r responds  t o  s o l v i n g  t h e  g l o b a l  problem by s e a r c h i n g  f o r  
t h e  optimum v a l u e s  o f  t h e  f lows a s s o c i a t e d  w i t h  t h e  a r c s  e l i m i -  
n a t e d  from t h e  o r i g i n a l  graph and u s i n g  o u r  one-dimensional  
s e a r c h i n g  scheme a s  a  s u b r o u t i n e  a t  each i t e r a t i o n  o f  t h e  mu l t i -  
d imens iona l  s e a r c h .  I n  t h i s  way one s t i l l  o b t a i n s  a  g r e a t  
computa t iona l  advantage w i t h  r e s p e c t  t o  a  s t r a i g h t f o r w a r d  a p p l i -  
c a t i o n  o f  t h e  c l a s s i c a l  p r i c e  c o o r d i n a t i o n  method. 

The a l g o r i t h m  i s  a p p l i e d  t o  t h e  Northwest Water P lan  i n  
Mexico, a  r e g i o n  i n v o l v i n g  a  groundwater supp ly ,  t h r e e  s u r f a c e  
w a t e r  s u p p l i e s ,  and f o u r  i r r i g a t i o n  a r e a s  which cou ld  be i n t e r -  
connected by a  proposed i n t e r b a s i n  wa te r  t r a n s f e r  scheme. Con- 
vergence i s  achieved i n  12-15 i t e r a t i o n s .  The r e s u l t s  i n d i c a t e  
a  6 %  i n c r e a s e  i n  t h e  t o t a l  n e t  b e n e f i t  from c rop  p roduc t ion  i n  



t h e  r e g i o n  i f  t h e  scheme is c o n s t r u c t e d  b u t  t h e  ave rage  p r i c e  
o f  w a t e r  would doub le  i n  t h e  a r e a s  from which t h e  w a t e r  is 
t aken  i f  t h e  wa te r  were p r i c e d  a s  a market  commodity. 

The method d e s c r i b e d  i n  t h e  paper  is p r e s e n t e d  i n  a q u i t e  
h e u r i s t i c  way and i s  n o t  q u a l i f i e d  f rom t h e  mathemat ica l  p o i n t  
o f  v iew. Some r e s u l t s  on t h i s  l i n e ,  r e l a t e d ,  f o r  example,  t o  
t h e  convergence o f  t h e  method, c o u l d  c e r t a i n l y  be o b t a i n e d  i n  
t e r m s  o f  p r o p e r t i e s  o f  t h e  demand and supp ly  f u n c t i o n s  o f  t h e  
v a r i o u s  u n i t s . .  N e v e r t h e l e s s ,  i n  t h e  s p i r i t  o f  t h e  paper  which 
assumes t h a t  t h e  demand and supp ly  f u n c t i o n s  o f  t h e  u n i t s  a r e  
n o t  e x p l i c i t l y  g i ven ,  t h e  knowledge o f  such p r o p e r t i e s  would 
n o t  be o f  g r e a t  i n t e r e s t .  On t h e  o t h e r  hand, t h e  problem o f  
r e l a t i n g  t h e s e  p r o p e r t i e s  t o  t h e  s t r u c t u r a l  p r o p e r t i e s  o f  t h e  
models s e e m s  t o  be a r a t h e r  d i f f i c u l t  t a s k .  

On t h e  c o n t r a r y ,  a much more i n t e r e s t i n g  l i n e  f o r  f u r t h e r  
i n v e s t i g a t i o n  seems t o  be t h e  e x t e n s i o n  o f  t h e  p r e s e n t  method 
t o  w a t e r  management problems i n  which t h e  q u a l i t y  o f  t h e  w a t e r  
exchanged among t h e  d i f f e r e n t  u n i t s ,  a s  w e l l  a s  t h e  r e l i a b i l i t y  
o f  t h e ' f l o w s  exchanged, i s  t a k e n  i n t o  accoun t .  
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