
The Combined Equilibrium of 
Travel Networks and Residential 
Location Markets

Anas, A.

 

IIASA Collaborative Paper
October 1984



Anas, A. (1984) The Combined Equilibrium of Travel Networks and Residential Location Markets. IIASA 

Collaborative Paper. IIASA, Laxenburg, Austria, CP-84-042 Copyright © October 1984 by the author(s). 

http://pure.iiasa.ac.at/2535/ All rights reserved. Permission to make digital or hard copies of all or part of this 

work for personal or classroom use is granted without fee provided that copies are not made or distributed for 

profit or commercial advantage. All copies must bear this notice and the full citation on the first page. For other 

purposes, to republish, to post on servers or to redistribute to lists, permission must be sought by contacting 

repository@iiasa.ac.at 

mailto:repository@iiasa.ac.at


NOT FOR QUOTATION 
WITHOUT PERMISSION 
OF THE AUTHOR 

THE COMBINED EQUILIBRIUM OF 
TRAVEL NETWORKS AND RESIDENTIAL 
LOCATION MARKETS* 

Alex Anas** 

September 19 84 
CP-84-42 

Contribution to the Metropolitan Study: 11 

*This r e s e a r c h  was suppor ted  i n  p a r t  by a 
v i s i t i n g  p r o f e s s o r s h i p  g r a n t  from S t a n f o r d  
U n i v e r s i t y ' s  program i n  I n f r a s t r u c t u r e  
P lann ing  and Management i n  t h e  Department 
o f  C i v i l  Eng ineer ing.  

* *C i v i l  Eng ineer ing Department 
Northwestern U n i v e r s i t y  
Evanston,  I l l i n o i s  60.201 
U .  S. A. 

Telephone: (312) 492 7629 

CoZZaborative Papers r e p o r t  work which h a s  n o t  been 
per formed s o l e l y  a t  t h e  I n t e r n a t i o n a l  I n s t i t u t e  f o r  
App l ied Systems Ana l ys i s  and which h a s  r e c e i v e d  o n l y  
l i m i t e d  rev iew.  Views or o p i n i o n s  e x p r e s s e d  h e r e i n  
do n o t  n e c e s s a r i l y  r e p r e s e n t  t h o s e  of  t h e  I n s t i t u t e ,  
i t s  N a t i o n a l  Member O r g a n i z a t i o n s ,  or o t h e r  o r g a n i -  
z a t i o n s  s u p p o r t i n g  t h e  work. 

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMS ANALYSIS 
A-2361 Laxenburg, A u s t r i a  



CONTRIBUTIONS TO THE METROPOLITAN STUDY: 

Anas,  A .  a n d  L.S. Duann ( 1 9 8 3 )  Dynamic  F o r e c a s t i n g  o f  
T r a v e l  Demand. C o l l a b o r a t i v e  P a p e r ,  CP-83-45.  
I n t e r n a t i o n a l  I n s t i t u t e  f o r  A p p l i e d  S y s t e m s  A n a l y s i s  
( I I A S A ) ,  A -2361  L a x e n b u r g ,  A u s t r i a .  

C a s t i ,  J. ( 1 9 8 3 )  E m e r g e n t  N o v e l t y  a n d  t h e  M o d e l i n g  o f  
S p a t i a l  P r o c e s s e s .  R e s e a r c h  R e p o r t ,  RR-83-27.  I IASA, 
L a x e n b u r g ,  A u s t r i a .  

L e s s e ,  P.F. ( 1 9 8 3 )  The S t a t i s t i c a l  D y n a m i c s  o f  
S o c i o - E c o n o m i c  Sys tems .  C o l l a b o r a t i v e  P a p e r ,  CP-83-51.  
I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

Haag, G. and  W. W e i d l i c h  ( 1 9 8 3 )  An E v a l u a b l e  T h e o r y  
o f  a  C l a s s  o f  M i g r a t i o n  P r o b l e m s .  C o l l a b o r a t i v e  P a p e r ,  
CP-83-58.  I IASA, L a x e n b u r g ,  A u s t r i a .  

N i j k a m p ,  P. a n d  U. S c h u b e r t  ( 1 9 8 3 )  S t r u c t u r a l  Change 
i n  U r b a n  Sys tems .  C o l l a b o r a t i v e  P a p e r ,  CP-83-57.  
I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

L e o n a r d i ,  G. ( 1 9 8 3 )  T r a n s i e n t  and  A s y m p t o t i c  B e h a v i o r  
o f  a  R a n d o m - U t i l i t y  B a s e d  S t o c h a s t i c  S e a r c h  P r o c e s s  i n  
C o n t i n o u s  Space a n d  T ime .  W o r k i n g  P a p e r ,  WP-83-108. 
I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

F u j i t a ,  M .  ( 1 9 8 4 )  The S p a t i a l  G r o w t h  o f  T o k y o  
M e t r o p o l  i t a n  A r e a .  C o l  l a b o r a t i  ve P a p e r ,  CP-84-03.  
I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

A n d e r s s o n ,  A.E. a n d  8. J o h a n s s o n  ( 1 9 8 4 )  Know ledge  
I n t e n s i t y  a n d  P r o d u c t  C y c l e s  i n  M e t r o p o l  i t a n  R e g i o n s .  
W o r k i n g  P a p e r ,  WP-84-13. I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

J o h a n s s o n ,  B. and P. N i j k a m p  ( 1 9 8 4 )  A n a l y s i s  o f  
E p i s o d e s  I n  U r b a n  E v e n t  H i s t o r i e s .  W o r k i n g  P a p e r ,  
UP-84-75.  I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

W l l s o n ,  A.G .  ( 1 9 8 4 )  T r a n s p o r t  and  t h e  E v o l u t i o n  o f  
U r b a n  S p a t i a l  S t r u c t u r e .  C o l l a b o r a t i v e  P a p e r ,  
CP-84-41.  I I A S A ,  L a x e n b u r g ,  A u s t r i a .  

Anas,  A.  ( 1 9 8 4 )  The Combined E q u i l i b r i u m  o f  T r a v e l  
N e t w o r k s  and  R e s i d e n t i a l  L o c a t i o n  M a r k e t s .  
C o l l a b o r a t i v e  P a p e r ,  CP-84-42.  I IASA, L a x e n b u r g ,  
A u s t r i a .  



FOREWORD 

Contribution to  the Metropolitan Study: 11 

The p r o j e c t  " N e s t e d  D y n a m i c s  o f  M e t r o p o l  i t a n  P r o c e s s e s  
and  P o l i c i e s "  s t a r t e d  a s  a  c o l l a b o r a t i v e  s t u d y  i n  1 9 8 3 .  The 
S e r i e s  o f  c o n t r i b u t i o n s  i s  a  means o f  c o n v e y i n g  i n f o r m a t i o n  
b e t w e e n  t h e  c o l l a b o r a t o r s  i n  t h e  n e t w o r k  o f  t h e  p r o j e c t .  

T h i s  p a p e r  d e m o n s t r a t e s  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  
a  s i m u l  t a n e o u s  e q u i l  i b r i u m  o f  h o u s e h o l d ' s  c h o i c e s  o f  
commut ing  n e t w o r k s  and  r e s i d e n t i a l  l o c a t i o n s .  The a n a l y s i s  
c o n t r i b u t e s  t o  t h e  M e t r o p o l  i t a n  S t u d y  by  c o n s i d e r i n g  t h e  
i n t e r a c t i o n  b e t w e e n  s e v e r a l  m a r k e t s  a n d  b e h a v i o r  o f  
s u b s y s t e m s .  I t  a l s o  c o n t a i n s  a  p r e l  i m i n a r y  d i s c u s s i o n  o f  
t h e  s t a b i l i t y  p r o p e r t i e s  o f  t h e  equilibrium s o l u t i o n .  

Ake E. A n d e r s s o n  
L e a d e r  
R e g i o n a l  I s s u e s  P r o j e c t  

S e p t e m b e r  1984  





ABSTRACT 

The combined "user" equ i l  i brium o f  t r a v e l  networks and r e s i d e n t i a l  
l o c a t i o n  markets i s  shown t o  e x i s t  and t o  be unique i n  the expected a l l o c a t i o n  
o f  households t o  r e s i d e n t i a l  l oca t ions  and t o  t h e  routes and 1 inks  o f  the  
network, i n  t h e  vacancies and ren ts  o f  r e s i d e n t i a l  loca t ions  and i n  the  con- 
gested t r a v e l  t ime and cos t  of each network l i n k .  The formulat ion combines a 
mu1 t i nomia l  l o g i  t model o f  households' l o c a t i o n  and route  choices der ived from 
u t i l i t y  maximization, a b inary  l o g i t  model o f  house owners' o f f e r  decis ions 
der ived from p r o f i t  maximization and the  standard model of network congestion. 
A t r a v e l  d i s u t i l i t y  measure (cons is ten t  w i t h  u t i l i t y  maximization) replaces 
the  standard "generalized cos t  funct ion" ,  The proof u t i l i z e s  a non- 
1 i nea r  programni ng f o n u l  a t i o n  which reproduces t h e  simultaneous equ i l  i brium 
cond i t i ons  of the  behavioral formulation, The s t a b i l i t y  of the  unique e q u i l  i- 
brium p o s i t i o n  i s  b r i e f l y  discussed, a computational a1 gori thm i s  proposed and 
h i n t s  f o r  general ized formulat ions are  provided. 
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THE COMBINED EQUILIBRIUM OF 
TRAVEL NETWORKS AND RESIDENTIAL 
LOCATION MARKETS 

Alex Anas 

1. In t roduct ion  

This paper concerns the  simultaneous formulat ion and s o l u t i o n  o f  two 

equ i l i b r i um problems each of which has a t t rac ted  a  great  deal o f  a t ten t i on .  

The f i r s t  of these problems i s  the  equ i l i b r i um assignment o f  comute rs  

t o  the  l i n k s  of a  congest ib le  l ink-node t r a v e l  network. Th is  problem has 

a t t rac ted  the  a t t e n t i o n  of t ranspor ta t i on  planners a t  l e a s t  s ince 1952 and i s  

of cen t ra l  importance i n  the  formulat ion o f  " t r a f f i c  assignment models", a  

key step i n  p r a c t i c a l  t r a n s p o r t a t i o n  planning procedures. 

The second problem i s  the  equ i l i b r i um assignment o f  houseb lds  t o  geo- 

graphic housing submarkets. Th is  problem has a t t r a c t e d  the  a t t e n t i o n  o f  urban 

economists a t  l e a s t  s ince the  e a r l y  s i x t i e s .  It i s  of c e n t r a l  importance i n  

the  formulat ion of " r e s i d e n t i a l  l o c a t i o n  models" which are  c r u c i a l  t o  housing 

market analys is  and a l so  t o  t ranspor ta t i on  planning, s ince the  l oca t ions  o f  

fami l ies  i s  a  f i r s t  s tep  i n  any c a l c u l a t i o n  o f  t r a v e l  demands. 

A1 though each of these two equ i l i b r i um problems has been studied ra the r  

extensively,  there i s  no t reatment  i n  the  l i t e r a t u r e  o f  t h e i r  simultaneous 

sol u t ion .  

I n  t r e a t i n g  the  problem of t r a v e l  network equ i l ib r ium,  i t  i s  normally 

assumed t h a t  r e s i d e n t i a l  and employment locat ions are predetermined and t h a t  

t h e  number o f  t r i p s  ( o r  f lows) o r i g i n a t i n g  a t  a workplace and dest ined t o  a  
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home l o c a t i o n  are known and f i x e d  f o r  a l l  p a i r s  o f  t he  o r i g i n - d e s t i n a t i o n  

mat r ix .  These f lows a re  obta ined from the  t r i p  generat ion, t r i p  d i s t r i b u t i o n  

and mode s p l i t  procedures which normal ly  precede the  network assignment problem. 

I n  the  network e q u i l i b r i u m  problem, the  f lows are  assigned among the  routes 

a v a i l a b l e  f o r  t r a v e l  between each o r i g i n  t o  d e s t i n a t i o n  pa i r .  Routes cons i s t  

o f  a  sequence o f  l i n k s  on t h e  network, and a  l i n k  i s  normal ly  shared by several 

rou tes  connecting var ious o r i g i n - d e s t i n a t i o n  pa i r s .  

A f u n c t i o n  o f  average t r a v e l  t ime and c o s t  (dubbed "general ized cos t " )  

i ncu r red  i n  t r a v e l i n g  a long a  l i n k  i s  assumed t o  be an increas ing  func t i on  o f  

the  number of t r i p s  simultaneously t r a v e l i n g  on t h a t  l i n k .  The network problem 

i s  then t o  f i n d  the  e q u i l i b r i u m  f l o w  and genera l i zed cos t  on each l i n k  (and, 

by sumnation, on each route) .  Two equ i l - ib r ium concepts have been developed and 

appl ied. 

The f i r s t  e q u i l i b r i u m  concept may be l a b e l l e d  "de te rm in i s t i c  user e q u i l i -  

brim". It was s ta ted  by Wardrop (1952) and analyzed i n  the  formulat ion o f  t he  

network problem by Beckmann -- e t  a1 . (1956). Th is  e q u i l i b r a t i o n  p r i n c i p l e  assumes 

t h a t  each t r i p  takes the  l e a s t  c o s t l y  r o u t e  between the  o r i g i n  and des t i na t i on  

points ,  and t h a t  a1 1 t r a v e l e r s  perce ive  cos ts  i d e n t i c a l l y .  Consequently, a1 1  

rou tes  connecting an o r i g i n - d e s t i n a t i o n  p a i r  and c a r r y i n g  some t r a f f i c  a t  equi-  

l i b r i u n  have equal cos ts  a t  equ i l ib r ium,  and a l l  competing rou tes  which remain 

unused have h igher  costs. These cond i t i ons  a re  a l s o  known as those o f  "user 

opt imal equ i l i b r i um"  because they  i nco rpo ra te  the  no t i on  t h a t  each t r a v e l e r  i s  

i n  e q u i l i b r i u m  and, once a t  e q u i l i b r i u m  cannot improve h i s  cos t  by changing 

route. Beckmann -- e t  a l .  showed t h a t  blardrop's user opt imal e q u i l i b r i u m  cond i t ions  

can be obtained as t h e  unique s o l u t i o n  of an op t im iza t i on  problem. 

The second e q u i l i b r i u m  concept may be c a l l e d  "s tochast ic  equ i l i b r i um"  and 

i s  developed i n  a  fo rmula t ion  by D i a l  (1971) and more r e c e n t l y  by Daganzo and 
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S h e f f i  (1977). Under ly ing  t h e  s tochast ic  e q u i l i b r i u m  fo rmu la t i on  i s  t h a t  no t  

a l l  t r a v e l e r s  perceive t h e  same t r a v e l  cos t  s t ruc tu re .  Thus, w h i l e  each t r a v e l -  

e r  may s t i l l  b e h v e  as a  de termin i  s t i c  cos t  minimizer,  a  popu la t ion  of such 

t r a v e l e r s  who are i d e n t i c a l  i n  a1 1  aspects w i l l  d isperse  over  t he  ava i l ab le  

rou tes  because o f  unobserved ( t o  the  ana lys t )  p robab i l  i s t i c  v a r i a t i o n s  i n  t h e i r  

perceived t r a v e l  costs. A t  e q u i l  i brium, each o f  t h e  a v a i l  ab le  rou tes  between 

an o r i g i n - d e s t i n a t i o n  p a i r  w i l l  c a r r y  some t r a f f i c ,  even t b u g h  t h e  observed 

component o f  these r o u t e  cos ts  can vary g r e a t l y  among them. A t  equ i l ib r ium,  

the  expected nwnber o f  t r a v e l e r s  (expected demand) choosing each rou te  w i l l  

create  those congested cos ts  which g i v e  r i s e  t o  p r e c i s e l y  the  same expected 

number o f  t r ave le rs .  Probab i l  i s t i c  network assignment has had subs tant ia l  appeal 

because the  preceding steps i n  t ranspor ta t i on  planning, f o r  example, t r i p  d i s -  

t r i b u t i o n  and mode sp l  i t  were a1 ready conceived i n  p robab i l  i s t i c  terms and sys- 

temat ica l  l y  formulated as such by M i l  son (1 970). The s tochas t i c  assignment 

models thus made poss ib le  t h e  a p p l i c a t i o n  o f  the  t r i p  d ispers ion  concept a t  - a l l  

l e v e l s  o f  the  t r a n s p o r t a t i o n  p lanning process. 

More recent ly ,  F l o r i a n  -- e t  a1 . (1 975, 1978) and Evans (1 976) developed 

models which combined Wilson-type t r i p  d i s t r i b u t i o n  w i t h  s tochas t i c  user equi- 

l ibr ium. Boyce (1980) and Boyce -- e t  a1 . (1981, 1983) extended t h e  scope o f  these 

combined models t o  i nco rpo ra te  the  choice o f  route,  mode, d e s t i n a t i o n  and 

1  l o c a t i o n  . A major c h a r a c t e r i s t i c  o f  these combined models ( those deal ing w i t h  

des t i na t i on  and l o c a t i o n  choices)  i s  t h a t  they do n o t  consider  the  geographic 

d i s t r i b u t i o n  o f  the  housing s tock  and t h e  e q u i l i b r i u m  assignment of households 

t o  r e s i d e n t i a l  l o c a t i o n s  v i a  t h e  adjustment o f  housing p r i ces  ( o r  ren ts ) .  To 

ga in  a  b e t t e r  understanding o f  t h i s  e q u i l i b r i u m  assignment we t u r n  t o  the second 

e q u i l i b r i u m  problem: the  assignment o f  hous&olds t o  r e s i d e n t i a l  l oca t i on  sub- 

markets. 



I n  t r e a t i n g  the  second problem, i t  i s  normal ly  assumed t h a t  network 

t r a v e l  t imes and cos ts  a re  f i xed  and t h a t  they e n t e r  the  u t i l  i t y  funct ions o f  

households a longside w i t h  housing p r i ces  and housing and l o c a t i o n  a t t r i b u t e s .  

Housing pr ices ,  however, a re  n o t  f i xed .  I n  t he  s h o r t  run, dur ing which the  

housing stock d i s t r i b u t i o n  remains unchanged, p r i c e s  a d j u s t  t o  balance the  

expected number o f  households wishing t o  l o c a t e  i n  each housing submarket w i t h  

the expected number of s a l e m d  r e n t a l  o f  dwe l l ings  i n  t h a t  submarket. This  

assignment determines e q u i l i b r i u m  p r i ces  as we l l  as vacancies i n  each submarket. 

A t  equ i l ib r ium,  each h o u s e b l d  loca tes  i n  the  submarket which maximizes the 

household's u t i l i t y  and each dwel l ing  goes t o  the  h ighes t  p r o f i t  use (occupied 

o r  vacant). I n  t h e  l ong  run, the  housing stock can change and land p r i ces  ad- 

j u s t  t o  match the  expected demand fo r  housing w i t h  the  expected supply o f  i t  

i n  each zone. 

Locat ion models f a i t h f u l  t o  the above p r i n c i p l e s  have been examined s ince 

the p ioneer ing work of Alonso (1964) and the l i n e a r  p rog raming  model by 

Herber t  and Stevens (1 960). The l a t t e r  model deals w i t h  the  a l l o c a t i o n  problem 

determin i  s t i c a l  l y  b u t  a p r o b a b i l i s t i c  vers ion  of it, i nco rpo ra t i ng  d ispers ion  

i n  r e s i d e n t i a l  l oca t i ons ,  was proposed by Senior  and Wilson (1974). A d i s -  

e q u i l i b r i u m  model which incorporated d ispers ion  was proposed by Anas (1973), 

and a model by Los (1 979) proposed another d i  sequ i l  i brium formulat ion incorpor-  

a t i n g  the  concept o f  b i d  r e n t  i n  a model w i t h  a t r a v e l  network. More recent ly ,  

McFadden (1 978) examined t h e  demand f o r  r e s i d e n t i a l  1 ocat ion  using mu1 t i nomia l  

l o g i  t and re1  a ted  general i zed extreme va l  ue model s . Ana s (1 982, 1983) developed 

a l a r g e  scale econometric model of the r e s i d e n t i a l  l o c a t i o n  market i n  the Chicago 

SMSA, employing l o g i t  and nested l o g i t  models f o r  household and house owner 

behavior, showing how e q u i l  i brium r e n t  d i s t r i b u t i o n s  can be computed given exo- 

2 genous changes i n  t h e  t r a v e l  t ime and t r a v e l  c o s t  s t r u c t u r e  . 



5 

The present  paper extends Anas's model by i nco rpo ra t i ng  rou te  choice 

simultaneously w i t h  l o c a t i o n  choice. Housing r e n t ,  t r a v e l  t ime and t r a v e l  cos t  

appear i n  the  u t i l i t y  f u n c t i o n  simultaneously and the  concept o f  general ized 

cos t  i s  discarded i n  favor of an endogenously determined t r a v e l  d i s u t i l i t y  

measure. The model employs p r o b a b i l i s t i c  network assignment whereby the  e q u i l -  

i b r i um 1  i n k  t r a v e l  t imes and costs are determined simultaneously w i th  the  

equ i l  i b r i um l o c a t i o n  r e n t s  and the  physical  a l l o c a t i o n  o f  households t o  the  

network and the  housing stock. 

Th is  paper achieves an overdue c losure  by p rov id ing  a  r igorous mathemati- 

ca l  t reatment  of a  problem which up t o  the  present  t ime received on ly  ad hoc 

treatment. There have been several p r a c t i c a l  at tempts, repor ted  i n  the 1  i t e r -  

ature, t o  combine a  network e q u i l  i b r i um model w i t h  a  l o c a t i o n  model tak ing  

land ( o r  housing stock) cons t ra in t s  i n t o  account. A l l  of these attempts are 

i n  the  t r a d i t i o n  es tab l ished by Lowry (1964). Most no tab l y  Putman (1974) 

attempted t o  combine Goldn e r  ' s  (1 964) PLUM model w i  t h  a  network assignment 

model. A s i m i l a r  a t tempt  i s  the  work o f  Peskin (1977). I n  a  ser ies  o f  a r t i c l e s ,  

Berechman (1980, 1981) examined the s t r u c t u r e  o f  such " in tegra ted"  model s  bu t  

d i d  n o t  propose a  c o n s i s t e n t  improved formula t i o n .  The cen t ra l  de f ic iency  

w i t h  a l l  of these attempts, as we l l  as w i t h  Berechman's inves t iga t ion ,  i s  t h a t  

the equat ions do n o t  incorpora te  l o c a t i o n  p r i ces .  Thus, equ i l i b r i um i s  achieved 

by a r t i f i c i a l l y  f o r c i n g  demands to  match supp l i es  by means of a r b i t r a r y  ad- 

j u s m e n t  fac tors  o r  u n r e a l i s t i c  r e a l l o c a t i o n s  of excess demands as i n  the  

o r i g i n a l  Lowry model. The c u r r e n t  paper shows how these de f i c i enc ies  can be 

e l  i m i  na ted . 
The assumptions and n o t a t i o n  are descr ibed i n  sec t ion  2, the  combined 

e q u i l  i brium i s  formulated i n  sec t ion  3, ex is tence and uniqueness o f  e q u i l i b r i u m  

are  discussed and proved i n  sect ions 4 and 5, a l t e r n a t i v e  computational a lgo r -  

i thms a re  proposed i n  sec t i on  6  and several extended formulat ions are discussed 



i n  the  f i n a l  sec t ion  which a l s o  o u t l i n e s  a f u t u r e  research agenda fo r  the 

f u r t h e r  development o f  combined models. 

2. Assumptions and Nota t ion  

Most o f  my assumptions are  standard i n  the  contexts o f  the  r e s i d e n t i a l  

market and t r a v e l  network problems. A few s i m p l i f y i n g  assumptions are 

i nessen t ia l  and do n o t  a f f e c t  the basic conclusions. The i r  r e l a x a t i o n  w i l l  

be discussed i n  the f i n a l  sect ion. 

The assumptions are  as fo l lows:  

A1 : Each household has one working member who makes one commuting t r i p  

( i nessen t ia l  ). 

A2: There i s  on l y  one mode o f  t r a v e l  for  commuting and t h i s  i s  a congest ib le 

network ( f o r  example, a highway network). The assumption of a s i n g l e  

mode i s  i nessen t ia l .  

A3: Workpl aces and dwel l  ings  are aggregated i n t o  mutual l y  exc l  us ive  geo- 

graphic zones, hereaf ter  c a l l e d  "zone o f  residence". Each zone i s  

assumed t o  be i n t e r n a l  l y  homogeneous. For exampl e, a1 1 dwel l  ings 

located i n  a zone are  assumed t o  be i d e n t i c a l  ( inessent ia l ) .  

A4: The t r a v e l  network cons is ts  o f  a number of l i n k s  and nodes. A node i s  

a p o i n t  where two o r  more l i n k s  meet. Zones of work and residence are 

i d e n t i f i e d  w i t h  the  nodes of tk network and a l l  t r i p s  o r i g i n a t i n g  i n  

such zones are  loaded onto o r  unloaded from t he  network a t  these nodes. 

Travel  w i t h i n  zones i s  assumed t o  be f ree of congestion and i s  neglected. 

Given any p a i r  of work-residence zones there  i s  a f i n i t e  (and rea l  i s t i c -  

a l l y ,  "small ") number o f  rou tes  f o r  t r a v e l  between the  two zones. Each 

r o u t e  i s  a sequence o f  1 inks  t o  be t raversed i n  t h a t  order. Links are  

normal ly  shared by more than one rou te  and each 1 i n k  belongs t o  a t  l e a s t  

one rou te  (standard).  



AS: A l l  t r a v e l  i s  assumed t o  begin s imul taneous ly  i n  a  rush-hour t ype  o f  

behav ior .  Due t o  congest ion,  t h e  t r a v e l  c o s t  and t r a v e l  t ime  a long  a  

l i n k  a r e  f u n c t i o n s  o f  t h e  number o f  comnuters t r a v e l i n g  on  t h a t  l i n k  

(standard) . 
A6: A1 1  households (commuters) a r e  assumed t o  be homogeneous i n  preferences 

except  f o r  random d i s t u r b a n c e  terms ( i n e s s e n t i a l ) .  The i r  u t i l  i t y  i s  a  

f u n c t i o n  o f  t r a v e l  t ime ,  t r a v e l  cos t ,  t h e  r e n t  f o r  housing and o t h e r  

a t t r i b u t e s  o f  t h e  r o u t e  o f  t r a v e l  and t he  zone o f  res idence.  Given t h e  

zone o f  work, each household chooses a  zone o f  res idence  (where a  d w e l l -  

i n g  i s  se l ec ted )  and a  r o u t e  o f  t r a v e l  f rom t h e  zone o f  work t o  t h e  zone 

o f  res idence .  These choices a r e  made simul taneous ly  and by maximiz ing 

u t i l i t y  over  a l l  a v a i l a b l e  zones o f  r es i dence  and assoc ia ted rou tes  o f  

t r a v e l .  

A7: The owner o f  each d w e l l i n g  (or  l a n d l o r d )  dec ides whether t h e  d w e l l i n g  

should be l e t  (o r  so ld )  o r  kep t  vacant.  Th is  o f f e r  dec i s i on  depends on 

t h e  r e n t ,  t h e  d i f f e r e n t i a l  cos t s  o f  maintenance f o r  occupied and vacant 

d w e l l i n g s  and o t h e r  f ac to r s .  

Our n o t a t i o n  i s  as f o l l ows :  

Ni : nunber o f  households (= comnuters) employed a t  i, 

Sj : 
nunber o f  d w e l l i n g s  a t  j, 

Ri j: t h e  s e t  o f  r ou tes ,  f e a s i b l e  fir t r a v e l  , connec t ing  zone o f  work i 
and zone o f  res idence  j . The f e a s i  b i  1 i t y  r u l  e  can be used t o  
exc lude o v e r l y  c i r c u i t o u s  r ou tes ,  r o u t e s  which repea t  t h e  use o f  
t h e  same 1  i n k  and o t h e r s  which would n o t  be used i n  r e a l i t y .  
However, each l i n k  on t h e  network must be long t o  a t  l e a s t  one 
f e a s i b l e  r ou te .  

' d j p  
: a s e t  o f  Kroenecker d e l t a s  such t h a t  w i t h  il deno t i ng  a  l i n k  and 

Rij deno t i ng  a  r ou te ,  dilijp=l i f  kpaRij, and 6ilijp=0 o therw ise .  

f, : t h e  number o f  t r i p s  on network l i n k  a. 

T ' t r a v e l  t ime  on 1  i n k  a. a 



t r a v e l  c o s t  on l i n k  1. a ' 

ga(fa): l i n k  conges t ion  f u n c t i o n  f o r  1  i n k  2, measur ing 1 i n k  t r a v e l  
t i m e  as a  f u n c t i o n  o f  t r a v e l  volume. 

h a ( f a )  : 1 i n k  conges t ion  f u n c t i o n  f o r  1  i n k  1 . measuring 1 i n k  t r a v e l  c o s t  
as a  f unc t i on  o f  1  i n k  t r a v e l  volume. 

r r e s i d e n t i a l  r e n t  i n  zone o f  res idence  j . 
j .  

pi jp: p r o b a b i l i t y  t h a t  a  corrmuter employed a t  i w i l l  choose res idence  a t  
j and r o u t e  o f  t r a v e l  p E Ri j. 
p r o b a b i l i t y  t h a t  a  d w e l l i n g  owner a t  j w i l l  keep h i s  d w e l l i n g   nit 

'jO. vacant .  

q j 1  : p r o b a b i l i t y  t h a t  a  d w e l l i n g  owner a t  j w i l l  o f f e r  h i s  d w e l l i n g  f o r  
occupancy . 

x . t h e  expected number o f  t r i p s  from zone o f  work i t o  zone o f  r e s i -  
' jp dence j and v i a  r o u t e  pcRij. 

Y j o  : expected number o f  vacancies a t  zone o f  r es i dence  j. 

yjl : expected number o f  occupied u n i t s  a t  zone o f  r es i dence  j. 

u : t h e  f i x e d  p a r t  o f  t h e  u t i l  i t y  o f  a  household (employed a t  is res id in ;  
iJp a t  j and choos ing r o u t e  P E R .  .) , which depends on  f i x e d  f a c t o r s  o t h e r  

than r e n t ,  t r a v e l  t ime  and {Save1 cos t .  

v  t h e  -maTntenance c o s t  o f  .a-vaiant-awell i -q - in  20% o f  r e s i d e n c e -  j. j o  ' . - .. ~ - -  ~- ~ 

-15e-maintenanG.-co<t  - o f  -an  occupied d w e l l  i n g - i n  zone .f - res idence j .  'jl : . .  - . . . .  - - -- .- - ~ . - -  ... . . . - 

ci jp : t h e  p a r t  o f  a  household 's  u t i l i t y  which i s  t r e a t e d  as a  random v a r i -  
a b l e  and v a r i e s  across households f o r  each (i ,j,p) due t o  unobservei  

a t t r i b u t e s .  

t h e  p a r t  o f  t h e  c o s t  o f  a  vacant d w e l l i n g  which i s  random and v a r i e s  
'jo: across d w e l l i n g s .  

t h e  p a r t  o f  t h e  c o s t  o f  an occupied d w e l l i n g  which i s  random and 
'j' : v a r i e s  across d w e l l  i ngs .  

a,y,,yc<O: t h e  marg ina l  d i s u t i l i t i e s  o f  r e n t ,  t r a v e l  t ime  and t r a v e l  cos t  
r e s p e c t i v e l y  . 

P O :  t h e  marg ina l  p r o f i t a b i l i t y  o f  r e n t .  
14 

u : t h e  t o t a l  u t i l  i t y  o f  choos ing zone o f  r es i dence  j and r o u t e  o f  t rave '  
ijp p f o r  a  household employed a t  1. 

l r .  
j o  ' t h e  t o t a l  p r o f i t  o f  a  vacant  dwe l l  i n g  i n  zone j. 

lr 
jl : t h e  t o t a l  p r o f i t  o f  an occupied d w e l l i n g  i n  zone j. 



3. The Combined E q u i l i b r i u m  Problem 

We f i r s t  d i scuss  t h e  u t i l i t y  and p r o f i t  maximiz ing submodels and then  

f o rmu la te  t he  combined t r a v e l  network and r e s i d e n t i a l  l o c a t i o n  e q u i l i b r i u m  

problem as a  simul taneous equat ions problem. 

3.1 U t i l i t y  max imiza t ion :  choice o f  r e s i d e n t i a l  l o c a t i o n  and t r a v e l  r o u t e  

Suppose t h e  u t i l i t y  f u n c t i o n  i s  g iven  by 

Then, 

A A 

p i  j p  = Prob [uijp> ukms, Y(k,m,s) f ( i , j , d l  

If we assume t h a t  t h e  E ~ ~ ~ ' s  a re  i d e n t i c a l l y  and independent ly  d i s t r i b u t e d  

accord ing  t o  t h e  extreme va l  ue d i s t r i b u t i o n  then (2) becomes t h e  mu1 t i nom ia l  

l o g i t  model , 

and t h e  expected number choosing zone o f  res idence  j and r o u t e  P i s ,  

O f  course, E E P i  j p  
= 1. 

j W R i j  

Since a, y,, yc and t h e  ui jp's a r e  constants ,  equa t ion  (3)  can h e r e a f t e r  
- - 

be denoted as pi jp = pijp(r, T ,  3. Each cho ice  p r o b a b i l i t y  i s  a  s t r i c t l y  

decreas ing f u n c t i o n  o f  t h e  r e n t  o f  i t s  own zone bu t  a  s t r i c t l y  i n c r e a s i n g  

f u n c t i o n  o f  t he  r e n t  o f  o t h e r  ( s u b s t i t u t e )  zones. I n  p a r t i c u l a r ,  



apijp (1 - piks) < O f o r  k  = j 
srRi 

apijp/ark = 

' P i k s  > 0 f o r  k # j, 
s t  Ri 

where s  E Rik. 

3.2 P r o f i t  maximizat ion:  t h e  d e c i s i o n  t o  l e t  a  dwe l l  i n p  

Le t  a  l a n d l o r d ' s  p r o f i t s  f o r  a  vacant and occupied d w e l l i n g  r e s p e c t i v e l y  

be g iven as, 

n = - y  + n  
j o  j o  j o  (6 )  

Then, 

q j o  
= Prob [njo > n ] 

j 1  
and, 

Assuming t h a t  n and n a r e  i d e n t i c a l l y  and independent ly  d i s t r i b u t e d  accord- 
j o  j 1  

i n g  t o  t h e  extreme va lue d i s t r i b u t i o n ,  we d e r i v e  t h e  b i na ry  l o g i t  p robab i l  i t i e s ,  

exp' { -v .  I 
J  0 

exp' { ~ r  - v 1 
j jl - 

q j 1  
- 

exp' { B r  - v .  1 + exp' { -v } ' 
j 31 j 0 

and t h e  expected cho ices  are,  
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The p r o b a b i l i t y  o f  occupancy i s  an i nc reas ing  f u n c t i o n  o f  t h e  r e n t .  I n  

p a r t i  cu l  a r  , 

aqj l /ar j  = ~ q .  q > o 
31 j o  

3.3 Network congest ion 

The f l o w  on any 1  i n k  1 i s  computed as, 

and t h e  t r a v e l  t i m e  and c o s t  o f  t h e  l i n k  are,  

, = g,(fgI 

and 

Some comments about t h e  p r o p e r t i e s  o f  these f unc t i ons  a re  needed. The assump- 

t i o n  t h a t  t r a v e l  t ime increases as a  f u n c t i o n  o f  t r a v e l  volume, i.e. ag,(f,)/ 

af, > 0, i s  o f  course v a l i d ,  bu t  i t  i s  reasonable t o  assume f u r t h e r  t h a t  I 

a2g,(fd/a< > 0, and t h a t  1  im g,(f,) = - where K, i s  t h e  phys i ca l  capac i t y  
ftxn 

o f  l i n k  a .  The t r a v e l  c o s t  f u n c t i o n  i s  known e m p i r i c a l l y  t o  e x h i b i t  a  minimum. 

Th is  occurs because as t r a f f i c  volume f a l l s  away from t h e  phys ica l  capac i t y  

K,, t r a v e l  speed increases and t h i s  improves f u e l  consumption e f f i c i e n c y  

i n i t i a l l y .  

I n  p r a c t i c a l  appl i ca t i ons  o f  network model s  , ana l ys t s  commonly deal n o t  

w i t h  t r a v e l  t ime  and t r a v e l  cos t  sepa ra te l y  bu t  w i t h  a  weighted combinat ion o f  

t h e  two, dubbed "general i zed  cost1'. The genera l i zed  c o s t  f u n c t i o n  i s  assumed 

t o  have t h e  shape i n d i c a t e d  i n  f i g u r e  1  (c) w i t h  t he  concept o f  a  "design capac i tya ,  

DL, r e p l a c i n g  t h e  phys i ca l  capac i ty ,  K,. For example i n  t he  w e l l  known Bureau 

o f  Pub l i c  Roads f u n c t i o n  b  = 1.15 and d  = 4.0 w i t h  a, and D, l i n k - s p e c i f i c  

parameters. 



The problem w i t h  genera l i zed  c o s t  measures i s  t h a t  t h e  we igh t i ng  o f  t ime 

and c o s t  i s  n o t  o b j e c t i v e ,  as presumed, bu t  s u b j e c t i v e  and occurs i n  t he  u t i l i t y  

f unc t i on .  Thus, i ns tead  o f  general  i z e d  c o s t  f u n c t i o n s  one shoul d  r e f e r  d i r e c t -  

l y  t o  t h e  " d i s u t i l i t y  o f  t r a v e l  f u n c t i o n "  which i s  cons t ruc ted  by we igh t i ng  

t h e  g  (.) and h (.) f unc t i ons  w i t h  t h e i r  r e s p e c t i v e  u t i l i t y  c o e f f i c i e n t s .  The 
a  a  

r e s t  o f  t h i s  paper w i l l  r e l y  on t h i s  more s e n s i b l e  procedure. Thus, t h e  d i s -  

u t i l i t y  o f  t r a v e l  on l i n k  2 i s ,  

A1 = ?,gl(fa) - ycha( f " )  > 0. ( l a  

Since h )  i s  n o t  everywhere inc reas ing ,  (18) need n o t  be everywhere i nc reas ing  

e i t h e r .  I f  not ,  t h i s  i n t r oduces  a  nonconvexi t y  which may l e a d  t o  t he  presence 

o f  m u l t i p l e  e q u i l i b r i a  i n  t he  network e q u i l i b r i u m  problem. To avo id  t h i s  

p o s s i b i l i t y ,  i t  i s  s u f f i c i e n t  t o  asswne t h a t  t h e  d i s u t i l  i t y  f unc t i on  i s  every- 

where s t r i c t l y  i n c r e a s i n g  because t h e  s t r i c t l y  i n c r e a s i n g  g,(-) dominates t he  

hp(* ) .  Thus, t o  o b t a i n  a l l  t h e  p roo fs  o f  t h i s  paper I w i l l  assume t h a t ,  

O f  course, t h i s  assumption i s  t e c h n i c a l l y  no more r e s t r i c t i v e  than  t h e  assump- 

t i o n  o f  i n c r e a s i n g  genera l i zed  c o s t  f u n c t i o n s  commonly employed i n  t h e  l i t e r -  

a tu re .  

3.4 Combined e q u i l  i brium 

Le t  t h e r e  be j = 1  . . . J  zones o f  r es i dence  and 2 = 1  . . . L l i n k s  on 

t h e  t r a v e l  network, then t he  combined e q u i l  i brium p m b l  em can be w r i t t e n  as a  

system o f  J  + L simultaneous equat ions i n  as many unknowns which a re :  t h e  

vec to r  o f  zonal  r e n t s  T = [rl ,r2,. . . ,rJ] and t h e  vec to r  o f  1  i n k  d i s u t i l  i t i e s  
- 
A = [ A ~ ,  At, ..., A ] .  Once these d i s u t i l i t i e s  a r e  obtained, l i n k  f lows  can 
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be ob ta i ned  from (18) and 1 i n k  t imes and c o s t s  computed from t h e  g,(-) and 

h ,( a )  f u n c t i o n s .  

The combined e q u i l i b r i u m  c o n d i t i o n s  a re :  

E N i  1 pijp (7, 9 - S.q. ( r . )  = o ; j = l ...~ 
i prR i j  J 31 J  

where, 

Equat ions (20) s t a t e  t h a t  t he  expected number o f  households choosing 

zone j a r e  equal t o  t h e  expected number o f  occupied d w e l l i n g s  i n  zone j. This  

i s  t h e  c o n d i t i o n  o f  r e s i d e n t i a l  e q u i l  i b r i m .  It i s  proven i n  Anas (1 982) 

t h a t  g i ven  f i x e d  va lues  f o r  t h e  t r a v e l  t i m e  and t r a v e l  c o s t  vectors ,  7 and c, 
equat ion  (20) can be so lved f o r  a  g l o b a l l y  s t a b l e  unique e q u i l i b r i u m  r e n t  

v e c t o r  7. One ex i s t ence  and uniqueness p r o o f  can be ob ta ined  by showing t h a t  

t he  Jacobian m a t r i x  o f  (20) has a nega t i ve  dominant d iagona l .  However, s i n c e  

we w i l l  prove ex i s t ence  and uniqueness f o r  t h e  combined problem we w i l l  no t  

dwe l l  on t h e  d e t a i l s  o f  t h i s  p roo f .  

Equat ion (21), g i ven  t h e  r e n t  v e c t o r  r, represen ts  t h e  t r a d i t i o n a l  n e t -  

work e q u i l i b r i u m  problem. The uniqueness and s t a b i l i t y  o f  t h i s  problem 

h inges  on t h e  assumption o f  an i n c r e a s i n g  t r a v e l  d i s u t i l  i t y  (1 9). For a  

paper f ocus ing  on t h e  ex is tence ,  uniqueness and s t a b i l i t y  o f  t r a f f i c  e q u i l  i b r i a  

see Smith (1 97 9). 



4. Ex is tence:  A Graphica l  I l l u s t r a t i o n  

E s t a b l i s h i n g  ex i s tence  o f  an e q u i l i b r i u m  f o r  t h e  combined problem i s  

s t ra igh t fo rward . .  The p roo fs  o f  t h e  nex t  s e c t i o n  e s t a b l i s h  both ex is tence  and 

uniqueness. Therefore,  t h e  purpose o f  t h i s  s e c t i o n  i s  n o t  o n l y  t o  demonstrate 

e x i  stence bu t  t o  p rov ide  t h e  usefu l  g raph ica l  ill u s t r a t i o n  o f  t he  s o l u t i o n  

t o  t he  combined e q u i l i b r i u m  problem. 

F i r s t ,  we cons ider  t h e  r e s i d e n t i a l  e q u i l  i b r i  un so l  u t i o n  given a r b i t r a r y  
- 

values f o r  t h e  v e c t o r s  o f  1  i n k  t imes and costs ,  T and c and thus  f o r  t h e  

1  i n k  d i  s u t i l  i t i e s ,  r. From ( 5 ) ,  t h e  expected demand f o r  zone j i s  everywhere 

a  downward s l o p i n g  f u n c t i o n  o f  r e n t ,  r Furthermore, g iven f ixed and a r b i t r a r y  
j 

values o f  t h e  r e n t s  o f  zones o the r  than j, t h e  expected demand f o r  zone j can 

be made t o  ge t  a r b i t r a r i l y  c l ose  t o  zero by i n c r e a s i n g  t h e  r e n t ,  r This 
j ' 

es tab l i shes  t h e  f a c t  t h a t  t h e  expected demand f u n c t i o n  i s  always asymptot ic  t o  

t h e  r e n t  a x i s .  S i m i l a r l y ,  from (1 4) t h e  expected supp ly  o f  dwe l l i ngs  i n  zone 

j i s  a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  t h e  zone's r e n t .  Furthermore, as t h e  

zonal r e n t ,  r., approaches i n f i n i t y  t h e  expected supp ly  approaches t h e  e x i s t -  
J 

i n g  supply s i n c e  q approaches u n i t y .  Th is  e s t a b l i s h e s  t h a t  t he  expected 
jl 

supp ly  f u n c t i o n  i s  asympto t i c  t o  the  v e r t i c a l  l i n e  a t  S. (see f i g u r e  2) .  It 
J 

f o l l o w s  then  t h a t  t h e  expected supply  and expected demand func t ions  i n t e r s e c t  

o n l y  once i n  t h e  i n t e r v a l s  (0,s .) f o r  each zone j. Such an i n t e r s e c t i o n  
J 

occurs regard1 ess o f  t h e  values o f  ( o r  r, 3 and t h e  r e n t s  o f  t h e  o the r  

zones. 

Note t h a t  t h e r e  i s  no th i ng  i n  t h e  s p e c i f i c a t i o n  o f  t h e  cho ice  p r o b a b i l -  

i t y  f u n c t i o n s  t o  p reven t  nega t i ve  zone r e n t s  f rom occur ing .  A negat ive r e n t  

w i l l  occur i n  a  zone i f  t h e  expected demand f u n c t i o n  i n t e r s e c t s  t h e  h o r i z o n t a l  

a x i s  a t  some p o i n t  z  which f a l l s  between zero and S  and t h e  supply  f u n c t i o n  
j -  

i n t e r s e c t s  t h e  same a x i s  i n  (z, S.). Then t h e  two func t ions  w i l l  i n t e r s e c t  
J 

each o t h e r  below t h e  h o r i z o n t a l  ax i s .  
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The p o s s i b i l i t y  o f  nega t i ve  r e n t s  may appear t roublesome but,  o f  course, 

t h i s . i s  n o t  t h e  case. F i r s t ,  t h e  p o s s i b i l i t y  o f  nega t i ve  r e n t s  i s  t h e o r e t i -  

c a l l y  va l  i d  i n  a  s h o r t  run  model w i t h  t h e  hous ing s tock  i n  p lace and w i t h  

vacancies poss ib l e .  I f  t h e  cos t  o f  ma in ta i n i ng  vacan t  u n i t s  i s  s u f f i c i e n t l y  

h igher  t han  t h e  c o s t  o f  m a i n t a i n i n g  occupied u n i t s ,  then l a n d l o r d s  w i l l  f i n d  

i t  p r e f e r r a b l  e  t o  subs id i ze  occupancy ( f o r  example, by p r o v i d i n g  se rv i ces  and 

p r i v i l e g e s  t o  tenan ts  g rea te r  i n  va lue than a  nominal r e n t )  r a t h e r  t han  keep 

dwe l l i ngs  vacant.  O f  course, i t  i s  easy t o  r u l e  o u t  nega t i ve  r e n t s  by making 

some s imple changes i n  t h e  s p e c i f i c a t i o n  o f  demand s i d e  cho ice  p r o b a b i l i t i e s .  

For example, suppore t h a t  r i n  t h e  u t i l i t y  f u n c t i o n  (1) i s  rep laced  through-  
A 

j 

o u t  by r ' = l o g  r Then each zonal demand f u n c t i o n  i s  asymptot ic  t o  t h e  
j j ' 

h o r i z o n t a l  a x i s  from above, and nega t i ve  r e n t s  a r e  n o t  p o s s i b l e  r ega rd l ess  

o f  t h e  p r e c i s e  s p e c i f i c a t i o n  o f  t h e  supply  s i d e  c h o i c e  p r o b a b i l i t i e s  (as l o n g  

as these i nc rease  w i t h  r e n t ) .  

The e x i s t e n c e  o f  an' e q u i l  i brium f o r  t h e  network p rob l  em can be seen 

by examining demand and supply  f o r  each 1  i n k  on t h e  network as a  f u n c t i o n  o f  

t r a v e l  d i s u t i l i t y  (18). When t h i s  d i s u t i l i t y  i s  zero,  then regard less  o f  t h e  

va lues o f  r, and t imes  and c o s t s  on o t h e r  1  inks ,  t h e r e  i s  a  f i n i t e  volume o f  

t r a f f i c  on l i n k  a. As t he  d i s u t i l i t y  approaches i n f i n i t y  t h e  f l o w  d im in i shes  

a s y m p t o t i c a l l y  toward zero  (see f i g u r e  3 ) .  

The above arguments prove t h a t  t h e r e  i s  a  un ique i n t e r s e c t i o n  p o i n t  

f o r  each network l i n k  and each r e s i d e n t i a l  zone rega rd l ess  o f  t h e  va lues  o f  

t h e  unknowns f o r  o t h e r  zones and 1 i nks .  Thus, a t  l e a s t  one e q u i l i b r i u m  p o i n t  

e x i s t s  f o r  t h e  e n t i r e  system o f  zones and 1  i nks .  



5. Uniqueness: A  Nonl i n e a r  P rog ram ing  Formulat ion 

I n  t h i s  s e c t i o n  I w i l l  d e r i v e  t he  n o n l i n e a r  simul taneous equat ions (20) - 
(21 ) as t h e  s o l u t i o n  o f  a  non l i nea r  p r o g r a m i n g  problem. Since t h i s  program- 

ming problem i nco rpo ra tes  t h e  concept o f  en t ropy  in t roduced by Wilson (1 967) 

we a l so  o b t a i n  a  macrobehavioral  i n t e r p r e t a t i o n  o f  t he  combined model which, 

i n  s e c t i o n  3, was de r i ved  f rom u t i l i t y  and p r o f i t  maximizat ion.  A t  the  same 

t ime, t he  p r o g r a m i n g  f o r m u l a t i o n  a l lows us t o  prove t h e  uniqueness o f  t h e  

e q u i l  i b r i u m  s o l u t i o n .  3  

The p r o g r a m i n g  problem i s  as f o l l ows :  

Min imize 
fa Yc fa s 4 k z  I g,(s)ds +,I I hp(s)ds 

a 
{xi jp, Yjl YjO, f P 0 2 0 

g i ven  a, yT, yc < 0, 8 >  0) 1  1  - - 1  Z z x  l o g  x  + - z  z z x . .  u.. 
a i j p  i j p  a 1 JP 1 : ~  
i j pcRij i j pcRi 

sub jec t  t o :  

>, > > 
X 

i j p  
0  a l l  ( i , j , p ) ,  yjl - 0, yjo O a l l  j a n d f a = O a l l  a .  (27) 
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I n  forming the  Lagrangian of the  above problem, we assign Lagrangian 

m u l t i p l i e r s  ui t o  (23). r j  t o  (24). A. t o  (25) and A ,  t o  (26). Forming the  
J 

Lagrangian, d i f f e r e n t i a t i n g  w i t h  respect  t o  x , yjl, yjo i j and f,, s e t t i n g  

the  r e s u l t i n g  equat ions t o  zero and rear rang ing  terms we g e t  t he  fo l low ing 

cond i t ions  necessary fo r  an i n t e r i o r  s o l u t i o n  : 

D i f f e r e n t i a t i n g  w i t h  respect  t o  the  Lag range mu1 t p l  i e r s  we recover  the  

cons t ra in t s  (23) - (26). S u b s t i t u t i n g  (28) i n t o  (23) we e l im ina te  t h e  aui's 

and we recover t he  household expected choice r e l a t i v e  frequencies 

x..  exp(ar.  - I6 ei ui .p) 
( p . . )  = 

Ni 'JP I r, 
k srRik 

A +U ) exp(ark- i6 p i  ks II i ks 

S u b s t i t u t i n g  (29) and (30) i n t o  (25) we e l i m i n a t e  h j  and we recover  the  supply 

s ide  expected choice r e l a t i v e  frequencies, 



S u b s t i t u t i n g  (32) and (33) i n t o  (24) we recove r  t h e  r e s i d e n t i a l  market 

e q u i l i b r i u m  equat ions (20), and s u b s t i t u t i n g  (32) i n t o  (26), and f 2  from (26)  

i n t o  (31) we o b t a i n  t h e  network e q u i l i b r i u m  equat ions  (21). The Lagrangian 

mu1 t i p 1  i e r s  o f  (24) appear as t h e  zone ren t s ,  r and t he  mu1 t i p l i e r s  o f  (26) 
j ' 

as t he  l i n k  d i s u t i l i t i e s ,  A a*  
Ex is tence  and uniqueness proofs  can now be formulated: 

Theorem 1  : An e q u i l  i brium so l  u t i o n  t o  (20) , (21 ) e x i s t s  i f  and o n l y  i f  

Proof :  Suppose r N ~ > z s ~ .  Then, f rom (25)' y > S f o r  a t  l e a s t  some j 
i j jl j - 

and y < 0  f o r  t h a t  j. Such a  s o l u t i o n  i s  n o t  f e a s i b l e  and thus t h e r e  i s  no 
j 0 

s o l u t i o n  t o  t h e  o p t i m i z a t i o n  problem (22) s u b j e c t  t o  (23) - (27). However, 
< 

i f  C Ni = 1 S j  a  nonempty, c losed and bounded f e a s i b l e  s e t  e x i s t s  and thus 
i j 

an op t ima l  s o l u t i o n  which reproduces t h e  e q u i l i b r i u m  equat ions (20) and (21) 

e x i s t s .  Theorem proved. 

Theorem 2:  An e q u i l i b r i u m  s o l u t i o n  t o  (20), (21) i s  unique under t h e  assump- 

t i o n  o f  an i n c r e a s i n g  t r a v e l  d i s u t i l  i t y  f u n c t i o n  (1 9). 

Proof :  The o p t i m i z a t i o n  problem (22) s u b j e c t  t o  (23) - (27) i s  a  p r o g r a m i n g  

problem w i t h  an o b j e c t i v e  f u n c t i o n  which i s  s t r i c t l y  convex i n  t he  v a r i a b l e s  

{xi jp, yjl , yjo, f,) . This s t r i c t l y  convex o b j e c t i v e  f u n c t i o n  i s  de f i ned  

o n l y  f o r  non-negat ive va lues o f  t hese  v a r i a b l e s .  The f e a s i b l e  s e t  de- 

f ined by equat ions (23) - (27) i s  convex and bounded. I t  f o l l ows  t h a t  

t h e r e  i s  a  un ique i n t e r i o r  s o l u t i o n :  t h e  expected a l l o c a t i o n  o f  households t o  

zones, r o u t e s  and l i n k s  and t h e  expected a l l o c a t i o n  o f  d w e l l i n g s  t o  vacancies 



are  unique. To see t h e  uniqueness o f  t h e  zonal r e n t s ,  r we can w r i t e  (24) 
j ' 

L E x. = S.q. ( r . ) .  
i prRi j  'jp J  31 J 

From (14), t h e  r i g h t  hand s i d e  increases mono ton i ca l l y  w i t h  r Thus, a  unique 
* * j. 

s o l u t i o n  r e x i s t s .  From (18) ,  s i nce  fp  i s  unique, r p  , c p  and A p  computed 
j 

from t h i s  fp a r e  a1 so un ique  because g n ( * )  and h p ( * )  a re  s ing1 e  valued. 

Therefore, t h e  e n t i r e  s o l u t i o n  o f  a l l o c a t i o n s ,  r e n t s  and t r a v e l  t imes and costs  
* * * * * * 

{x i jp  Yj l  YjO , f p ,  r j  , T ~ ,  c p  1 i s  unique. Theorem proved. 

No r e s u l t s  r ega rd ing  t h e  l o c a l  o r  g loba l  s t a b i l  i ty  o f  t h e  unique combined 

e q u i l i b r i u m  p o s i t i o n  a r e  p rov ided  i n  t h i s  paper. The s t a b i l i t y  o f  t r a f f i c  

e q u i l i b r i a  ( i  .e. equat ions (21), g iven  3 has been proven (see Smith (1979)). 

S i m i l a r l y  Anas (1982) proves t h e  g loba l  s t a b i l i t y  o f  r e s i d e n t i a l  l o c a t i o n  e q u i l -  

i b r i a  (i .e. equat ions (20), g iven  a .  
6. Imp1 ementation: Es t ima t i on  and a  Proposed A l q o r i  thm 

The implementat ion o f  t h e  model r e q u i r e s  two s teps : (a) es t ima t i on  us ing  

maximum l i k e l i h o o d  and (b) an a l g o r i t h m  f o r  o b t a i n i n g  t h e  e q u i l i b r i u m  s o l u t i o n  

g iven  t he  est imated c o e f f i c i e n t s .  

Est imat ions o f  t h e  demand s i d e  cho ice  model (3) and t h e  supp ly  s i de  choice 

model ( lo ) ,  (11) a re  separa te  because these two models do n o t  have any c o e f f i -  

c i e n t s  i n  comnon. 

Est imat ion o f  t h e  demand s i de  model c o n s i s t s  o f  f i n d i n g  a, yT, yc and any 

c o e f f i c i e n t s  inc luded  i n  u 
i j p  

This q u a n t i t y  would no rma l l y  be s p e c i f i e d  as 

where t he  w's a re  a t t r i b u t e s  d e s c r i b i n g  zone and neighborhood c h a r a c t e r i s t i c s  

i n c l u d i n g  zonal average d w e l l i n g  c h a r a c t e r i s t i c s  and a l s o  a t t r i b u t e s  o f  t h e  



r o u t e  o t h e r  than t ime and c o s t .  The q u a n t i t y  (01 i s  a  precomputed i n c l u s i v e  

va lue measuring t h e  expected u t i l i t y  o f  choosing a  d w e l l i n g  w i t h i n  zone j as a  

f u n c t i o n  o f  t h e  composite i n t r a z o n a l  u t i l  i t y  zjn. The c o n d i t i o n a l  p r o b a b i l i t y  

o f  choosing dwe l l  i n g  n  hav ing chosen t h e  zone j can then  be g iven  as, 

S ; 

The i n t r a z o n a l  u t i l  i t y  z  should be a  f u n c t i o n  o f  i n t r a z o n a l  , dwe l l  i n g  spec i -  
j n 

f i c  d e v i a t i o n s  i n  r e n t ,  t ime,  c o s t  and w's from t h e  zonal mean va lues.  For 

< cons is tency  w i t h  u t i l  i t y  max imiza t ion  0 < yo , 1 . The combined equat ions 

- - (3) and (36) y i e l d  t h e  j o i n t  p r o b a b i l i t y  
pijpn pijppnlijp known as t h e  

nested 1  o g i t  model . 
I f  aggregate cho ices  o f  zone and r o u t e  a re  observed as " j p s  t he  l o g -  

1  i ke l  ihood f u n c t i o n  t o  be maximized i s ,  

Log-L ike l ihood = a a c n i j p L O g  Pijp i j peR 
i j 

I f  d isaggrega te  choices a r e  observed so t h a t  = 1 i f  commuter h  chooses 

( j p )  from workplace i and e i j  = 0 otherw ise ,  then t h e  l o g - l i k e l i h o o d  f u n c t i o n  

i s ,  

h  h 
Log-Li k e l  i hood = r c a a ei 1 o g  pi jp , 

h i j prRi 

where ph i s  equa t ion  (3) eva luated u s i n g  t h e  values o f  t h e  a t t r i b u t e s  f o r  
i j ~  

commuter h. I n  each case we maximize t h e  l i k e l i h o o d  f u n c t i o n  w i t h  r espec t  t o  

a, y T s  y C s  Y ~ S  . . g ~  ~~9 yo g iven  obse rva t i ons  on r e n t ,  t ime,  c o s t ,  t he  w's 

and t h e  i n c l u s i v e  va lue.  

Es t imat ion  o f  t h e  supply  s i d e  m d e l  f o l l o w s  s i m i l a r  l i n e s .  I n  aggregate 

e s t i m a t i o n  we observe t h e  number o f  vacant  and occupied d w e l l i n g s  i n  each zone 

(mjl and m .  ) and we maximize 
J 0 



Log-Like1 ihood = r (mjllog qjl + m .  l o g  q .  ) 
j J 0 J 0 

w i t h  r espec t  t o  6 g iven  t h e  zonal  average va lues  o f  r j ,  vjl , vjJ 

I n  d isaggregate e s t i m a t i o n  we maximize, 

k  k  Log-L ike l ihood  = r (61 l o g  qkl + 6 0  l o g  qko) 
k  

k  where if d w e l l i n g  k  i s  vacant then 6, = 1,  6; = 0 and i f  i t  i s  occupied then 

k  k  6 = 0 and sl = 1. I n  t h i s  case we must observe rk, vkl, and vko. For 
0 

emp i r i ca l  es t imates  see chap te r  4 i n  Anas (1982). 

A  computat iona l  a l g o r i t h m  t o  so lve t h e  combined e q u i l i b r i u n  problem i s  

easy t o  cons t ruc t .  E f f i c i e n t  a1 gor i thms which so l ve  l a r g e  network e q u i l i b r i u m  

problems e x i s t .  Anas (1 982) has developed and t e s t e d  a  v e r y  e f f i c i e n t  a1 go- 

r i t h m  f o r  s o l v i n g  t h e  r e s i d e n t i a l  l o c a t i o n  e q u i l  i br ium problem (equat ions (20)) 

and has implemented t h i s  a l g o r i t h m  t o  t he  Chicago SMSA where 1690 equat ions o r  

zones were used (see chap te r  5 ) .  

I n t e r f a c i n g  Anas's a l g o r i t h m  w i t h  a  network e q u i l i b r i u m  a l g o r i t h m  would 

work as f o l l o w s :  

S t  1  : Given t h e  observed 9 and d use Anas's a1 gor i thm t o  f i n d  t h e  

--I f i r s t  es t imate  o f  t h e  r e n t  v e c t o r  r . 
4 Step 2: Given r use t h e  network a l c p r i t h m  t o  f i n d  ;' and rl. 

- - 
Step 3: Return t o  Step 1  and c o n t i n u e  u n t i l  7 and r ,  c  converge a r b i -  

f f f  
t r a r i l y  c l o s e l y  t o  t h e i r  e q u i l i b r i u m  va lues  r , r , c  . Other convergence 

c r i t e r i a  de f i ned  on t h e  f lows  and occupancy l e v e l s  can a l s o  be used. 

7. Extensions 

Many ex tens ions  o f  t h e  model can be considered. Some h i n t s  and b r i e f  

d  i scuss ions a re  p rov i ded  here.  

F i r s t ,  t h e  t h e o r e t i c a l  s t r u c t u r e  i s  n o t  a f f e c t e d  by t h e  l e v e l  o f  d i s -  

aggregat ion.  I f  t h e  network i s  v e r y  d e t a i l e d  ( l a r g e  number o f  1  i n k s  and 
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rou tes ) ,  r e s i d e n t i a l  zones can be made a r b i t r a r i l y  smal l  f o r  compati b i l  i ty. 

U l t i m a t e l y ,  i t  i s  p o s s i b l e  t o  have each Ni = 1  and each S = 1  and represen t  
j 

each commuter and d w e l l i n g  separa te ly  mapping these t o  app rop r i a te  nodes o f  

t h e  network. I n  t h i s  case we know from (4)  and (12),  (1 3) t h a t  xi j, = pi j,, 

- - 
Yjo - qjOs Yj l  - qj1 A t  such a  l e v e l  o f  d e t a i l  a  m ic ros imu la t i on  procedure 

may be a  more d e s i r a b l e  implementat ion method. 

Second, t h e  model can be e a s i l y  extended t o  i n c l u d e  many t r a v e l e r  types 

w i t h  d i s t i n c t  u t i l i t y  f unc t i ons ,  many t r a v e l  modes (each w i t h  a  conges t i b l e  

network) and d i s t i n c t  d w e l l i n g  types w i t h  d i s t i n c t  r e n t s .  Existence and unique- 

ness can be es tab l i shed  when a l l  these extens ions a r e  in t roduced simultaneous- 

l y ,  by mod i fy ing  t h e  nonl  i n e a r  programming formul a t i o n .  

Th i rd ,  cho i ce  o f  employment l o c a t i o n  can be i n t r oduced  by making t h e  

demand f o r  jobs  a  f u n c t i o n  o f  wages and o t h e r  f a c t o r s .  Wages can be determined 

by l o c a t i o n  by ba lanc ing  t h e  demand f o r  j obs  w i t h  t h e  supply  o f  jobs d e t e r -  

mined by f i r m s '  employment and l o c a t i o n  dec is ions .  

Fourth,  two o r  more commuters per  household can be in t roduced by c l a s s i -  

f y i n g  f a m i l  i e s  by "workplace s i t u a t i o n s "  ( p a i r s  o r  t r i p l e s  e tc .  o f  workplaces) 

and p r o p e r l y  account ing  f o r  t h e i r  t r i p s  over  t h e  network.  

F i f t h ,  conges t ion  a t  t h e  i n t r a z o n a l  l e v e l  can be considered v i a  a  nested 

l o g i t  s t r u c t u r e  (see (35) and (36)) .  One can f i r s t  do an i n t r azona l  t r a f f i c  

e q u i l i b r a t i o n ,  compute t h e  i n c l u s i v e  va lues and e n t e r  these i n t o  the  i n t e r z o n a l  

network e q u i l  i brium problem. A  sequent ia l  nonl  i near programming formul a t i o n  

may be used t o  prove ex i s tence  and uniqueness. An i n t r a z o n a l  housing market 

e q u i l i b r a t i o n  cou ld  be in t roduced i n  a  s i m i l  a r  way. 

It i s  hoped t h a t  these and o the r  extens ions w i l l  rece ive  a t t e n t i o n  i n  

f u t u r e  research.  



FOOTNOTES 

* 
This  work was supported i n  p a r t  by a  v i s i t i n g  p ro fesso rsh ip  g r a n t  from Stan- 
ford U n i v e r s i t y ' s  program i n  I n f r a s t r u c t u r e  P lanning and Management i n  t he  
Department o f  C i v i l  Engineer ing.  

I n  these models " d e s t i n a t i o n "  may r e f e r  t o  r e s i d e n t i a l  l o c a t i o n  and " l o c a t i o n "  
may r e f e r  t o  w r k p l  ace l o c a t i o n .  A1 t e r n a t i v e l y ,  " d e s t i n a t i o n "  may r e f e r  t o  
shopping d e s t i n a t i o n  and "1 o c a t i o n "  t o  r e s i d e n t i a l  l o c a t i o n .  

' This  model known as t h e  Chicago Area Transpor ta t ion ILand  Use Ana l ys i s  System 
o r  CATLAS i s  dynamic w i t h  y e a r l y  per iods .  The r e s i d e n t i a l  market c l e a r s  
w i t h i n  each yea r  and t h e  housing s tock  ad jus t s  w i t h  a  one yea r  l a g .  

I n  t h i s  paper en t ropy  max im iza t ion  i s  used o n l y  as a  mathematical  t o o l  t o  
prove uniqueness. Thus, t h e r e  w i l l  be no d iscuss ion  o f  t h e  macrobehavioral  
i n t e r p r e t a t  i o n  o f  ent ropy.  The equ i va l  ence between en t ropy  formul a t i o n s  and 
mu1 t i n o m i a l  l o g i t  models i s  by now w e l l  known. See my r e c e n t  a r t i c l e ,  Anas 
(1 983) . 



FIGLIRE 1  : Real i s t i c  congested 1 i n k  t r a v e l  t i m e  (a)  and t r a v e l  c o s t  (b)  

f u n c t i o n s  and shape o f  " g e n e r a l i z e d  c o s t "  f u n c t i o n  ( c )  assumed i n  p r a c t i c e .  
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FIGURE 3: Equilibrium o f  t r a f f i c  on l i nk  e .  
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