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Bayesian Analysis of the Ricker

Stock-Recruitment Model

Eric F. Wood

Abstract

Bayesian statistics were applied to analyze the Ricker
stock-recruitment model. This model is used for salmon
fishery management and predicts the resulting recruits for
a specified level of spawners. The Ricker model is trans-
formed into a linear regression form, and the uncertainty
in the model parameters and the 'noise' of the model are
calculated using Bayesian regression analysis. Applica-
tion to the Skeena River Sockeye fishing with 67 years of
data showed that parameter uncertainty was much less than
model noise, thus putting in question the applicability
of the Ricker model for management decisions. The analysis
is extended to experimentation on the ‘'optimal' spawning
level, non-stationarity of the fishery, and model uncer-
tainty.

Introduction

A number of simple models have been proposed and used to
establish fishery regulations and optimal catch quotas, for
example, the 'Ricker model' (Ricker, 1954) and the 'Shaeffer
model' (Schaeffer, 1954). A model will be assumed that describes
the fishery; the model parameters are estimated from the avail-
able data and the 'optimal' harvest rates established. Walters
(1975), Allen (1973) and others have tried to establish control
laws for non-equilibrium situations, still using the simple dy-
namic fishery models described above. Walters and Hilborn (1975)
extended the adaptive control laws to consider parameter uncer-
tainty in the models, which could arise from a lack of data for
the fishery or non-stationarity of the fishery (changes in en-
vironmental carrying capacities and in genetic structure, etc.;
Walters and Hilborn, 1975). Walters and Hilborn (1975) must

nevertheless assume that the simple model adequately describes




the fishery behaviour. If this is not true, then the control
laws may bring the fishery into a non-equilibrium situation or
an equilibrium that may have dire long-term consequences to the
fishery.

This paper considers the statistical properties of the
Ricker model used by Walters and Hilborn (1975) for the adaptive
control analysis. Such a statistical analysis can also treat
questions of experimentation, should the control be altered to
gain more information about the model or parameters of the
fishery. The approach followed in this paper is Bayesian statis-
tics. Bayesian analysis has as its foundation the concept that
unknown states of nature can be treated as random variables.
Then the equilibrium stock parameter b can be described by a
probability density function f (b) estimated from the available
information. As will be described later, the fishery model
should be modified to reflect the uncertainty in the parameters.
Such statistical procedures allow a formal analysis of questions
concerning the value of experimentation and the effect of param-

eter and model uncertainty.

Bayesian Analysis of the Ricker Model

The simple model developed by Ricker (1954) has been widely
used for analysis of stock-recruitment and in the management of

fisheries. 1Its form is:

R, = S._; - exp[a<1 - Sf;—”ﬂ (1)
where
Rt = recruits at the end of generation t,
St—1 = gpawners at the start of generation t,
a = a stock production parameter,
b = the equilibrium stock level (in the absence of

fishing).

Since the model is not a perfect predictor of fishery dy-

namics, the model of Equation (1) can be modified to include a



'noise term' or random environmental factor. This form can be

written as

St
Rt = St 1" exp[a 1 - B ) + gt (2)
where
Et = the random environmental factor, Normally distributed

with mean 0, variance 02.
There is both empirical evidence (Allen, 1973) and theoret-
ical justification (Walters and Hilborn, 1975) that Et is

Normally distributed. From Equation (2), the recruits R_, given

t
a spawning level St_1, will be Log-Normal distributed.
By rewritting Equation (2) as

Yp = By T BpS g v B (3)
where

y, = 1n Rt

t g
t-1

B1=a

82 = -a/b ’

the Ricker model can be analyzed as a Normal regression. Ye

will be Normally distributed with mean 61 + st and variance

9 t-1

o
We assume that the set of observations Y (Y = y1,y2,...,yn)
and X (X = [1,80], [1,51],...,[1,Sn_1]) come from the distribu-
tion for vy, fy(y|B1,82,0), which is conditional upon the param-
eter set ¢ and B = [81,82]t. The distribution of the uncertain
parameters can be found by a simple application of the Bayes

Theorem:

f"(B,0|Y,X) =« £(Y,X[B,0) « £'(B,0) , (4)




where

f'(B,0) = the prior distribution of g,0. If no prior
information is available, then f'(B,0) can be
represented by a uniform distribution over the

interval of the parameter,

£(Y,X|8,0) L(B,0|Y,X) = the sample likelihood function of
the parameter set, conditional upon the obser-
vations (or the probability of the observations

given the parameters),

f“(§,0|Y,X) the posterior density function of the parameter
considering sample information and prior infor-

mation.

The way the information about B and o is analyzed depends
upon the objectives of the analysis. Consider the case when
decisions are to be made concerning y (or, in our case, Rt which
is embedded in y). Here the inferences about y should reflect
the uncertainty in 8,0 by applying compound distribution theory
in a Bayesian framework (Wood and Rodriguez-Iturbe, 1975). This
procedure results in obtaining the predictive density for vy,

f(y|x), found by

Eylx) = J f(y|x,8,0) + £"(B,0) dB do , (5)
B0

where

£(y|x,8,0) the probabilistic form of the Ricker model,

Equation (3),

f"(B,0) = the posterior distribution of the parameters,

the predictive density of y, now parameter-

II

£ (y|x)
free.

E(y!x) should be interpreted as being the model for vy,
f(y|x,§,0), weighted by the distribution of the uncertain param-
eters B,0. The above will be applied to the Ricker stock recruit-

ment model.



Likelihood of the Observed Sample

Previously, it was discussed that the Ricker model has an
error term Et, whose distribution could be assumed Normal with

mean 0 and variance 02. Then the Ricker model has a Normal den-

sity function with mean Xtﬁ and variance 02. That is,
_ -1/2 -1, _ 1 _ t _
f(yt‘_B_rO,Xt) = (ZTT) (e} exp[ Zz(yt Xtﬁ) (yt th):l ’
(6)
where
R
t
Y, = 1ln
t St_1
X, = [1’St—1]’ a row vector,
E =

a , a column vector.
~a/b

The likelihood function for the sample Y (Y = y1,y2,...,yn)
is the product of the density function for the individual yt's

and is given by

L(_B_IO|YIX) & —1_1’1 exp{_ _1_2 [VSZ + (B - g)txtx(ﬁ - E)]} ’
) 20
where
Vv =n - 2,
B = xtx) ~Txty,
vs® = (Y - )% (Y - x) .

The likelihood function has the form of the product of
Bivariate-Normal and Inverted-~Gamma-2 density functions (Zellner,
1971).

Assume that no prior information exists concerning the
parameters B,0; then the prior probability density function can

be expressed (Jefferys, 1961) as




£'(8,0) « — . (7)

Q=

On combining the likelihood function and the prior density
function, the joint posterior probability density function for

B,0 is

£(B,0|Y,X) « nl1 exp{— Lz[\,sz + (B - B) X X(B - fz_)]}
g a

From Equation (8), it is observed that the marginal density
function for B is a Bivariate-Normal with mean E and covariance
(XtX)-102. Because ¢ is not known, the distribution of B can

be obtained from (8) by integrating over o. That is,

£(B]Y,X) = J f(B,0|Y,X) do , (9)
) ,

which is in the form of a Bivariate-Student-t density function.
This distribution serves as a basis for making inferences about
B. The marginal density function for ¢ can be obtained from

Equation (8) by integrating with respect to . This results in
f(o|Y,X) «

— exp|—= ’ (10)

which is in the form of an Inverted-Gamma-2 density function.

Predictive Density for y

It may be of interest to make inferences from the density
function for B and o, but usually fishery managers are more con-
cerned with the distribution of §, the future observation given
future control x. In this case, it is important to calculate
the predictive density for y, given %, that will reflect the un-

certainty in B and o:

%(leIXI;(') = J f(§|ﬁlol};) - £ (EIOIYIX) ’ (11)
8.0



where
f(y!8,0,x) = the density function of the Ricker model
without considering parameter uncertainty,
f"(8,0]Y,X) = the posterior density function of the param-

eter B,o0.

Integrating Equation (11) and rearranging the terms

(Zellner, 1971) gives

f(§|YIXr;&) o« l:\) + (§ - ;{ﬁ)t H(§ - ig)]‘(\)*"])/z ,

where

tan
Il

1—2 (I - §M_1§t> ,
S

t t

M=XX+ XX

Equation (12) is in the form of a Student-t distribution

with moments

E[y]

1
52
Joo
'—h
(o]
2
<
\%
—

VIyl

Distribution of R

3

R

Equation (12) gives the distribution of y, 1ln = 1 , when
t_

the distribution for Rt may be of greater interest. Let

y = ln(Rt) - ln(St_1) ’

where

Sg-q = @ known (future) control ;

then the Jacobian transform from




is

and the distribution of f(Rt) is derived from:

~ ~ d
£(R) = £(3) - \dsg

(13)

RE(y) &
y = 1ln .

The distribution of ﬁt is in the form of a Log-Student-t
probability density function.

A more convenient approach to find.the moments of ﬁt is by
using first-order analysis (Cornell, 1972). First-order analysis
is characterized by single-moment treatment of random components
and first-order analysis of functional relationships among vari-
ables. The implication of this characterization is that infor-
mation about random variables is represented only by their means
and covariance, and that in dealing with functional relationships
among random variables only the first-order terms in a Taylor

expansion will be retained. For example,

- = t —
zZ = g(w) = g(gw) +ho(w = u.) (14)
where
w = a column vector of random variables,
M, = the vector of their means,
Et = the transpose of a column vector of partial derivatives:
hi = Bg(y)/awi, evaluated at the mean.

The symbol = is used to mean 'equal' in a first-order sense.

The moments of Z are



E[2] = g(y,) (15)

bt + coviw]l - b . (16)

vizZ]

Returning to the problem of finding the moments of ﬁt’
given the control, the relationship between variables is

R, = S - e, (17)

-~

so that the moments from Equations (15) and (16) for Rt given

the control ét-1 are
R ~ 2 g . oY
E[RtISt_.I:I S._1 * e (18)
~ - =2 . 2y
v[#t|st_1] = 5.4 e . (19)

~

It should be remembered that eY is evaluated at its mean.

The same approach can be used to find the moments of b,
the equilibrium stock parameters:

Then the first-order approximations are

B
E[b] = - B (21)
2
2 2
V[b] = %ﬁ)— var(g,) + i%ﬁ@- var (8,)
1 By 2
3g(B) . 3g(B)
+ ZTB% _SLB'%_ cov (8,8,)
1 B12 By
= — var(B1) + — var(82) - 2——3 cov(8182) .
By By By

(22)
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A second-order approximation for E[b] can be expressed using

first moments (Benjamin and Cornell, 1970):

1 32g(8)

1.37°g(8)
E[b] 2 36,98, cov (B,B,)

I

Q

I
+

= - 1,1 1
= ; + ; 5 COV(B182) . (23)
2 2

Again, all functions and partial derivates of B are evaluated at

its vector of means.

Application to Skeena River Sockeye Fishery

The Ricker model has previously been applied to the Skeena
River Sockeye salmon fishery by Walters (1975). Walters' data,
67 years of record from 1908 through 1974, is presented in
Figure 1 and will be used in this study. First, the full record
is used to obtain inferences on the parameters 61, 82, and o.
The resulting predictive density is calculated and a first-order
analysis performed to find the moments of the recruits R given
the control St—1'

into four 15-year records (the first 7 years being discarded).

tl
After this analysis, the sample was divided

An analysis of the divided record may indicate whether the param-
eters of the Ricker model are changing with time. Furthermore,
since the most recently collected data is probably of a higher
quality, the analysis of the last 15 years should give better
inferences about the parameters.
Finally, given the results of the analysis, the questions

of experimentation with the control parameter S can be considered.

. Table 1 presents the statistics for the parameters 8, and
82 for both the 67 years of record and for the four 15-year sub-
records. Table 2 presents the statistics for a, b, and o, the
parameters of the Ricker model as formulated in Equation (1).

Figure 2 presents f(81,82), using the full 67 years of
R

record. Figure 3 gives the predictive density of §, 1n T

given ét—1’ also using the 67 years of record. Using a



-11-

second-order analysis for the mean of R and first-order analysis
for the variance of R, the Ricker curve was constructed using the
67 years of data and the four 15-year samples. Included in the
figures are not only the mean of R given S, but also the mean %
one standard deviation. These curves are presented in Figures

4 through 8. Similar results were found dividing the sample into
20-year blocks. Figure 9 presents the function R versus control
S.

The results show that with samples in the order of 15 years,
the parameters of the Ricker model can be estimated fairly well.
The largest coefficient of variation is .25, with most being
below .20. The results seem to support the hypothesis (Walters,
personal communication) that the equilibrium stock size is de-
creasing. This decrease could reflect the shrinkage of the
active spawning areas in the river fishery.

The most important insight of the statistical analysis is
the inadequacy of the Ricker model to explain the behaviour of

the fishery. The coefficient of -variation ¢ at the

r|s”"R|S
maximum yield ranges from .46 to .68 and rises, approaching 1
when S is around 2 - 106. This result leads one to question
seriously the adequacy of the Ricker model for fishery manage-
ment. Clearly, the model as formulated cannot capture the com-
plexity of the problem and fishery managers should consider other

management tools.

Extensions to the Analysis

Experimentation

Experimentation can be performed either to gain knowledge
about the parameters of a particular model or to try to discrim-
inate among alternative models. For the results presented here,
experimentation for parameters would be of limited value. The
parameters have rather low variance and the 'noise' in the data
comes from the inadequacy of the model.

Experimentation to discriminate among models can be per-
formed quite easily (see Wood, 1974). If the alternative model

is a simple relationship between R and S, then it is suspected
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(looking at the data of Figure 1) that neither model would per-
form very well. One would be choosing the better of two poor
models.

The design of the experimentation can be guided by the ex-
pected costs and benefits in the following manner. If the experi-
ment is to have S' spawners (the control) for T' years, then an
expected cost E[C(S',T')], is associated with the experiment;
this can be found by Monte Carlo simulation using the distribu-
tion f(R|S') and f(R|S*), where S* is the a priori optimal spawn-
ing level. The experiment can yield information I(S',T') which

can lead to a new posteriori optimal spawning level S'*, which

each year would have expected incremented benefits above S* of
E[AB|S*,S'*]; here

E[AB|S*,s'*] = J B(R) * £ (R|S*) - J B(R) +« f(R|S'*)
(24)

Non-Stationarity

The analysis presented here assumed stationarity of the
fishery. This may not be valid and some of the results support
this feeling. It appears that the equilibrium stock parameter
is decreasing, which could support the hypothesis that the salmon
are abandoning part of the spawning ground. This result could
imply that fewer spawners should be released; that is, S* is de-
creasing. As a positive feedback system, more spawning ground
would be abandoned. Therefore, thought should be given to in-
creasing the spawners with the idea of rejuvenating the abandoned
areas.

Non-stationarity can also be handled in the analysis pre-
sented here by putting a distribution on b to reflect the changes
over time. Winkler and Barry (1973) have done some work in
analyzing non-stationary means in a Multi-Normal process. Simi-

larly, the uncertainty in the number of spawners can be analyzed.
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Multi-Stock Models

Within the fishery analyzed, it is recognized that geneti-
cally isolated stocks of the same species exist. The management
of salmon fisheries has not considered this aspect when the op-
timal spawning level S* is established. Thus, one stock may be
severely overfished by arriving 'early' at the estuary and wait-
ing before moving upstream, while another stock may pass quickly
upstream. Furthermore, each stock would have its own set of
parameters a and b leading to its own S¥*,

It is possible, with the Bayesian methodology presented
here, to consider a hyper-model consisting of a set of models,
one for each stock. The result would be a set of optimal control
levels S*. Management policy would then consist of sampling
throughout the fishing season to determine fishing policy--which

would result in real-time fishing management.

Summarz

This paper has attempted to analyze the Ricker model using
Bayesian statistics, in the hope of gaining insight into the
value of the model for management purposes. The results indi-
cate that parameter certainty was small in comparison to the
error term of the model. This result implies that the Ricker
model is not a good predictive model of the Skeena River Sockeye.

Experimentation with the control S would produce limited
information about the model but may help in the identification
of alternative models. Future work on model selection among

multi-stock models may lead to more positive results.
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Table 1. Statistics for 81,82-

Years 81 = a 82 = -a/b Cov(81,82)

| e | oums | g o

toze | 1955 | -1.133 aaes e

B0 | wws | e | e -

B

O e I T

|
Table 2. Statistics of a, b and o¢.
Years a b* o
mean variance mean variance mean variance

1398 11.763 L0244 | 1.490 .028 514 .0021
]g;g‘ 1.955 1164 1.677 118 494 .0113
v}giﬂ' 2.115 466 | 1.026 .067 .521 .0126
13;2' 1.802 . 1686 1.121 .0u8 .625 .0182
19597 | 2.205 .0903 | 1.001 .011 423 .0083

%
Second-order analysis for the mean of b,

for the variance.

first-order analysis
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Figure 1. Stock-recruitment relationship for
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(1975).
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Figure 2. Probability density
function for 81, 82.
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levels: 1945-1959.
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