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Abstract

A general class of iterative methods for saddle point seeking is developed. The direc-
tions used are subgradients evaluated at perturbed points. Convergence of the methods
is proved and alternative strategies for implementation are discussed. The procedure
suggests scalable algorithms for solving large-scale linear programs via saddle points. For
illustration, some encouraging tests with the standard Lagrangian of linear programs from
the Netlib library are reported.
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Perturbation Methods for Saddle
Point Computation

Markku Kallio and Andrzej Ruszczyriski

1. Introduction

Let L : R* x R™ — R be a finite convex-concave function and let X C R* and Y C R™
be closed convex sets. The objective of this paper is to develop a class of methods for
finding a saddle point of L over X x Y, i.e., a point (£,7) € X x Y such that

L(#,9) < L(3,§) < L(z,§), Ve € X, Vy€ Y. (1.1)

This is one of fundamental problems of convex programming and game theory (for a
thorough treatment of the theory of saddle functions see Rockafellar [13]). There were
many attempts to develop saddle point seeking procedures; the simplest algorithm (see,
e.g., Arrow, Hurwicz and Uzawa [1]) has the form

ohtt = [:ck—Tka(a:k,yk)]x

yk+l = [yk+TkLy(xk7yk)] il k = ]"2" f

Y

where L (z*,y*) and L,(z*,y*) are some subgradients of L at (z¥, y*) with respect to =
and y, and [-], and [-], denote orthogonal projections on X and Y, respectively. Such
methods are convergent only under special conditions (like strict convexity-concavity) and
with special stepsizes for primal and dual updates: 7, — 0, 332 7% = 0o (cf. Nemirovski
and Yudin [11]).

One possibility to overcome these difficulties is the use of the prorimal point method
introduced by Martinet [10] and further developed by Rockafellar [14]. Its idea is to replace
(1.1) by a sequence of regularized saddle-point problems. A variation of this approach
is the alternating direction method of Gabay [5] (see the recent analysis of Eckstein and
Bertsekas [3]).

The main purpose of this paper is to develop a class of iterative methods for (1.1) which
do not have saddle-point subproblems. The key idea, which unifies earlier works of ours
[6, 7, 15], is to calculate the directions to be used at (z*, y*) at perturbed points (z*, n*)
and (¢*,y*), with appropriately generated ¢* and 7*. We shall develop this concept in
Section 2. In Section 3 strong convergence of the resulting methods to a saddle point of L
is proved. In Section 4 some examples of applications are discussed. Finally, a numerical
illustration is given to solve linear programs via saddle points of the standard Lagrangian.

The scalar product and the corresponding norm are denoted (-,-) and || - ||. We use
0:L(z,y) and 9,L(z,y) to denote the subdifferentials of L(z,y) with respect to z and y.
Elements of these subdifferentials (subgradients) will be denoted by L.(z,y) and L,(z,y).
The set of all subsets of X is denoted 2%.



2. The method

The methods that will be developed here are characterized by perturbation mappings
£:XxY - 2¥Xandnp: X xY — 2¥. We shall impose on them the following conditions.

(A1) The sets {(z,y) and n(z,y) are bounded on bounded subsets of X x Y.

(A2) For every (z,y) € X x Y, if there is a sequence {(mk,yk)} C X x Y such that
(z*,y*) — (z,y) and L(z*,n*) — L(¢*,y*) — 0 for some n* € n(z*,y*) and €* €
£(z*,y*), then (z,y) is a saddle point of Lon X x Y .

In particular, these conditions are satisfied when the mappings ¢ and 5 are bounded, have
closed graphs and L(z,n(z,y)) — L({(z,y),y) = 0 only at saddle points (z,y). In section
4 we discuss examples of mappings £ and 75 that satisfy this condition.

Let us now describe in detail a method for finding a saddle point of L.

Initialization. Choose z° € X, y° € Y and v € (0,2). Set k = 0.
Perturbation. Find perturbed points n* € n(z*,y*) and ¢* € £(a*, y*).
Stopping test. Define the gap Ey = L(z*,n*) — L(¢*,y*). If Ex = 0, then stop.

Direction finding. Find subgradients L.(z*,7*) and L,(¢*,y*) and define
koo_ ko ok
dz' - [—LI(I N )]C.‘;{

dy = [L(€8M)] -

where C% and C§ are closed convex cones containing the cones of feasible directions
for x and y, respectively, at (z*, y).

Update. Define

!l = [xk + deﬁ]x
yt o= [yk + de:]y )
where the stepsize
TR = ||’YT€|T—2 (2.1)

Increase k£ by one and go to Perturbation.

As in [7], for practical definitions of the directions, the cones Cx and Cy may be
employed to take efficiently into account simple bounds (and polyhedral constraints) on
vectors z and y, but we can always set Cx = R™ and Cy = R™.



3. Convergence

Theorem 1. Assume that a saddle point of L on X x Y exists. If the perturbation

mappings satisfy conditions (A1)-(A2) then the method generates a sequence {(.’Ek, y5)
convergent to a saddle point of L on X x Y.

Proof. Let (z*,y*) be a saddle point of L on X x Y. We define
Wi = [l2* =2 + ly* 7| (3.1)

Our proof, basically, uses the general line of argument developed for iterative methods
based on abstract Fejér mappings (see Eremin and Astafiev [4]). We shall prove that our
algorithmic mapping decreases the distance W, whenever (z*,y*) is not a solution.
First of all, let us note that (A2) implies that the method can stop only at a saddle
point. Therefore one can assume from now on that the sequence (z¥, y*) is infinite.
Since the projection on X is non-expansive,

lz**! =2 |* < fla* + ndy 277

= |le* = 2*|® + 2m(ds, 2* — &%) + 7l 2| (3.2)

k=0

Since z* — z* € C%
(Lo(z*,n%) + d*, 2" — 2F) > 0.

By convexity,
(La(a®,n%),2* — 2%y 2 L%, n*) = L(z", ).

Employing the above inequalities in (3.2) yields

le* —2%|]* < Jle* — 2| —2m [L(a¥,n*) — L(a", )] + 72
Likewise, by obvious symmetry, one obtains

A =yl < lly* — v 117 + 2m [L(€R,0h) — L(€8y7)] + Rl |1
Adding the last two inequalities one concludes that

Wisr < Wi = 2m [L(2*,7*) = L(z", ") — L(€5, %) + L(€*,y)] + 72l |2 (3.3)

The saddle point conditions imply that L(z* n*) < L(£*,y*). Therefore (3.3) implies:

Wk+1 < Wk - 2TkEk + 7‘;?“dk|l2 (34)
Substituting (2.1) one gets
2 —v)E?
Witn < Wi — W (3.5)

Thus the sequence {W;} is non-increasing and
2

li Lo = 0. 6

S P 29)
Since Wy is bounded, the sequence {(z*,y*)} has an accumulation point (Z,9). By (A1),
{d*} is bounded and, by (3.6), limy_ Ex = 0. Therefore, by (A2), (%,7) is a saddle
point of L and one can use it instead of (z*,y*) in (3.1). Then, from (3.5) one concludes
that the distance to (&, §) is non-increasing. Consequently, (£, ¢) is the only accumulation

point of the sequence {(z*,y*)}. O



4. Examples of perturbation
There are many ways of specifying perturbations which satisfy (A1) and (A2).
Example 1: Gradient steps

If L has Lipschitz continuous gradients, we can define the perturbations via gradient steps
£(z,y) = [z — aV.L(z,y)lx (4.1)

n(z,y) = [y + aVyL(z,y))y , (4.2)

with a € (0,1/X), where X is the Lipschitz constant of the gradients of L. Such a rule is
also employed in [6, 9].

Example 2: Gap marimization
If the feasible sets X and Y are compact, we can define

é(xay) = arg?él)?[’(fay)
Tl(w,y) = afgmaXL(xaU)-
neyY

This method can be then interpreted as a subgradient method [4] for minimizing the
function

F(z,y)= (QggxylL(x, n) — L(&,y)]-

Example 3: Prozimal mappings

An alternative way, which does not require compactness, is to define the perturbations
employing regularization:

: p
§(z,y) = argmin [L(é,y) + 51~ wllz] ;
p
n(z,y) = argmax [L(w,n) = 5lln - ylV] ,
where p > 0. This case is analysed in detail in [15], together with potential applications
to decomposition methods in convex programming. Obviously, alternative regularizations

may be employed.

Verification of (Al) and (A2) in each of these examples is easy and will therefore be
omitted.



5. An application to linear programming
For a computational illustration, consider the standard linear programming problem [2]:

. T -
lrsrilsnu{c z | Az=b} (5.1)
where A € R™*™, b€ R™, z,¢,l,u € R, and = refers to equations or inequalities. Define

the Lagrangian function
L(z,y) = Tz + yT(b — Az) (5.2)

where y € R™ is the vector of dual multipliers. Let X = {z € R* || < £ < u} and let
Y C R™ account for the sign constraints for the dual vector y. It is well known, that
saddle points of L correspond to the optimal solutions of (5.1).

For implementing the method of Section 2, we employ (4.1) and (4.2) with @ = 1. For
the update step, we define cones C% and C§ by simple bounds (I and u for the primal
variables and sign constraints for the dual variables), which are active at (z*,y*).

An experimental computer code Saddle was developed by means of revising an earlier
code reported in [8]. To begin the first iteration, we set primal and dual variables to zero
and project onto the sets X and Y. The iterations end when the gap Ej relative to the
absolute value of the objective function value is smaller than an optimality tolerance ¢
(we use ¢ = 107°).

It is important to note, that both primal and dual variables can be processed in
parallel. Simulations of parallel runs were performed in a HP9000/720 serial computer.
Denoting by t, the serial run time obtained with Saddle and assuming one processor for
each column and row, a measure of the parallel run time is given by ¢, = t,/(n + m). As
communication time and the impact of an uneven distribution of tasks among processors
is omitted, such parallel times should be regarded as (rather optimistic) potential run
times in a massively parallel computer.

Serial Parallel Relative
Problem | Rows Columns Iterations Time Time Error
stocford | 16675 15695 3564 736 0.023 6.E-05
80bau3b | 2263 9799 4222 337 0.028 2.E-05
stocfor2 2158 2031 2386 64 0.015 2.E-04
degen3 1504 1818 17525 626 0.188 5.E-05
sctap3 1481 2480 613 17 0.004 2.E-04
pilot 1442 3652 25851 1492 0.292 4.E-03

Table 1: Number or rows and columns for Netlib test problems, number of iterations,
serial and parallel run time (sec), and relative error in the objective function.

The six problems from the Netlib library [12] reported in [7] are also chosen for il-
lustration here. Dimensions of these problems are given in Table 1. Iteration counts,



serial and parallel run times, and relative errors in the optimal objective function value
are given in Table 1 as well.
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