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Foreword

Nesterov have proved the convergence of the discrete subgradient algo-
rithm for minimizing convex finite functions bounded from below.

When the objective function is a lower semicontinuous convex extended
function (which happens when one minimizes problems with constraints),
the subgradient algorithm makes no longer sense since we do not know
whether the iterations belong to the domain of the objective function.

Hence the idea is to approximate the objective function by its Moreau-
Yosida approximation, which is differentiable, and to use the gradient algo-
rithm applied to this approximation. We prove the convergence when both
the steps of the algorithm converge to oo and the Moreau-Yosida parameter
converges to 0.



1 The Nesterov Theorem

Theorem 1.1 Let us assume that a convez functionV : X — R is bounded

below.
Assume also that the steps of the subgradient algorithm

Dn

Tngl = Tp— 6nm
n

where p, € OV (z,) satisfy

lim 6p=0 & ) 6n=+o0
n=0

Then the decreasing sequence of scalars

O = minkV(xn)

n=0,...,

converge to the infimum v := infzex V(z) of V when k — oo.

2 The Regularized Gradient Algorithm

When V is a lower semicontinuous convex extended function, the sub-
gradient algorithm makes no longer sense since we do not know whether

Tpp1 = Tp — 6,.p—" belongs to the domain of V. Hence the idea is to

(1N
approximate V' by its Moreau-Yosida approximation V) defined by

. 1
Va(a) = inf [V + 55l = ol

and to use the gradient method for the Moreau-Yosida approximation. Hence,
we have a sequence with two indices, the step of the approximation and the
parameter A.

Recall that V) is convex and differentiable. If Jyz denotes the unique
point which achieves the minimum of V), then

Vi(z) = Ax(z) = %(z ~ Jaz) € V(Jy2)

Theorem 2.1 Let us consider the Moreau- Yosida approzimations V) of a
nontrivial lower semicontinuous convez function V : X —» R U {40} is
bounded below.



We consider the regularized gradient method

A

Y Y
Tpy1 = Th— 6"||_p—"ﬁ
n

where 1
Py i= Vi(ed) = 3(eh— hazd)

Assume that -
lim 6, =0 & ) 6, =+oo (2.1)

n—oo
n=0

Then there ezists a subsequence of Vy(z}) which converges to the infimum
v:=infyex V(z) of V when k — 0o and X — 0+.

Proof — We prove this theorem by contradiction. If the conclusion is
false, there exist > 0, N > 0 and p > 0 such that

Va2 N, VA<p, v+2n < Vi(z))
Let Z € X such that V(Z) < v+ 1 < Vi(z}) — . Hence

Va> N, VA<p, V(@) +n < Va(z}) (2.2)

First, we observe that

_ _ A _
ledss = 212 = llad ~ 2112 — 2 (22 — ehy1,2h — 2) + [l2hyy - 221

. A -z}, P
so that, by recalling that ||z}, — z}|| = 6, and that =2 5 ntl ”p:\‘”, we
n
have A "
”z/\ _ 5”2 - Ilzz\ _ —”2 - 926 Pn z,\ — )4 62
it TEL T I T EE TS T2 "

Let us set forany k > N

A Pa _»
o— . n -
ak o n:%l'?.’k < "pé“ b xn -

Since V)\(Z) < V(Z), we deduce that from the definition of the subdifferential
and the choice of Z that

7 < Va(z) - V(2) < @) - Va@) < (o2 - %)
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s0 that at > 0. By summing up the above inequalities from n = N to
k > N, we obtain:

k k
k1 = ZI? < llzw = 2|* ~ 206 3 8n+ D 67 (23)
n=N n=N
On the other hand, we check easily that under assumption (2.1),
Then b
z::N 611.

Indeed, set v¢ := Y ¥_n 62, 7 := X_n 6, and K(¢) the integer such
that §; < € whenever k£ > K(¢). Then

converges to 0 (2.4)

k k
Tk = TK(e)-1 + E 62 < YK (e)-1 T € E bn = TK(e)-1+ €Tk

k=K(e) k=K(e)
so that Tk
VE2 K(), & < KO,
Tk Tk

Since 7 — 00, we infer that

Yk
limsup— < ¢
k—oo Tk

By letting ¢ converge to 0, we have checked (2.4).
Properties (2.3) and (2.4) imply

k 2 — 32
n=N 67! + ”.’CN .’t” converges to 0 (25)

2 Zﬁ:N 6" 2 Eﬁ:N 6"
Let us take A := B and n; be the index such that

k k
< p"k T ﬁ:—:’:) = af“ = min < pzk zﬂ*-§>
2% n=Nk \ [lpR* |’

Let us set
< n:,zak - z> .

3/5: = 12 nk
e

ap < B =




We see at once that

(vhtoke) = (vltoalt)

k
vl - z|| = <m zhx z> = o

The first inequality implies that

Vo (=) = Vau(vih) < (o2 - y2) = 0

by the definition of the subdifferential.
We thus deduce from (2.2) that

V(:L’)-{-'I] < Vﬂk(z ) < Vﬁk(y

p (2.6)
it in

2ﬂ < V(E)+ = %,

so that we obtain the contradiction 5 < %ﬁ which converges to 0.

SVE)V+ 54 IIy — £ < V(z)+ k-
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