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Foreword

This paper continues the investigations in SDS on observability issues motivated by environ-
mental monitoring and related problems. Here the author introduces a specific class of scanning
sensors that ensure solvability of the problem and can further lead to numerically robust tech-
niques.
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Optimal Moving Sensors for Parabolic Systems

A.Yu. Khapalov

1. Introduction, Statement of Problem.

Let A be the infinitesimal generator of a strongly continuous semigroup S(¢)(t > 0) in the Hilbert
space L?(Q) of square integrable functions that are defined on an open, bounded domain Q of
an n-dimensional Euclidean space R™ with a (sufficiently smooth) boundary 92, so that
8 0
A=Y o—(a(z)z—) - o2),
2 a0z - oo

n n .
az £2< Z a;; (2)&i€;, a = const >0, a(z) >0, fora.e. z € Q;
=1 £,j=1

aij(z) = a;i(e);  aij(-),e(-) € L=(Q), 4,5 = 1,2,...n.
We consider the following initial - boundary value problem:

w = Au(,,1) + f(z,1), (1.1)
teT=(0,0),z€QCR",Q=0QxT,Z=080xT,
u(z,0) = ug(z), u(§,1) = 0,(§,t) € T, wuo(-) € L*(D), f(:,-) € L*(Q)

with unknown initial condition ug(z) and forcing term f(z,1).
The solution to the problem (1.1) is treated here as a generalized one [18,12,13] from the
1,0
Banach space 1012 (Q) consisting of all the elements of the Sobolev space H&’O(Q) that are

continuous in t in the norm of L%(2),

) gna, = g 1) oy + 1190 ) gogey -

Here and below we use the standard notation for the Sobolev spaces [13].

Denote by #(t), t € T. = (¢,6) a continuous spatial trajectory in the domain ) so that
it)eQ,te T, (1.2)

where ¢ is given , 0 < £ < 6, the symbol “-” stands for the closure of the corresponding set.



We assume next that measurement data are taken along the curve (it might be, in general,
a fixed point) #(t), t € T, and represent at each instant ¢ the spatial average of the quantity

u(z,t) over some sensing region :
¥(0) = [ x(@30)u(a, )dz + (1), € .. (13)
Q

Here y(t), t € T, stands for observation data,

) 1, if z € Sp(2(t)) N Q,
x(z,2(t)) = B(t) X _
0, if z € Sp(2(t)) NN,
S1(Z(t)) is the ball in R™ of radius h of point Z(t), so as
Sa(Z(t)) = {z ||l = - &(t) [[r» < A},

((-) is an unknown measurement disturbance and S(-) € L°(T,) is given.
We remark that 8~1(t), t € T,, for example, might be a volume of the set S,(£(¢))NN or a

constant. To simplify calculations we assume, in this paper, that
pity=1, teT,.

The restriction on the uncertainties w(:) = {uo(-), f(:,*),{(:)} can, in general, be described

as

w(-) e W, (1.4)

with W being a given subset of L2(Q2) x L?(Q) x L*(T).

The deterministic (minimaz) state estimation problem is to find a solution u(z,6) to the
system (1.1) at the terminal instant 6 on the basis of measurement data y(-) (given through the
equations (1.2)-(1.3)) and the available information (1.4) on uncertainties.

The problem (1.1) - (1.4) has, in general, a set - valued solution (3,17,11] in the Hilbert space
L?(2). Following [8,11] we will denote by U(, y(-)) the informational set of all those states u(z, )
of system (1.1) that are consistent with measurement data y(-) in (1.3) and with restrictions
(1.4). In other words, this is the set of all those functions u(z, ) for each of which there exists
a triplet w*(-) = {ug(-), f*(-,*), ¢*(-)} that satisfies (1.4) and generates a pair {u*(-,0), y*(-)}
(due to (1.1) - (1.3)) that satisfies the equalities u*(-,8) = u(-,8), y*(t) = y(t),t € T..

Let us suppose that measurement trajectories are selected from the prescribed set:
z(-) € X(-) C Cle,0].

It is clear that the choice of spatial curve &(-) in the equation (1.3) and the observed mea-
surement data y(-) affect the size of the set U(8,y(-)). To indicate this below we will designate
the latter as U(4, y(-),Z(-)).



Denote by Y(+, Z(-)) the set of all feasible measurement data y(t),t € T, that can be obtained
due to the system (1.1) - (1.4) under the measurement trajectory Z(-).
Let
J(U(8,y(-),2(+))) (1.5)
stand for a scalar criterion that characterizes the size of the domain U(6, y(-), Z(+)).
We define the problem of optimal choice of measurement trajectory as follows.

Problem 1.1: Find a spatial curve £*(-) in the set X (-) that satisfies the equality
sup{ J(U(8,(-),2°("))) | ¥(-)eY(-2"(-)}=
()SUP{J(U(O, y(-),2()) | ¥() €Y(-,2(-))}. (1.6)

inf
2() e X(-

In the present paper we study Problem 1.1 assuming that constraints on disturbances are
quadratic and the set X(-) consists of solutions to a system of linear differential equations.
Our goal is to derive necessary conditions for optimality.

Remark 1.1. The spatial curve satisfying the equality (1.6) is selected to be the same for any
(“worst™) possible measurement data. It provides some guaranteed result (the minimum of the
estimation error) with respect to the criterion (1.5) for the set-valued solution of the estimation
problem (1.1) - (1.4). Problem 1.1 can also be treated as H-optimal control one (see [1]).

Remark 1.2. Instead of the Euclidean neighborhood S,(Z) one may consider another type

of neighborhood, for example:
Py(0)={z |z =col[z1,...,2,), —h < z; < +h,i=1,...,n}.

Remark 1.3. The convex hull of the set U(6,y(-)) can be described by means of its support
function [16]:

P(S"(') | U(ov y())) = sup{< ()0(')1"'('70) >| u(-,0) € U(G’ y())}

for any element ¢(-) of L2(9).

Here and below the symbol < (-),(+) > stands for a standard scalar product in the respective
Hilbert space which will be clearly specified from the context.

The optimal sensor location problem under stationary observations have been studied by
many authors in the stochastic setting (mainly with the trace of state covariance operator as a
criterion) of the filtering problem ( see [9]). The case of moving sensors was considered in [15]
for the distributed parameter system identification.

We conclude this section by two examples of the criterion J(U(6, y(-), 2(-))):

1. Diameter of the set U(8,y(-),%(-)):

JUb,y(),2())) = sup | p(e(-)| U(6,9(),2(-))) + p(=¢(-) | U(6,3(-),2(-))) | .

|‘P(')"L2(n)=1



As a modification of this criterion one may consider the value of diameter of projection of
the set U(8,y(-),2(-)) on the preassigned finite-dimensional subspace of L*(Q2).
In the present paper we focus on the following “weak” criterion

2. Orthogonal projection on the preassigned direction I(-) € L*(2) :
JUB,y(-),2(-))) =l p(I(-) | U(8,3(-),2(-))) + p(=1(-) | U(8,¥(-),2(-))) | - (1.7)

Remark 1.4. If
1, if z € S5(z)NQ,

l(z) =1 o
0,ifz € Ss(z)NQ

with S5(Z) being the Euclidean neighborhood ( in R™) of radius & of point Z and y~! being a
volume of the set Ss(Z) N Q, the value (1.7) gives us a precise estimate of the averaged value

of u(z, ) over the spatial region Ss(Z) N Q.

2.Preliminary Results , Refined Setting of Problem .

Assume that the set W is defined by a quadratic inequality, so as
W = {(w()r £+ CO) | [ wd(emie)dz+

+/qf2(z,t)k(:r,t)dzdt+/: C(tn(t)dt < 1} (2.1)

with given continuous functions m(z), k(z,t) and n(t) such that

i k(z,t i i
el {m(z), k(z,1)}, in, {n(t)} >0

The set W is convex and weakly compact in the Hilbert space L2(Q) x L2(Q) x L*(T).
Therefore, the respective set U(8, y(-), #(+)) will be convex and weakly compact in L?((2).

It is well-known that the solution to the system (1.1) allows a unique representation as

(1) = S(tpua() + [ St =S,

Denote by {A;}2;, {wi(z)}{2, eigenvalues and eigenfunctions for the operator A under the

homogeneous boundary condition, so as
Awi(-) = =Xwi(+) , wi-) € Ho(R), < wilt),w;(7) >= &j,

1, i=7,

Ait1 2 Ai; Ai o o0, i 400 b = ‘
0, ¢t #7.

Then

we, =3 e <) ) > )+ 3 [ M < Il w0) > drae). (22)
i=1

=1



Due to [8,11] the set U(8,y(-),Z(:)) of the estimation problem (1.1) - (1.3) , (2.1) is an
ellipsoid in the Hilbert space L?(Q), such that

U8,3(-),2() = {u(-) I< u(-) = v*(-,6), PH(O)(u(-) - u®(-,0) >< 1~ 1*(6)},  (23)

where
P(6) = P(6) - B() , P(6) : L*(Q) —» L¥ (), B(8): L*(Q) —» L*}(Q), (2.4)
< ¢(-),P(8)p(-) > = f: e~ (Nith))e /n wi(2)wi(z) m7(2) dz < wi-),9(-) > < w;(-)y (") >

+3 /qe‘“‘“"’“’"’w.-(z)k-l(z,t)w,-(z) dzdt <wi(-), () > <wi(-he()>.  (25)
1,J=1

The operator B(#) is integral:
BO)e() = [ 4z, 3, 6)e(s)dy.
0

In [8,11] it was shown , that functions b(z,y,t), u®*(z,t) and h?(t) satisfy on T the joint
system of initial-boundary value problems and an ordinary differential equation. We will use

below only the respective initial-boundary value problem for b(z, y,1):

ab(a(;ty,t) = Ab(, -, t) + xe(t)(g(z, 1, 1) - /X(y,j(t))b(z,y,t)dy)x (2.6)
Q

xn(t)(a(wt,1) - [ x(@2(1)bla,v,)dz), 7,y € 2, tE (0,6),
Q

b(z,y,0) =0, b(§,y,t) =0, b(z,£,t)=0, £€09,

where

A= Y (grtase) ) + (a5} - ofe) - atw)

i,j=1 '
0, O0<t<e,
Xe(t) =
1, e<t<¥,

o(e,1,0) = e [ (3 e[ (o, 2Os(o)o)s(2) m (2l )z e+
1=1 =1 ro)

+§ /é (f:e‘*i“'"({ x(s, 3(t)Jwi(s)ds)wi(2))e MOk (2, Thi(z) dz drwsi(2). (27)

=1
Taking into account (2.3) - (2.4) , one may easily conclude that the functional (1.7) can be

written as

JUB,Y), ) = (1= RO)(< () PO > = [ [ @)b(z,0,0)(w)dyda) . (28)

5



We note next that the set U(8,y(-),%(-)) is largest , when h%(8) = 0. The latter implies
y(t) =0,t € T,. Thus,

sup{ J(U(B,y(-12(-))) | ¥() € Y(-,3()} = J(U(8, {0}, 5())) =
= (<@L POYO) > - [ [ 10z, ,0)i)dyda) (2.9)

for any admissible trajectory z(-).
The formula (2.5) indicates that the operator P(6) does not depend upon the choice of
the curve #(t) ( it is determined only by the system (1.1)). Therefore, we may substitute the

criterion (1.7) for the ”simplified” one :

16,3() = [ [ 1@)(e,,0)1(w)ivds. (2.10)

Plainly, the function &(-) from X (-) mazimizing the criterion (2.10) gives us the solution to
the problem (1.6) and vice versa.
Let us suppose that X(-)is the set of all those trajectories that are solutions to the following

system of ordinary linear differential equations:

i%(tt_) = C()E(t) + D(t)(t), teT,, (2.11)

E(e)=z0 € Q,

where v(t) is a (measurable) control,
v(t) e VC R™,teT,; (2.12)
the convex compact set V, the (continuous) matrices
C(t) = {eij(1)}, D(t) = {di;(1)}

and zg are given.

It should be noted that behavior of the curve Z(t) in the vicinity of the boundary 9% is
able to generate a number of serious problems when working with the necessary conditions for
optimality. To avoid them we will consider below an “extended” modification of the phase
constraints (1.2).

We set

() e Q+ S(0), te T.. (2.13)

Due to (2.13) we will also extend all the functions (that are defined with respect to the
spatial variable on Q) by zero to the “extended” domain § + S,(0).
Now we may reformulate the problem of optimal choice of the measurement trajectory in the

precise setting as follows.




Problem 2.1: Find a solution 3*(t), t € T, to the system (2.11) - (2.13) that satisfies the
equality
1(6,2%(-)) = sup{I(6,2(:)) | 2(:)€ X(-)}. (2.14)

Problem 2.1 is an open loop control problem. One has to maximize the functional (2.10) due
to solutions to the joint system that includes the infinite-dimensional problem (2.6) of Riccati
type and the system of ordinary differential equations (2.11), (2.12) under the phase constraints
(2.13).

Among the early papers, treating the optimal sensor location problem as one of optimal con-
trol on the Riccati equation (describing the evolution of the estimate error covariance operator),
was [2].

Remark 2.1. Tt should be noted that to solve the estimation problem (1.1), (1.3), (2.1) we
need to know only the optimal measurement trajectory (from the prescribed set X(-)). This
circumstance was basically used in the statement of Problem 2.1.

However, to solve the system (2.11) - (2.13) one has to find an associated optimal control

v*(-). Accordingly, we will also treat below the solution to Problem 2.1 as a pair

{z%(-),v" ()}
Remark 2.2. In this paper we do not focus our attention on the "ordinary” part (2.11) -

(2.12) of the problem. Instead of linear system one may consider a more general case:

di(t)
dt

= g(Z(t),t,v(t)),t € T, (2.15)

52(6) = ZIyp.

Before deriving necessary conditions for optimality of the measurement curve £*(t) let us

discuss the problem of existence.

3.Existence of Optimal Measurement Trajectory.

We note first that under the above assumptions the set of solutions to the system (2.11) - (2.12)
is a compact subset in the space Cy[e, 8], where the latter stands for n products of C[e, 4].

Remark now, that

Il x(-,2()) llL2(a) = (Z(/X(I,5(t))wj(-’0)d$)2)1/2 =
=17




( / 1 dz)'/? = (meas(Sh(4(2)) (| 2))/2 (3.1)
Sa(@(1) (0
for all those (continuous) curves Z(-) that satisfy (2.13).
We note next that

[xt@,1(0) = x(@,5(t)))dz = / ldz < (3.2)
0 (Sh(£1(1))ASK(221)) 0
< My || 31(1)) = 2a(1)) llre, Vi € [e, 6], My = const,

where AAB stands for the symmetric difference of the sets A, B.
On the other hand , due to (2.7) , we have

I g5+ 0) llLa(@e) € Mz || X, 2()) llLo(q.) » M2 = const. (3.3)
Comparing (3.3) with (3.1) yields
Il g(-,+, ) llLy(@.) < const. (3.4)

From the respective formulae in [8,11] it follows
” bl(" ’0) - b?(" ’0) “Lz(ﬂxﬂ)s M3 ” ql(" ,0) - q2(', ,0) HL;(Q,) X (35)

x|l a1(+5+0) + 2(+,+,0) ||L,(q,), M3 = const,

where the subscripts 1,2 indicate that functions b(-,-,8) and ¢(-, -,8) are respectively calculated
under two different measurement trajectories Z;(-) and Z;(-).

The latter and (3.2)-(3.4) yield

” bl(', i) 0) - b2('a ’0) ”Ia(ﬂxﬂ) < const ” il() - 5:2() ”Cn[ﬂ'»e] . (36)

In fact, the estimate (3.6) means the continuity of the criterion (2.10) with respect to mea-
surement curves Z(-) in the norm of Cy|e, 6].

Therefore , due to compactness of the set of all solutions to the system (2.11) - (2.12) and
taking into account that the limit transition remains (2.13) be fulfilled, we come to

Theorem 3.1. Let the set of all those measurement trajectories Z(-), that satisfy to the
system (2.11),(2.12) under the phase constraints (2.13) be non-empty. Then there exists a
solution to Problem 2.1.

Indeed, let

zi(4), i=1,... (3.7)

be a sequence that maximizes the functional (2.10) due to the system (2.6), (2.11) - (2.13).



Then, as it was mentioned above, we may select (if necessary) a subsequence of (3.7) and
indicate the function £*(-) as a limit of the latter in the norm of Cyl[e,6].

Remark 8.1. From the proof of Theorem 3.1 one can make a conclusion that the latter is also
valid in the case of the phase constraints (1.2). However, the phase constraints of type (2.13)
allow us, in fact (as it will be shown in the next section), to neglect them.

Remark 3.2. The following chain of estimates

| [ x@a®wi@)e - [x@ W@z 1= [ wa)a -
8 Q Sa(E: )0
- / wi(z)dz (< | / wi(z)de |Vt €le, 0], j=1,... (3.8)
Sa(22(t))(N 0 (Sh(21())AS (220

together with the equalities (3.1) leads to
Lemma 3.1. Let the sequence {2'(-), i = 1,...} of spatial curves in the domain Q + S;(0)

converges to the measurement trajectory z(-) in the norm of Cyle, 8]. Then

Jim | x*(5 2°()) = x(-2()) lloge Loy = 0, (3.9)

where

X (2,5(t) = 3 [ x(e, 8 (0)ws(2)dz wi(z).

=17
Remark 3.3. The results of this section are also valid for the case of nonlinear system (2.15),
if we introduce a number of assumptions that are traditional [7] in the theory of the lumped-
parameter system:

Assumption 3.1. All of the solutions to the system (2.15) are uniformly bounded:
| 2(t) | < const,Vt € [¢,8].
Assumption 8.2.The set
L(z,t)={l | I = g(&,t,v),v € V}

is a convex subset of R™ for any pair {Z,t}.

4.Suboptimal Solutions.

Let us consider the impact of the phase constraints (2.13) in more details.
Denote by e* the set of all those instants of time when the optimal trajectory £*(-) lies on

the boundary of the domain Q + Sx(0), so that

ee={t|teT,, £*(t) € (2 + Sn(0))}.



Lemma 4.1. Let £**(-) be an arbitrary spatial curve in the domain Q + S3(0) that coincides
with £*(-) on the set T,\e*. Then

U(6,{0},2™(-)) € U(6,{0},27(-)).

Proof. Indeed, let u*(-,0) be an element of the set U(6,{0},z**(-)) generated due to the
system (1.1),(1.3),(2.1) by the triplet

w(+) = {ug(-), (), C*()}-

We note next that
x(z,2°(t)) =0, Vt € €".

The latter indicates that the triplet
w™ () = {ug(-), (s ¢}

with
¢, ift € To\e®,

0, ift € e,

C.. -

satisfies all the relations (1.1),(1.3), (2.1) with £*(-). This yields the desired conclusion of Lemma
4.1.

From Lemma 4.1 it immediately follows

Lemma 4.2. The optimal measurement curve i*(-) is completely described by its interior part
that entirely lies in the domain 4+ S,(0).

Let L*")(Q) be an r-dimensional subspace of L2(Q) spanned by the functions

wi(),i=1,...,r

Using the Fourier-series expansion, we consider the sequence of finite - dimensional optimal
control problems that are defined as orthogonal projections of Problem 2.1 on the series of
L*(Q), r=1,....

Problem 4.1(r): Find a solution £*(")(t) , t € T, to the system (2.11) - (2.18) that mazimizes

the functional

E 1b%;(0)1;, (4.1)

i,7=1

where

bE;(2) = — (i + X)6;(8) + xe(t)(gi(2) - Eb 5(Dds(1))n(t)(g;(t) — Zb (1)ds(1)), t € Te, (4.2)

s=1

b:_;(o) =0, "’.7 =1,...,7 qi(t) = /nq(z,t,t)w,-(:c)d:c,

10



I = /n i(z)wi(z)dz , di(t) = é X(z, #(8))wi(z)dz.

We remark that the scheme introduced in the previous section provides existence of solutions
to Problems 4.1(r), r=1,...
Due to the formulae derived in [8,11](see also (2.7)), we can write
i, 3 50 = [ [ 4o 0,00 )dzdy, vi() € X(), (4.3)

r]-'_?go I br(" "') - b('v"') ”C([e,ﬁ];L’(QxQ)) =0, Vi:() € X()7 (44)

T 1 [ %300 )y = X0, 2O0 0y lrn=0, Vi) € X(),  (45)
Q Q

where
b(z,y,t) = D bf(t)wi(z)w;(y)-
1,5=1
We note next, that assertions of Theorem 3.1 and of Lemma 4.2 are also valid for the series of

Problems 4.1(r).

Set
¥i(8) = / wi(2)dz, £ = col [&1,...,%4] €+ Sh(0).
SnE) N0
Assumption 4.1. Assume that the following condition
dyi(£)

diy € C(+ SK(0), k=1,...,m;5=1,....

will be fulfilled below.

Let {2{")(:),v(")(-)} be a pair of optimal trajectory and control that solves Problem 4.1(r).
Applying the Pontryagin’s maximum principle[14] yields for each of Problems 4.1(r):

max H7(t,200(1),v) = H'(t,20)(2),v)(2)) forae. te T,\e, (4.6)

where
H(t,20(2),v) = pUV(8) D(t)v, (4.7)
el) = {t | teT., 21)(t) € H(Q+ S(0))}. (4.8)

The vector-function p(")(t) = cofl[pgr)(t), .. .,ps,')(t)] is a solution to the following adjoint
system

501 = i + 2800 = 3 ) (Bn(t)x

X(€27(1) = Y BT (D) — Y B O (On()(@ (1) - SSBOAT®), te T (49)
k=1 k=1

s=1

pEN0) = 1ty i=1,...,1,

11



500 =~ 3 PO 52A () - TEOE (0670 ~ 3 6504 (0) -

1,7j=1
=S e®p(@), k=1,...,n, (4.10)
=1

p(8) =0, g(z(1),1,90)(1) = col [a(8)(1), 1,01(2)), ... , gn(8)(2),2,0(2))],

the combination of the symbols "*,7” indicates that an appropriate value is calculated under
3(-) = 89(), ()= o).

From the limit relation (4.3) it immediately follows

Lemma 4.8. The pairs {#())(),v(")(.), r = 1,...}  that satisfy the sequence of finite-
dimensional mazimum principles ({.2),(4.6) -(4.10) form the sequence of suboptimal solutions
to Problem 2.1.

Theorem 3.1 allows us to select a subsequence of measurement trajectories {2(")(.), ¢ =
1,...} that converges in the norm of Cy[e,6] to the optimal trajectory £*(-) solving Problem
2.1, so that

lim || 2°(:) = 209() llepe.q= 0. (4.11)

Furthermore, due to weak compactness of the set of all the admissible controls v(-) in L2 (T),

we can select the above sequence of trajectories in such a way that
o) = v*(-) weakly in L2 (T.), (4.12)

where

L2 (T.) = L¥(T.) x ... x L¥(T.).

m

Thus, we have obtain
Theorem 4.1. There exists a sequence of pairs {£{")(:),v")(-), i =1,...}, satisfying the
respective sequence of finite-dimensional maximum principles (4.2),(4.6) - (4.10), such that its

limit in the sense of the relations (4.11), (4.12) is a solution to Problem 2.1.

5.Necessary Conditions for Optimality.

The scheme for deriving of optimality conditions is based on a limit transition along the sequence
of finite-dimensional maximum principles described in the previous section.

Denote

P(zmt)= 3 o (el (v).

i,7=1
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Multiplying both sides of the equation (4.9) by w;(z)w;(y) and summing them up over
indices ¢,j = 1,...,r yield the initial-boundary value problem for the function P.(z,y,?):

%y’_t) = —AP.(,t) = x"(z,2"(t))n(t)x (5.1)
X /0 P.(2,y,t)(¢""(2,t,1) — /x'(s,a‘:(')(t))b"(s,z,t)d.s)dz—
Q
—x* (v, 27(2))n(t) /0 P.(z,z,t)(¢"" (2,1, 1) — / x*(s,20()b*" (2, 8,t)ds)dz, z,y € O, t € T.,
Q

P,(I, Y, t) Iﬂxﬂ= O, P,(I, y,0) = Ir(z)lr(y),

where
q"(a:,t, t) = Zq:r(t)wi(z)a Ir(z) = Eliwi(z)v
1=1 i=1

b7 (2, 9,t) = D b (Dwilz)w;i(y), x"(2,20(t) = Y- dI" (Dwi(2).

1,7=1 =1

Let us denote now the sum of integral terms in the right-hand side of the equation (5.1) by
p(l‘, Y, t, Pr(', ’t)) =

= x"(2,30)())n(t) ></nPr(z,y,t)(Q"(z,t,t)—/x'(s,i(')(t))b"(s,z,t)d8)d2+
Q

+x* (v, 2(1))n(t) x /n Po(z,2,t)(q""(2,t,1) — / x* (s, 2())b*"(z, 5, t)ds)dz. (5.2)
Q

We note next that eigenfunctions of the operator A are as follows:
wi(z)wi(y), 4,7 =1,...

Hence, using the Fourier-series expansion (along the system of eigenfunctions) for represen-

tation of solutions to the linear stationary parabolic system , we obtain

r [}
Pi(z,y,t)= Y. /, eQHANE=T) < (s Py, 7))y (Dw(4) > drwi(z)wi(y) 4+ (5.3)

1,7=1
+ 3 NN < () () >< (), wi() > wilz)wily), tE T
1,5=1
In other words P,(z,y,t) is a mild solution to the system (5.1).

In a traditional way this gives the estimate
0
I Pr(s s ) iz caxa) < exfll ) 12,0y +(./: ooty PCey ) I paxmy 42}, (5.4)

Vt € [e,0], ¢; = const.
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Due to (5.2) and (3.1)-(3.6) we obtain
“ P(" 32 P,(-,-,t) ”%,z(ﬂxﬂ)s €2 " X-("i(r)(t) ”%a(n)” Pr(" ’vt) “%q(nxﬂ) X
X g Cotyt) = [ X2 (s, 0ds IS S 1 R Cors ) yqaxny (59)
Q

where cz,c3 are positive constants independent of .

Now the estimate (5.4) can be presented in the form:

max || Br(s 1) la@xey < ex 177 12, +

+erea( —t*)1/? max | Pr (s t) Ly caxay dt, VE* € [, 6], (5.6)

Finally, using the Gronwall’s inequality, we have the estimate

I[I:ao'i( | Pr(-s+5t) ”Lz(QXQ)S eq || 1(-) ”i;(ﬂ)’ ¢4 = const. (5.7)

The latter is a technical issue for a limit transition in the mixed problem (5.1).

Multiplying the equation (5.1) by an arbitrary function ¢(z,y,t),
¢(-r-) € H¥2 QA x QX T.), 8(,-t) la@xa)= 0, ; #(z,y,6) =0
and applying Green’s theorems yield the integral identity :
[ e o= 2S00 s g 14 e s @nox 69)
X /n Pr(2,4,8)(q""(2,t,t) — / X" (s, 20(£))6™" (s, 2, t)ds)dz+
0

+x* (v, 27 (2))n(t) x /n P(z,2,t)(¢""(2,t,1)— / X" (8, ())0*" (2, 5, t)ds)dz)¢(z, y, t) }dedydt =
Y]

=- /n /n I"(z)" (y)b(z, y,0)dzdy,

where the Sobolev space H221(Q x Q x T,) is defined similarly to H2!(Q).

On the other hand the estimate (5.7) provides us by a subsequence of functions P.(-,-,")
such that

P(+y+y:) = P(+,-, ) weakly in Ly(Q x Q x T¢). (5.9)

Without loss of generality , we can assume that for an associated subsequence of measurement
trajectories the equality (4.11) is fulfilled.

Combining of (5.8) and (5.9) gives the identity (5.8) with the limit function P(z,y,t) sub-

stituted for P,(z,y,t). The latter may be also represented as an initial-boundary value problem

BP(;;IIJ) — _AP(.,.,t)_ X(-’B,-’E'(t))n(t)x (510)
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x [ Py, 0@ 0 - 4 X(s, 8" (1))b*(s, z,t)ds)dz—

X3 O x [ P20 @00~ [x(s, 800 (2 5,0ds)dz, 2,5€ 9, teT,
Q

P(Z, Y, t) |ﬂxﬂ= 0, P(:B, Y, 0) = l(z)l(y)
Here the symbol ”+” indicates that respective values are calculated under £(t) = z*(t),t € ..
Let us consider now the system of ordinary differential equations (4.10). Similarly to (5.8)

we may represent it in the integral form:

)
W=+ [ [ [ Piesn)gele e { X'(28 (N7 (z,2,7)d)x (5.11)
xn(1)(¢*" (y,7,7) — /x"(z,:i:"(r))b"(z, y,7)dz)|dzdydr+
Q

g n
+/ Z c.-k(‘r)pfr)(‘r)d'r, k=1,...n.
t =1

The crucial point to ensure the limit transition in (5.11) is the derivative in the first integral

term:

Qk(zv Y, &(r)()) = aii:k[(q"‘(za t t)—
— [ X O 1 O )~ [ X O (2,0
Q Q

Introduce the following

Assumption 5.1. There exists a subsequence of integers {r;}32; such that

Lim | Q&(-, e 20()) = Qi 2°()) lly@xaxt)= 0, k= 1,... n,

whereas the equality (4.11) is fulfilled.
Remark 5.1. Let Assumption 4.1 be complemented by the following uniform estimate

d;(2)

, | < const, V2 € Q+ 85,(0), k=1,...,n;j=1,...
dzp

Consider two cases when Assumption 5.1 is fulfilled.

1. If the dimensionality of the spatial variable in the system (1.1) is equal to 1, then
Assumption 5.1 is valid due to the asymptotics [4] of eigenvalues of the operator A.

2. If the dimensionality of the spatial variable in the system (1.1) is more than 1, then
Assumption 5.1 is fulfilled when the forcing term in (1.1) is absent.

Indeed, in this case all the above formulae can be simplified. For example, the formula (2.7)

will be as follows

—me"’\‘ ooe"\f' 8,z(t))w;(8)ds)wi(z)) m™ (z)wi(z)dz w;i(z
(@1,6)= e [ ({x(,(t))J()d)s()) (2ur(2)dz e(z).
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The latter allows us to provide Assumption 5.1, using asymptotic behavior of eigenvalues.
We note next that applying Gronwall’s inequality to the equation (5.11) yields the bound-
edness of the values p; )( )

I 27() Ly S const, k=1,...,n;r=1,.... (5.12)

Selecting (if necessary) subsequence of functions {p("?)(-)}&2, and taking i — oo, we obtain

20— [ [ Ples ) pl(a"(et0) - ] X(5E O (2 5 0dn0)x  (513)

X(q‘(y, t, t) = /X(Zv ir(t))b‘(za Y, t)dz)]dxdydt - icik(t)pi(t)’ Pk(a) =0,k=1,...n,
Q =1
where
pUOC) — () in LY(T2). (5.14)

Finally, we proceed to the limit transition in the relation of maximum (4.6).

First, we rewrite it again in the integral form:

1
.i. B (r,)(r), v)dr < — / B (r,30(r), 0 (r)dr  (5.15)
(tt+v) n(T.\e(')) (tit+v) n(T.\e("))
for a.e. t € T,\e('), YVv>0 r=1,..

Now, taking into account (5.14), we can realize the limit transition in (5.15) with r — oo
(selecting, if necessary a subsequence of r;).

After that, taking v — oo, we come to

Theorem 5.1. Let the pair {£*(-),v*(-)} be a solution to Problem 2.1. Then it satisfies

the maximum principle:
max H(t,z*(t),v) = H(t,2*(t),v*(t)) for ae.t € T.\e*, (5.16)
v

where
H(t,2*(t),v) = p'(t)D(t)v.

Remark 5.2. The typical criterion, characterizing the quality of sensors in the stochastic
setting of the optimal sensor location problem, is the trace of the error covariance operator[9].

Due to the formula (2.4) in the above minimax setting the latter corresponds to the functional

11(0,:2('))=/nb(z,z,0)dz — sup. (5.17)
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For Problem 2.1 with the criterion (5.17) substituted for (2.14) necessary conditions for

optimality may be presented in the form (5.13),(5.16) and (5.10) under the terminal condition
P(.’L‘, yvo) = 6(2 - y)

Remark 5.3. Instead of the spatially averaged observations of type (1.3) we may also consider

a dynamic pointwise one:
y(t) = u(z(t),t) + ((t), t € T.. (5.18)

It is clear that this type of sensors requires a corresponding smoothness of solutions to the
problem (1.1) (for example: u(-,-) € H*1(Q x T,) under n < 3, see [12,13]).

Deriving of necessary conditions for optimality of measurement trajectories in the case of
pointwise observations (5.18) might be (due to arising technical problems) a subject for a sep-
arated paper (the one dimensional example of such a problem was considered in [11]). Here we
remark only that Problem 2.1 with the spatial observations of type (1.3) might be useful for

constructing suboptimal solutions to the latter one, when taking

A1) = VI (Sw(2(t) D).
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