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Foreword

This paper deals with a new variable metric algorithm for stochastic optimization problems.
The essence of this is as follows: there exist two stochastic quasigradient algorithms working
simultaneously — the first in the main space, the second with respect to the matrices that modify
the space variables. Almost sure convergence of the algorithm is proved for the case of the convex
(possibly nonsmooth) objective function.

Alexander B. Kurzhanski
Chairman
System and Decision Sciences Program
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A Stochastic Quasigradient
Algorithm
with Variable Metric

S.P. Uryas’ev

1 Introduction

Stochastic quasigradient (or stochastic approximation) algorithms are used for the optimization
of quite general stochastic systems with smooth, nonsmooth, and infinite-dimensional ob jective
functions, for distributed systems and others (see, for example, [3], [4], [6]-[9], [11]-[13], [16],
[20]). The structure of such algorithms is simple, and at each iteration only few additional
calculations are required. However, the simplest variants of these algorithms have a significant
drawback — a slow practical convergence rate for ill-conditioned functions. This fact is connected
not only with randomness, for the deterministic case the simple gradient algorithm is also quite
inefficient for ill-conditioned functions. Variable metric algorithms are more complicated, but
they have a considerably faster convergence rate. These algorithms are widely used for smooth
deterministic optimization problems (see [2]). Several authors have generalized such algorithms
for the stochastic case with a smooth objective function ([1], [5], [8], [10], [14], [17], [18] and
[21]). In this paper, the variable metric algorithm for stochastic programming problems with a

nonsmooth objective function is presented. Such algorithms were already proposed in [19].

2 Basic Idea of the Algorithm
Here we consider the problem of minimizing a convex (possibly nonsmooth) function f(z)

f(z) = min , (1)

rER™
where R™ is an n-dimensional Euclidean space. In the class of problems considered here, instead
of exact values of gradients or generalized gradients of the function f(z), vectors are known
which are statistical estimates of these quantities. (The exact values of the function and its
gradients are very difficult to compute.) Such problems present themselves, for example, in the
minimization of functions of the form

() = Eupla,0) = [

weE

0 e(z,w)P(dw).



Here and below we assume that all random values are given on the probability space (2, F, P).
Considering that, under the general assumptions, the generalized differential of the convex func-
tion f(z) is calculated by the formula (see [15])

af(z) = /Gn 8y o(z,w)P(dw), (2)
then 9;¢(z,w) is a set of vectors being the statistical estimates of gradients of the function
f(z). We call these estimates stochastic quasigradients [3]. To solve problem (1), the following

algorithm is used:

541 3 3¢5

3+=$—p,H€, (3)
where p,,s = 0,1,... is a sequence of positive random scalar stepsizes; H*,s = 0,1,...1is a
sequence of n X n random square matrices; £*,s = 0,1,... is a sequence of stochastic quasi-

gradients, i.e. conditional mathematical expectation; F £° is a generalized gradient:
E.£ ¥ E(¢/°) € 0f(2")

where E, is the conditional mathematical expectation with respect to the o-field defined by
the random vector z*. How can the matrix H® be chosen? There exists the natural criterion

function ®,(H):
Qs(H) = Esf(:l:" _psHES) (4)

which characterizes the quality of choice for matrix H at iteration s. The function ®,(H) is the
mathematical expectation of the objective function f at the point z*+!. The best matrix H at

iteration s is a solution to the problem

d,(H i . 5
(H) - min_ (5)

Problem (5) is somewhat more complicated than problem (1). However, the optimal matrix H
is not needed at each iteration; it is enough to find some updating rule. Let us differentiate the

function ®,(H) at some point H§ (see formula (2)):
On®,(H3) = EuOuf(2* = p.H3E") = Eu{—py€” 1y € 8:f(2* — p.H3E)}

where E’T is the transposed vector £°. We denote £ as some stochastic quasigradient at the

point zJ def po p.HZE e
E(&/%g) = 9(zg) € 8f(3) -
One can see that

Ey(=p,£8"") = Ey(E(=p,&3€°" [28)) = Eo(~psg(c)€"") € Ou,(HY)



thus —p,{é{’T is a stochastic quasigradient of the function ®,(H) at the point Hj. We consider
that the matrix H{ is known from the previous iteration s — 1. To modify matrix H§, we use

the stochastic quasigradient method (see [3]):
L L 8 ST 1 LY ] ST s
Hi = Hg — A(—=pso€° ) = Ho + Ao’ 0= Aps -

Analogously, the next iteration can be done at the point H; and so on. Let at s iteration with

respect to matrix H amount i(s) > 1 iterations is made. Write this as follows

o= HI+NEET,  i=0,..,i(s); (6)

s __ s=1 _ s=1
HO =H - Hi(s—l)+l ?

where £7,1 = 0,...,i(s) are stochastic quasigradients, i.e.
E(¢/x}) € 0f(xi),  zi=2"—p,HIE . (7)

In formula (6), the matrix H is modified additively, but multiplicative variants of this algorithm

also can be developed (see [19]).

3 Formal Description of the Algorithm and Necessary
Conditions for Convergence

Define the optimal set z* for problem (1) as follows:

X*={z" € B": f(z*) = min f(z)} .

Algorithm (3), (6) can solve the optimization problem (1) without constraints. To simplify the
convergence proof of the algorithm, we assume that some convex compact set X C R"™ is known
in advance such that X* C X. This is not a serious restriction, since in practical situations
such a set is usually known. This set could be very large. If 2* ¢ X, then we assume that the
approximation of z*® is very far from the extremal set X* and we restart the algorithm from the
initial point z° with new initial algorithm parameters.

We also assume that the sequences {¢,},8 =0,s,...and {Ay},8=0,1,...,1=0,1,... are
given before starting the algorithm. This predetermination is not very good from the practical
point of view, but this can be relaxed later. Some adaptive formulae also could be written for
these sequences, but we do not want to overload the convergence proof with them now. The
positive value ¢, define i(s) in the algorithm, iterations with respect to matrix are stopped if
Ds :f__’g’l Ast > €,. To avoid misunderstandings, we present here a full formal description of the

algorithm.



Algorithm 1

Step I Initialization
§=0,1= -1, 2° = z;n, HO'1 = ] is the unit matrix; £° is a stochastic

quasigradient at the point z°.
Step Il Set HE = H:7l.
Step III Set 7 = 0.

Step IV Compute the point z?

! =z - p,HIE".

Step V Compute H? , = H? + /\sifff’T’

here £} is a stochastic quasigradient at the point z}.
Step VI If:>1 and p, E;:(l) Ast > €5 then #(s) = 7; go to Step VIIIL
Step VII Set : = : + 1 and return to Step IV.

Step VIII If 2}, € X, then z°t! = HR £t = €35y otherwise o1l = 20 g3+l = €O

i(s

Step IX Set s = s+ 1 and return to Step II.

Let us define d(z, X*) as the distance between a point z and the set X*
d(z,X*) = mi -z .
(z,X%) = mig ||z -7

To prove the convergence of algorithm 1, we shall use the following necessary conditions (see
[20]) for convergence of stochastic algorithms. (These conditions are similar to the conditions in
[12] but are more general.)

D1 There exists a compact set X C R"™ such that

{z’(w)} C X as.

D2 W :X — Ris a continuous function.

D3 I there exists an event B C € such that P(B) > 0 and for all w € B there exists a
subsequence {z'*(“)(w)} convergent to a point z'(w) with d(z'(w), X*) > 0, then for any
random value ¢(w) > 0 a.s. there exists a subsequence {vx(w)} such that

W(z") < W(z'(w)) + e(w) for I(w) < T < wi(w),
lim W(z"“)(w)) = W(w) < W(z'(w)).

D4 (W(L:)_,';;’(z’(w)))\W(X‘) # @ for almost all w € B, i.e. the open interval
(W(w), W(z'(w))) does not belong to the set W(X*) def {W(z*):z* € X*} for almost all
w € B. |



D5 For almost all subsequences {z*<(“)(w)} such that lim,_ 2°<“)(w) = z*(v), z*(w) € X*
the condition
max { [W (a:”‘(“’)“(w)) -Ww (a:”‘(“’)(w))] ,0} —0 for kK — 00
is satisfied.

Next is the theorem about these necessary conditions (see [20]).

Theorem 1 Let the stochastic sequence {z*(w)} satisfy conditions D1-D5; then z*(w) — X~

a.s., ie. d(z*(w),X*) — 0 a.s.

4 Convergence of the Algorithm
Below we formulate the theorem on the convergence of algorithm 1.

Theorem 2 Let f: R™ — R be a convez (possibly nonsmooth) function, X be a compact convez
set such that X* C X C R™ and

inf —z*|=C in ||2° — z*|| ; 8
ity =2l =G> min e =27l (®)

let the sequences {\q1} and {¢;} be given and let {p,} be a random sequence such that p, depends

upon the random vectors
(0 0, .T ¢T . .
2%,€%2],6,0< T < s - 1,0< 1< (7)) 5

let the stochastic quasigradients and algorithm parameters satisfy the conditions

Il <C2 as., (9)
1€ < C2  aus., i=1,...,4s); s=0,1,..., (10)
€ >0,s=0,1,..., (11)
e o]
Zef <00, (12)
s=0

S 6= oo, (13)

=0
ps||HEE® || — 0 as. for s— 00, (14)
ps >0 a.s., s=0,1,..., (15)
o0
pr < o0 a.s. , (16)
=0
A0 >0, s=0,1,...,1=0,1,..., (17)



oo
D Ag = oo, s=0,1,..., (18)
1=0

o0
z/\fl < A = const, s=0,1,... (19)
=0

Then almost surely all the accumulation points of the sequence {z°} generated by algorithm 1

belong to X*.

Proof We use necessary conditions D1-D5 to prove the convergence of the algorithm. Define
W(z) = min ||z - y|* = d*(z,X™) .
yeEX"

Condition D1 is valid due to the algorithm construction and the compactness of the set X.
It is easy to see that the function W(z) is continuous and consequently condition D2 holds.

Let us prove condition D3. Denote

n = £ — g(z°), ni =& —g(z}),

Ulz)={y € B":|ly -z < ¢},

) (20)
- _ s — —
f*=min f(z), Cs= max|z~yl,
z} = arg min lz* —oll, 2= arg min e =9l -

Let the probability of the event B = {w € Q : 3 a subsequence z/+(“)(w) of the sequence z*(w)
such that z/~(“)(w) — z/(w) ¢ X*} be greater than zero. We shall omit the latter for the
simplicity of argument w. Steps IV, V and VI of the algorithm and conditions (9) and (10) of

the theorem imply

1l

W(zis)) 23500 = 25 I? <

IA

l23i(s)-1 = Zia)ll® = 1123501 — 2° + P Hiy€II” =

= |lz3ie)-1 = 2° + ps(Hiy-1 + /\,,i(a)-lff(s)-lf"T)E"”2 =

= |25 0501 = 2° + PeHi() 1€ + pods ()1 1E°112ES )| =

= 123 i(s)=1 = Tis)-1 F Psrai(a)1 1€°1PE 00y /1 =

= 125 i(s)-1 = Zie)=1lI* + 205 X0i(0) -1 €8 11427 551 — THo)-10 o)1) +
+ P32 )= 1111165 )P < W(ag-1) +
+20500,i(0)-1[1€° 11423 ()1 = Ti(e)=1> Eds)=1) +

+ P32 4,i()-1C3 -

Applying this estimate the proper amount of times we obtain



i(s)-1 t(s)—1

W(zt(s ) < W(ZO) + 2p3 |€‘,||2 g Asl 31 1:1 ,6{) + p_,Cz g ’\31 .

Estimate W(z§) as follows:
W(z3) < oy - xgll® = llz§ — 2* + pa Ho’||* =
llz5 = 2°11 + 204(23 — 2°, HGE") + A1 HEE'|1* <

< W(z*) +2p,|z5 ~ 2° | H€' || + o3l HGE"| -

Since the function f(z) is convex, then, with designations (20), we get
(z — =1, &) = (25 — 2i, (=) + (25 — =i, i) < 7 — f(2}) + (= — 2, ) -
Substituting the two previous estimates into estimate (21) and (19)-(20) yields

W(zi,) < W(z*)+2plz; — 2* [ H5€ | + pZI HGE"I* +

i(s)-1 i(s)—1
+20,)1€°1% 37 Aa(f = F&D)) +2050E°N° D Aalzy — 2,0 +
=0 =0
i(s)—l
+p2C5 Y AL < W(2®) + 2p,C3||HE || +

=0
\ i(s)-1
+ PN HSE N + 20,1€°11° Y- Aaa(f* = f(2})) +

=0
i(s)-1
+ 2/’5”53”2 Z Asi{zg — =i, ) + PECSA
=0

If z:’(‘;l_l) € X, then we have from the algorithm formulae

g™ = :7(1m11) = 2" — pm- lH;Tn: 1)5"1—1 =

™ - 17\ ,m—
= ! — Pm-— I(H,(m 1)- 1+’\m—1,i(m—1)—1£:?m1_1)_1£m ! )6 '=

= (xm- — Pm~ IH,(m -1)- 1£m 1) Pm—-1Am— 1,i(m-1) lf,(m 1)- 1l,£m—1||2:

= .'E:r(lf;l_l)_l - pm—l/\m—l,i(m—l)—lfi(;_l)—l||£m_1“2 *

Using this equality the proper amount of times we get
i(m-1)-1
g™ = 2p = el Y Am-nf T =

i(m-1)-1 .
= zm—l - pm—lH(;n—lfm-l - pm—l”éﬂmulll2 Z ’\m—l,lé}m_

(21)

(22)

(23)

If z°, zf(’)’_ '(m 1) € X, m > s then again applying this formula for m—1,...,s+ 1 we obtain
m—1 i(r)-1
=t S G - S > Al

T=8 T=3

(24)



In view of conditions (9) and (10) of the theorem, step VI of the algorithm, and the last equality

we can estimate

i(r)-1

=™ -2l < Z prllHGE™ Il + Zprllﬁ I > Aallérll <
T=s =0
m-—1 i(r)-1
< X0 | pHGE N+ Coor 30 Ant) =
T=S8 =0
m—-1  i(r)-1 i(r)-1 -1
= ZPT Z Arl p‘r”HO{ ” Pr Z Arl +Cg <
T=3 1=0
m-—1 )
< Yo Z Ar(p- | HGE lle;t + C3) - (25)
T=8 =0
It also follows from (23), (24) and (25) also that
= QL 1 3
S < TeT(| ~
(e max el -2l < D IZ; Ari(p|[HGE Nl + C3) - (26)

Let us consider the events w € B such that there exists a subsequence {z/~} with
g~ o2 W(z')>0,Us(z') c X for k— o0, (27)

where § is some positive random value for almost all w € B. Denote € as some random value
such that 0 < € < \/W(z’) for w € B. We define the index subsequence {v.} (this subsequence

depends upon w) such that

ve—1
c3 Z € — q el 91 min{e, 6} a.s., (28)

r=l,

the existence of this subsequence follows from the theorem conditions (11)-(13). In view of
conditions (15)-(19) and step VI of the algorithm

ve—1 '(T) -1

Z pr Z /\.,IC2 —q a.s. (29)

T=lx

Since p,||HE||e;! — 0 a.s. for 7 — oo (see condition (14)), then (26) and (29) imply

h max T — xln < . %0
n—-vn:o le<T<vn~1 0<l< (T)” 1 I <q a.s (30)

From (30) and z!* — z' for K — oo it follows that the approximations zj, I, < 7 < v, — 1,
0 < I < i(7) belong to the set Ug(z’) for sufficiently large numbers « (this x depends upon w).

Since

29 = min{e,8) < ¢ <W(a) = [min [l' ~ 3| = min ||s'~ |,
* y

then

X" NUp(z)= 0. (31)




It also follows from (27) that
Uy(z') Cc Us(z) c X

Since the points z] for Iy < 7 < v — 1, 0 < I < i(7) belong to the set Uyy(z') for sufficiently

large x, then (31) implies the existence of a random value a > 0 a.s. such that
[f=fg])<—a for I, <T7<v—1,0<1<Li(T) (32)

for sufficiently large k. Applying inequality (22) the necessary amount of times with (32) we
have
W) = W(ally) < W) + 20,1 Coll w161 +

i(ve—1
(vx—1)-1
+ 0L llHg" T = 200 lE TP YD Aemrgat

i(vx—1)-1

+200-1l€7HE DD Avemnglel g~ 2T T +

ve—1 ve—1
+ 0L, 1CSA S W(™) +2 Y p.CallHGE |+ D P2 HGET|I? -
7=lc =l
ve—1 i(1)-1 ve—1 i(r)-1
-2 prall€7|? Z An+2 Y pellE7)P Z Ar{zs — ] ) +
T=lx T=lx
Tl et
+C§A2p3 = W(:z:l")+T2+T3+T4+T5+T6, (33)
=l

We estimate the lower limit of the terms in inequality (23). For the second term we have

(see (14) and (28))

ve—1
lim T» = lim 2 ) p,Cs||H¢"|| =
K= 00 K00 T=I,;
ve—1 ve—1 -1 vx—=1
= 2Cj3 lim Z €r Z €r Z p‘r”H(‘)r{r” =
K—0C0 T:l,‘ ‘r—I ‘r=I
o= e ve=1
< 2C3 lim Z e | lim Z € Z p-||Hg =
r—oo \ ‘T r—o0 r=lg T=lx
= 2C3(C;3¢)-0=0  as. (34)
For term T3

K—00
‘r=1,; r=lx

2
v—1 v—1
lim T3 = lim 3 pl|HG¢"|” < lim (Z pTIIHJETII) =

= (2C3) 2 lim T =0 as. (35)

K~ 00



In view of algorithm step VI and the convexity of the function || - ||? for the fourth term in (33)

U—1 i(r)-1
lim Ty = lim (— Z p-||€7 ||2 Z )\11) <

K— 00 K=—OO
T=lx

v—1 v—1 v—1 f[fuvc—1 -1
) l_ T2 =9 l_ T (]2 <
a lim > ell€7]] a hm PR DI DK e|l€7° <

<
T=lx =l =l \1=lx

ve—1 ve—1 ve—1 -1
< -2a hm Noalld e Y ]| €IF=

T=l\x =l =l

ve—1 -1 vx—1
< —2al lim 7|2
< a lim TE:K € im | gl:xe,f I“=

ve—1

= —2007% lim | 3 €l (36)

=l

The martingale series Y -2, €,7), is convergent with conditions (11)—(13) and thus

vr—1 vk—1 v—1
lim | 3 e = lim || 3 () + X en|? =
T=lx =l r=lx
ve—1
= llm || Z €-,—g($‘r)||2 (37)
r=l[.

For sufficiently large &, the points z], I < 7 < v, — 1, 0 <1 < i(7) belong to the convex set
Usze(2") and Uyy(z')N X* = @. Consequently, for properly small g there exists a positive random
value ¥ > 0 a.s. such that (g(z7),z* — z') > v||z* — 2’|| > 0, z* € X*. Further we get

2
v—1 v—1
1 eg(=n? 2 (Hz‘ =27 erg(z7), 2" - z')) =

T=lx T=l,

vi—1 2 ve—1 2
(”z' - 2| Z e-{g(z7),z* —z')) > ("/ Z 6-,-) .

T=lx T=lx

Combining the last inequality with (36) and (37) we obtain

2
ve—1
lim Ty < —ilch‘{:"q‘1 lim (’y Z e,) = —2aC{3q‘17ZC{6q2 <0 a.s. (38)
K—00 K—00
=l

It follows from conditions (9), (16) and (19) that
oo oo oo
YD ARETIN S CAY P2 <o as.,
7=01=0 =0

consequently the martingale series

i(r)-1

prns’n2 Z Azt — =00

=0

is convergent. This fact implies

ve—1 i(T)_l
lim 75 = lim T = 2 hm ST p:EN1? D] Anfzn—z,n) =0 as. (39)
Reo * role 1=0

10



We have from condition (16) also that

ve—1
lim T = lim C5A ) p2=0 as. (40)
K= K—00 T:I,;

Taking the lower limit for (33) and using (34), (35) and (38)-(40),

lim W(z"*) < lim W(zl") - 2av%qC;% < W(z') - 2072¢%C;° .

K—CO R— 00
This last inequality proves the necessary condition D3 for the subsequences, which satisfies
condition (27).

Now let us consider the case with

zix - z', z' € 80X ,

where 80X is the boundary of the set X. As in the previous case we define the index subsequence
{v«} such that
vx—1
Cg Z & —q=2""e.
7=l

We consider the following two possibilities:

1. There exists an infinite subsequence {6y, } such that I, < 6,, < v, %= € X, :cf(’gm) ¢ X,
zm+1 = z0, In this case, condition (8) implies

lim W (1) = ||z5 — 2|2 < C2 < W(z')

m—0o0

and subsequence {zx®m*1} satisfies the necessary condition D3.

2. There exists a number K such that 27 € X for I, < 7 < v., kK > K. For this case, the
proof of condition D3 coincides with the proof where z’ belongs to the interior of the set

X.

This proves condition D3.

Condition D4 is valid because the function W(z) is constant on X™.

Let us prove the last condition D5. We conside the subsequence z** such that z* — z*,
z* € X*. It follows from estimate (25) that

i{(sx)—1
2™+t — 2% < pa D AsatlpscllHg € |le5} + C3) - (41)
1=0

Since (see conditions (12), (14), (16) and (19))

pallHSE||e;) — 0,

11



1(sx)—1
Ps, Z ’\s,‘l — €, —0,
=0
€, — 0,
then (41) implies
[z*<+! — 2] - 0 (42)

for almost all w such that z%+ — X* z* € X*. The function W(z) is continuous, thus (42)

proves condition D5.

All conditions D1-D5 are checked and the theorem is proved. O
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