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Foreword

Many problems arising in optimization and optimal control may be reduced to the

following nonlinear mathematical programming problem:
minimize {J(v):v €U, G(u) € K}

where U is a metric space, K is a subset of a Banach space X and
J: U—-R | J {+o0} , G:l—X are given functions. The author proves a general Kuhn-
Tucker type necessary condition for minima. This general multiplier rule allows to prove,
in particular, the maximum principle for a semilinear problem with nonconvex end points

constraints and necessary conditions for optimality for a nonconvex ill-posed problem.

The results were exposed during the Comcon Workshop (Montpelier, 1988) on the

optimization of flexible structures.

Alexander B. Kurzhanski

Chairman

System and Decision Sciences Program
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A GENERAL MULTIPLIER RULE FOR
INFINITE DIMENSIONAL OPTIMIZATION PROBLEMS
WITH CONSTRAINTS

H. Frankowska

Ceremade, Université Paris-Dauphine

1. Introduction

Many problems arising in optimization and optimal control may be reduced to the

following nonlinear mathematical programming problem:
minimize {J(u): v € U, G(u) € K} (1.1)

where U is a metric space, K is a subset of a Banach space X and

J: U = R |J {400}, G: U —X are given functions.

A vast literature exists on the necessary conditions associated with (1.1) in some
concrete cases. Usually the methods rely either on subdifferential calculus of convex
analysis (see for example ([18] [5]) or on penalization technique ([17], [4]). Both ap-
proaches are somewhat restrictive: the first applies only to convex problems (in particu-
lar K has to be convex), the second one applies only to these problems which can be pe-
nalized in reasonable way (which in practice yields many assumptions on the set K and,

often, the convexity of K).

When K is just a closed set, one is led to apply a different technique. In [9] Fat-
torini studied some optimal control problems using Ekeland’s variational principle 7], [8].
Although this approach is well-known in finite dimensional optimization ([6], [8]), its ap-

plication to infinite dimensional problems is not immediate.

In Fattorini and Frankowska [10] results of [9] were extended to a very general class
of constraints K. Namely K has to be a closed subset of a Hilbert space X satisfying

some “variational” assumptions.
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We observe here that the very same ideas allow to go beyond Hilbert spaces and to
prove a much more general multiplier rule making the class of applications broader. The
main aim of this paper is to provide such general rule and to give some new applications.
The multiplier rule is proved in Section 2. The application to the maximum principle is
given in Section 3. Section 4 is devoted to optimal control of an ill posed semi-linear el-

liptic system with nonconvex constraints.

2. Multiplier rule for a general optimization problem with constraints

We study here the problem with constraints.
minimize {J(u):v € U, G(u) € K} (2.1)

where

U is a complete metric space with the metric d
L€zt e
G is a continuos function from U to a"Banach space X

K is a closed subset of X
J is a lower semicontinuous function from U to RU {+oc}
Throughout this section we denote by ||-|| the norm of X and we assume that it is

Gateaux differentiable away from zero, that is for all z € X, z# O there exists pzeX‘t

such that for all © € X
[[z+hug||—[]z]|

1 L2+ = 1 = >
h—'lr(r)l-}’ h h—*O-:’l:r!llh—’u h SPot

where <-,-> denotes the duality pairing on X 'xX.

We recall first the definitions of Kuratowski’s liminf and limsup of a family of sub-

sets {A,}, ¢ r of a Banach space X, where T is a metric space.

liminf A, = {ve€ X: lim dist (v,A,) = 0}

T— 7 T—7T,

limsupA, = {v € X: liminf dist (v,A,) = 0}

T— 7 T—7p

For a point z € K we denote by z°— gz the convergence to z in K.

DEFINITION 2.1. LET z € K.
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CONTINGENT CONE TO K AT z IS DEFINED BY

K-z

Ti(z) = mgwr =5

TANGENT CONE (OF CLARKE) TO K AT z IS DEFINED BY

Ck(z) = Izi"f.in{ ;
h—0+

In the other words v € Ty(z) if there exist sequences h;—0+, v,—v such that
z+h;v; € K. Similarly v € Cg(z) if for all sequences h;—0+, z,— gz there exists a
sequence v;—v such that z;+h;v, € K. It is well known that Cg(z) C Tg(z) are

closed cones, Cg(z) is convex and when dimX <oo

Cy(z) = liminf Tg(z')

I Dkl
(see [1], [6]). When K is convex we have

Tg(z) = Ck(z) = ,\LSJO A(K-z) = iiﬁi:{ Tg(z)

When K is closed we always have

liminf Ty(z) € Cy(z)

I gz

(see [21]).

Computation of elements of contingent cone is simpler than that of tangent vectors

in the sense of Clarke. In many concrete cases computation of Cg(z) may be a very

difficult task. This is why we formulate here results using both notions of tangent cones.

For all u € U, h>0, let B,(u) denote the closed ball in I of center u and radius h.

DEFINITION 2.2. CONSIDER A FUNCTION F FROM U TO A BANACH

SPACE Y AND A POINT u€e 4.

i)

THE (FIRST ORDER) CONTINGENT VARIATION OF F AT u IS THE SUBSET
OF Y DEFINED BY

F(By(v)) - F(u)

Vil = g
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ii) THE (FIRST ORDER) VARIATION OF F AT u IS THE SUBSET OF Y DE-
FINED BY

Vp(u) = liming — M)

u —y h
h—~0+

IN THE OTHER WORDS ve Vp(u) IF THERE EXIST SEQUENCES
h;—0+, v;—v SUCH THAT

F(u) + hyv; € F(By(u))

AND v € Vp(u) IF FOR ALL SEQUENCES h;—0+, u,—t THERE EXISTS A SE-
QUENCE v;—v SUCH THAT

F(u) + kv € F(By ()

It is clear that Vp(u) and Vp(u) are closed starshaped at zero sets and Vp(u) C Vp(u).

It was proved in [13] that Vp(u) is convex.
Recall that the negative polar of a set PC X is defined by
P-={€eX*: Vpe P, <£,p><0}

and the normal cone (of Clarke) to K AT z is defined by

We assume that (2.1) is feasible, i.e., for some u € U satisfying G(u) € K we have
J(u) #+o0
THEOREM 2.3. LET uy; BE A SOLUTION OF PROBLEM (2.1). ASSUME

THAT FOR SOME p>0, v > 0 AND A COMPACT Q c X THE FOLLOWING HOLDS
TRUE: FOR ALL z € K NEAR G(u,), AND u € U NEAR u,

pB C el (my (coV(y,q)(v) N [-7, 9] x X)-co(Tg(z) N 1B)+Q) (2:2)

WHERE 7y DENOTES THE PROJECTION OF RxX ON X.
THEN THERE EXIST

A 20, €€ ( liminf Te(n) , (06 £0 (23)
v—x G(uo)
SUCH THAT
Y (7,9) € liminf Vi), Aj+<€,9> >0 (2.4)

U—Uq
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V M>0, €e( liminf co(Tg(z) N MB)) (2.5)

Tk G("o)

MOREOVER, IF THE NORM OF X IS FRECHET DIFFERENTIABLE ON X\{0},
THEN € € Ng(G(ug)) AND

V(59) € Vue)lu), A i+<€,9>20 (2.6)

Remark.

1)  Observe that when X 1s a finite dimensional space, then the condition (2.2) is always
satisfied with Q equal to the unit ball and p = 1.

i) When J is Lipschitzian on a neighborhood of uy, then the assumption (2.2) may be re-
placed by : for all u € U near uy and all z € K near G(ug).

pBcel (e6Vg(u) — 2o(Tk(z) Ny B) + Q) (2.2)’

iii) When K 1is convez, the vector £ from (2.8) verifies £ € Ty(G(uy))™, 1.e. € 15 a nor-

mal to K at G(ug) in the sense of convez analysts.

THEOREM 2.4. LET u, BE A SOLUTION OF PROBLEM (2.1) AND ASSUME
THAT J IS LIPSCHITZIAN NEAR u,. FURTHER ASSUME THAT THERE EXIST
SUBSETS Z(u) C ¢o Vg(x) SUCH THAT THE MAP u—Z(u) IS CONTINUOUS AT
uy. IF FOR SOME COMPACT SET Q C X, p >0,y >0 AND ALL z € K NEAR G(u,)

p B Ccl(e 2(w) ~ & (Tk(z) Ny B) + Q) (2.7)

THEN THE SAME ASSERTIONS AS IN THEOREM 2.3 ARE VALID.

COROLLARY 2.5. ASSUME THAT J=¢po®, G=go® WHERE ® IS A
FUNCTION FROM U TO A BANACH SPACE Y, LIPSCHITZIAN NEAR u,; AND
©:Y—R,g: Y—X ARE C' at & (v,). IF THERE EXIST p > 0, v > 0 AND A COM-
PACT SET Q € X SUCH THAT FOR ALL z € K NEAR G(uy) AND ALL ue U
NEAR uy THE INCLUSION (2.2)° HOLDS TRUE, THEN THERE EXIST A, £ SATIS-
FYING (2.3), (2.5) SUCH THAT

Ywe limi;lf co Vg (u), <A (@ (ug)) + ¢ (P (u))* €,w>2>0
Y
MOREOVER IF THE NORM OF X IS FRECHET DIFFERENTIABLE THEN
€ € Ng(G(ug)) AND

Vwe Vg (1), < Ao’ (P (ug)) + (@ (u))* &, w>20 (2.8)



Proof. For alln>1 define functions

LU—-R,  fi(u)= ma.x{O J(u)—J(ug)+1/n?}
FoUxK-R, F,(u,z) = \/f.(v)*+]||G(u)-z||?

Then F, ts a nonnegative lower semicontinuous function on the complete metric space
UxK and F,(uy,G(ug)) = 1/n2. Hence we may apply the Ekeland variational principle [8]
to F, and the point (uy,G(ug)) to prove the existence of u, € U, z,, € K such that

1 1 1
d(“m“o) < ;) HG(uO) - Iy H < ; F (umzn) < ? (2'9}
and for all (u,z) € UxK
1
F (umzn) < Fn(u'7z) + T{(d(uaun) + HI - znl ‘] (2'10)

Since uy ts a solution, by definition of F,, we always have F (u #0. The Géiteaux

m n)

differentiability of the norm of X away from zero implies that for all n such that
G(u,) # z,, there ezists p,: € X* satisfying | |p,:I | =1and forallwe X

116wt bl = (Gl — |
h—0+ jw'—w h Pn
Setting py: =0 when G(u,) = z, and p, = | |G(un) - z,| lpr:; we have
|lpnl| = || G(v,) — z,||. Fiz n>1. Then for all h,—0+, w,—w, j,—j we have

1G(vn) =2t hiw;| |2 = || G(un) 2| [*+2hi<pp,w>+ o0 ()
max{0,J(u,)+h;j;—J(uo)+1/n%}}? = f.(u,) 242k f,(u,) 5 +0(k,) (2.11)

wherelim;_, o (k;)/h; = 0 =1lim,_, o(k;)/h;. Define A, >0, v, >0, £, €X* by

Vn:Fn(umzn)» Ap = s €n = —

and observe that \//\Z—H 1€, |2=1. We shall prove the following inequalities:

1) v(]"w)EV(J,G)(umzn)’ Apd + <€pw> > -1/n

) Vy€ Ti(z,), <ty < |ly|]/n (2.12)

Indeed setting =z, in (2.10) yields

Vuell, Fo(una,) < Fo(t,z,) + —d(u,u,) (2.18)
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Pick any (j,w)eV(y ) (tn,2n). Then for some h—0+, (j;,w;)—(s,w) we have
(J(up),G(up))+hi(5i,wi)€(J,G) (B (up)). From (2.18), (2.11) we obtain

VnS\/V%+2hifn(“n)j+2hi<17mw>+o(hi)+hi/n

V(142h(A g+ <€p,w>) /vt o (k) /vE) 2+ hifn

vo(1+h (A g+ <€p,w>) /v +o(h)+hi/n = vo+hi (A, j+<€,,w>)+o(h)v,+hi/n
where lim;_, o (k;)/h;=0=lim;_, .0 (h;)/h;. This implies that for some ¢,—0+

. 1
Un S Vn+h,/\nj+h'<fn,w>+ f‘h“}-;h'

Dividing by h; and taking the limit when i—oo we obtain (2.12) i). Set nezxt u=u, in
(2.10). Then

1
VzeK, F,(u,,z,) < Fn(un,z)+;| |z—z,]| (2.14)

Consider ye Ty(z,) and let h;—0+, y,—y be such that z,+h,y,cK. Then from (2.14), ap-
plying (2.11) with w,=—y,, we obtain

1
v, < \/Vi+2h,-<pm—y>+0(h,-)+;hf| |yl |

and as in the proof of (2.12) 1) this implies that

1
v, < Vn+<£n’_hiy>+o(hi)+;hil |yi| |

Dividing by h; and taking the limit when i—oo we obtain (2.12) 1i). Since ||(A,,€,)]|=1,

taking a subsequence and keeping the same notations we may assume that for some
A>0, feX?

Ap—A; €,—€ weakly - *

Then, from (2.12) i) we deduce that £ verifies (2.4). We prove nezt that (A ,£)#0. Indeed

if A=0 then |[|€,[|—=1-. By (2.12) for all (j,w)€ oV gl

u,,z,) and for all
vea( Tx(2,) B),

Al + <€y, w—y>Z—Ln1

Let ¢, € X be such that ||¢,|| < 1 and €, ¢, > — 1-

. By the assumption (2.2) there ez-
st €,—0, (J,v,) € EV(_,,G)(un), |701<7, yp€co(Tg(z,)yB) , ¢,€Q such that
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—P$p= €ntV,—Yntq, Let {qn'_} be a subsequence converging to some q€Q. Then, from

the last inequality, we deduce that <., —pgp —qp>> —Lnl— nY-11€ql|. Taking the

limit we obtain
—plim <&, ¢p > —<§,¢>=—p—<§,q> 20
$1—00 ' '

This implies that ££0. From (2.12) 11) we derive (2.8).
Fiz M>0. Inequality (2.12) i) implies that for ell yeTg(z,)"MB we have

<€,,y><M/n. Obviously it holds true also for all yeco(Tg(z,) "MB) and (2.5) follows
by the limit procedure.

Assume nezt that the norm of X is Fréchet differentiable away from zero. Then for
every n satisfying G(u,) # z,, there ezists a function o, : R, —R_ such that
lim_,040,(h)/h=0 and for all b€ B, ||G(u,)~z,+hb||<||G(u,)~z,| |[+h<p,,b>+0,(h).
Hence for alln > 1 and beB

| | G(un)_zn+hb| |2S| | G(un)—zn| |2+2h<pn>b> (2-15)
+h%+2(] G(up) = 2o | [0 (h)+0n (k) + 0, (h?)
To prove (2.6) fiz (j,w)€Vy g)(uo) and let h,—0+ be such that

lim,,_,oohy/v,=0; sup||z||§||w||+10n(hn| [z|[)/hn < 1/n;

216
sup| 5| <||w||+19n(RE] 2] 1?)/RE < 1 (2.16)

Let (jp,wy)—(5,w) be such that for all n, (J(u,), G(u,))th,(pwa)E (J,G)(By (u,))-
Then from (2.18) , (2.15) we obtain

VoSN VE+2h (£ () 5+ <ppwp>)+v20(hy/vy) +hy/n=
Vn(1+2hn(’\n-7+ <Emwn>)/un+o(hn/un))1/2+hn/n =

Vn(1+hn('\nj+<fn’w>)/un+5(hn/un))+hn/n = Vn+hn('\n.7+<£mw>)+o~(hn)

J(h o(h v h
where limn_,ooLh'i: 0:limn_,°o%=limn_,oo h—"a(u—") This implies that
n n n n
0 S hn<(An’£n)’(j’w)> + 6(hn)

We already know that (A,,€,) has a subsequence converging weakly - * to (X,£)#0. Divid-
ing by h, the last inequality and taking the limit we obtain that Aj + < £,w>>0. Since
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(7,.w)€V(y,c)(uo) 1is arbitrary, this proves (2.6). To prove that {ENg(G(yy)) fiz
we Ck(G(ug)) and let h,—0+ be such that (2.16) holds true. Pick a sequence w,—w such
that for alln, z,+h,w,c K. Then from (2.14), (2.15) we obtain

VnS\/V?1+2hn<pm_wn>+ur210n(hn/yn)+hn| |wn| |/n:

vV 142k, <€y mwy> fupton (b /vpythy| |w,|] /0 =
V(1< € 03) /0t 5 (/1)) |0 [/ = Uyt < 6w+ o0( )
Hence we proved that
0 < —h,<€,,w>+o0(h,)

Dividing by h, and taking the limit yields <§,w><0. Since we C(G(ug)) ts arbitrary, this
implies that EEN(G(uy)) and ends the proof.

To prove Theorem 2.4 it is enough to replace @ by ¢oQ and to observe that (2.7)
continuity of Z at uy and the separation theorem imply that for all u€lU near uy and all
z€K near (G(Up) (2.2) is satisfied with p replaced by p/2. Hence the result follows from
Theorem 2.3.

3. Maximum principle in optimal control of infinite dimensional semilinear

systems

We consider below the problem
minimize ¢(y(0),y(T)) (3.1)
over the solutions of semilinear initial value problem

y'(t)= Ay(t) + f(t,y(t),u(t)), 0<t<T

¥(0)=10 (3.2)
[0,T])>t — u(t)eU is measurable (3.3)

satisfying the end point constraints
(¥(0),y(T))eK (3.4)

where
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U is a topological space.
. sEpLran’ e
A is the infinitesimal generator of a C -semigroup {S(t)};>¢ in a”Banach space £

with the norm Fréchet differentiable away from zero.

[[0,T|xExU—E, p:ExE—R are continuous functions with f(¢,.,u) differentiable
for all t€[0,T], u € U

K is a closed subset of ExE.

We assume that for some a>0 and all t€[0,T], ue U

[ /(ty,u) [ <a(|[y][+1) (3.5)

and that for every bounded set CCE there exists a constant L>0 such that
Vz,y€C, vel, t€[0,T], || f(t,z,u)~f(t,y,u)[| < L||z-y]]
i.e. f(t,,u) is Lipschitz continuous on C uniformly in (¢,u).
A continuous function y:[0,T]—E is called a mild solution of (3.2) if for all t€[0,T|
t

y(t)=5(t)yo+£ S(t=s)f(s,y(s),u(s))ds

Our assumptions imply that for every u(-) as in (3.3) the system (3.2) has a unique, mild

solution.
Remark. Recall that the problem
T

minimize g(z(0),z(T)) + {L(t,y(t),u(t))dt

over the solutions of (8.2) - (8.4) can easily be reduced to the problem (8.1) - (8.4) by a

simple changing of variables.

Let z be a solution of (3.2), (3.4) corresponding to a control 4 and consider the

linearized control system

w'(t) = Aw(t) %(t,z(t),a(t))w(t) + v(t)

Let RZLE(T) denote its reachable set at time T, i.e.

Rf:ﬁ(T) = {w(T):w is a mild solution of (3.6)}.
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RL (1) = {{)‘SZ,G(T,t)v(t)dt: v(t)ecof(t,z(t),U)—f(t,z(t),u(t)) is measurable}

where S, ,(t,s) is the solution operator of the linear equation

#(0)=(4+ 5L (a0 ()20

That is, the only strongly continuous solution of the operator equation

t

Sy u(t,s)z = S(t~s)z+[S(t-0)B

y (0)S, ,(0,8)zdo

y,u v,u

in 0<s<t<T with B, ,(0) = %(a,y(a),u(a))
Denote by S, ,(7,0)p the restriction of the linear operator S, ,(7T,0) to the closed
unit ball B.

THEOREM 3.1 LET : BE A SOLUTION OF (3.1) - (3.4) AND & BE THE
CORRESPONDING CONTROL. ASSUME THAT ¢ IS CONTINUOUSLY DIFFEREN-
TIABLE ON A NEIGHBORHOOD OF (z(0),2(T)) AND FOR ALMOST ALL

telo, 7], %(t,-,ﬁ(t)) IS CONTINUOUS AT z(t). FURTHER ASSUME THAT FOR

SOME 5>0, 550 AND A COMPACT SET QcExE AND FOR ALL zeK NEAR
(2(0),2(T))

PB C cl(graph S, .(T,0)p + {O}szL’a(T)—c_o( Tk(z) M 7B)+Q) (3.7)

THEN THERE EXIST A>0 AND ¢=(£,,6,)€ Ng(2(0),2(T)) NOT BOTH EQUAL TO
ZERO SUCH THAT THE FUNCTION

(1) = 5, (1) O 52 (:(0),5(T))+60) (38)

SATISFIES THE MINIMUM PRINCIPLE

<p(t).f(t,2(8),5(t))> = min <p(t),f(t,2(t),u)> (3.9)

AND THE TRANSVERSALITY CONDITION
(=P (0), p(T))=2¢"(2(0),2(T))+(£&1,€2) € (A" (2(0),2( T)) + Nk (2(0),2(T))  (3.10)

COROLLARY 3.2. LET z, 4, ¢, f BE AS IN THEOREM 3.1. AND ASSUME THAT
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K=K,xK,CExE. FURTHER ASSUME THAT THERE EXIST 5>0,7>0 AND A
COMPACT QCE SUCH THAT FOR ALL z€K, near z(T)

pB C cl(R;",a(T)—c_o(TKQ(z) N3B)+Q (3.11)

THEN THE CONCLUSION OF THEOREM 3.1 IS VALID.

Remark 3.3. Observe that, in particular, (8.11) is satisfied for all z€ K, near z(T)

if one of the following assumptions holds true

: L

i) Int Rz,l_‘( T)#0@

it) K is a convez subset of a closed subspace HCE of finite codimension and IntyK # @
111) E is a Hilbert space and for some v>0,e>0 and a closed subspace H of finite codimen-

sion

[lz—2(T)||<e
z K'Z
where my denotes the orthogonal projection on H
tv) E is a finite dimensional space.
Loosely speaking (3.11) means that cl(Rfﬁ(T)— co(Tg,(2(T))NvB) is an open set

modulo a compact set Q. Corollary 3.2 and iii) allow to compare results of this paper

with those from [10].

To prove the above results set
U={u:[0,T]—-U: u is measurable}
Vu,vel, d(u,v)=p({te[0,T):u(t)#v(t)})

where p stands for the Lebesgue measure. Then (U,d) is a complete metric space (see
Ekeland [8]). (Since d(u,v)=0 = y,=y,, we identify controls equal almost everywhere,

here y,, denotes the (mild) solution of (3.2)).

Define continuous maps J:KxlU—R, G:KxU—EXE by

J(yo,t) = ©(¥0:%4(T)) 5 G(yo,t) = (¥0,94(T))

Then the problem (3.1) - (3.4) may be rewritten as the problem (2.1) considered in the
previous section. Hence in order to write necessary conditions for optimality we have to

study variations of the map (J,G).
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For this aim fix u€l, y,€E and let y be the solution of (3.2). Consider needle per-
turbations of u at a point s€[0,T]: Let veU, h>0, and set

v s—h<t<s
up(t) = u(t) otherwise
Denote by y,, the solution of (3.2) with u replaced by u,.
LEMMA 3.4. LET s BE THE LEFT LEBESGUE POINT OF THE FUNCTION
t—f(t,y(t),u(t). THEN

TY—-y(T
tim LI g ) f6,9(0)0)~ o (6),0(6))

h—0+ h

For the proof see [9].
Differentiating with respect to the initial condition we obtain easily

LEMMA 3.5. LET wycE and y, DENOTE THE SOLUTION OF (3.2) WITH y,
REPLACED BY y,+hw, THEN

. yu(T)—y(T)

B Ot 3 =5y,u(T,0)wo

COROLLARY 3.6. FOR EVERY u€ll, yoc E AND THE CORRESPONDING SOLU-
TION y OF (3.2) WE HAVE

1 1 —
?graph Sy'u( T,0) p+{0} x ﬁRLIf,u( T)CcoVg(yg,u)

Proof. By Lemma 3.4, for every Lebesgue point s of the function t— f(t,y(t),u(t)) we

have

{O}Xsy,u( T,s)(c_of(s,y(s), U)_f(s’y(s)au(s))) c C_OVG(yO’u)

Since the set of Lebesgue points has a full measure, integrating the above inclusion we ob-

tain
{0} x R;u( T) € TV (yo,u)

This and Lemma 3.5 yield the result.

Proof of Theorem 3.1. It is not restrictive to assume that T=1. We apply
Theorem 2.4 with J=poG and G defined by

Y (y0,u) € ExU, G(yo,u) = (¥p,94(1))
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where y, 1s the solution of (8.2). By our assumptions G is Lipschitz continuous. From

Corollary 8.6 follows that for all (yy,u)€ ExU

1 —
A(yo,u) : = 5 ( graph S, ,(1,0)p+{0} x By (1)) € &V (yo,4)

On the other hand, the map (yo,u)—S, ,(1,0) is continuous and (yo,u)—vR{;,u(l) is con-
tinuous in the Hausdorff metric (here y denotes the solution of (3.2)).

Hence we deduce from (8.7) that the assumptions of Theorem 2.4 are satisfied with

ng, 7=%, Q=%C§ Let >0, £=(&,,€5)€Ng(2(0),2(1)) be as in the claim of Theorem

1 1,1 C
Vwe —Z—graph SZ,Q(I’O)BJF{O}X?RZ’E(I) - yl;:n.:% coVi(ygu)

w—u

we have
<Ap’(2(0), z(1))+€, w> >0 (8.12)

Hence for every measurable selection v(t)ecof(t,2(t),U)—f(t,z(t),u(t))

1

<A g‘P (2(0),2(1))+ &5, [S, . (Lt)o(t)dt >= (8.13)
Iz 0 ’

1

/<S, a(l,:)*(Ag—‘P(Z(o) (1)) 46,) , v(t)>dt > 0
o © 2

Set

p0)=52JLUﬂA§£%4®ﬂUD+&)

1

Then (8.18) yields the minimum principle (3.9). On the other hand (3.12) implies that for
everyw € E

A (2(0),2(1)+E, (w, 5, (10)0)> = <ATE(2(0),2(1))+6,+5, ;(1.0) *(A-22-(2(0) 2(1))+6y), w>

oz, Oz,
dp
= <A 22 (3(0) (1)), p(0) w> 20
1
Hence -p(()):,\a—so(z(O],z(l))+El. Moreover by the definition of

GEN

(), p(l):/\g—f(z(O),z(l)) +€&,. This ends the proof.
2



- 15 -

4. Optimal control of a semilinear systemn with state constraints
CLG e e

Let O be an open bounded subset of R (n<3) with C? boundary T, X be a'Banach

space with Frechet differentiable norm and
T: Co(2)»R™, L: Cy(Q)—X

be C! (nonlinear) mappings. Set Y=HXQ)NH}(Q) and consider closed sets
KcL?(Q), CCR™, DCX and a continuously differentiable function J:Cy(€2)x LZ(2)—R.
We study here the problem

minimize J(y,u) (4.1)

over the pairs (y,u)€ Yx K satisfying the constraints

T(y)eC , L(y)eD (4.2)
and
Ay + p(y) = win Q,
y=0onTl (4.3)
where
n
Ay: - E azj(a"j(z) aI;y) + a’O(z)y)
l,]:
and

ag € L®(Q) , ay(z)>0 for a.e. z€Q,
a,; is Lipschitz on Q (1<1,5,<n),
- 2
Y. a;i(2)€i€> a0 €] )%, ag>0, VEERT, VzEQ,
1,7=1
© : R—R is C! nondecreasing function .

Remark. It may happen that to a control u€ K correspond several solutions of (4.3),

i.e. we have to deal with an ill posed problem.

From now on we denote by By the closed unit ball in the space X.

THEOREM 4.1. LET (y,u) BE AN OPTIMAL SOLUTION OF (4.1) - (4.3) AND
ASSUME THAT FOR SOME p>0, v>0 AND A COMPACT QcX WE HAVE

VdeD near L(y) , pBx C ¢o(Tp(d)nyBx)+Q (4.4)
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THEN THERE EXIST A>0, pe W3*(Q2), s < n—f_l IER™, peX* NOT ALL EQUAL

TO ZERO SUCH THAT

A%+ (3) ' = MG (0 T+ T (3) 1L (@) (4.5)
~A G2 (5:8) - peNk(a); leNG(T(7)); weN(L(7)) (46)

MOREOVER, IF
Im L'(y) =X, Im T°(7) = R™, L'()*Np(L(@)NIm T(§)* = {0}  (47)

THEN A+||p||>0 AND IF IN ADDITION
Im(L'(y) *+ T°() *) N(A*+¢"(¥)) Ng(u)={0} (4.8)

THEN A>0.

Remark. a) Observe that the assumption (4.4) holds true in particular when D is a
convez subset of a closed subspace HC X of finite codimension and Inty D #0

b) The above result can be related to [4/.
Proof. Define A;:Y—L%(Q), J;:Y-R, G:Y-R™x X x L%(Q) by

Ay(y)=Ay+o(y), J1(3)=I(y,41(y)), G(v¥)=(T(y),L(y),4,(y))
and set
K=CxDx K
Then our problem may be reduced to the following one.
min {J,(y) : y€Y, G(y)eK}
We easily verify that for all ye Y
{(Vi(n)(w,Aw+eo' (y)w), T'(y)w, L'(y)w, Awte’'(y)w:||w]]| y<I1}C V(5 6)(y)
Z(y):={(T"(y)w, L'(y)w, Awte’(y)w):||w]| y<1}C V(y)
and for all c€C, deD, keK
Ti(c,d.k) =Tc(c)x Tp(d)x Tk (k)

C(c,d,k) = Cc(c)x Cp(d)x Ci(k)
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Moreover the map Z 1s continuous in the Hausdorff metric. We apply Theorem 2.4.
Since  1s nondecreasing, for every z€Q) we have p’(y(z))>0. This and [19] yield that for

some €>0.

€B,q) € (A+9'(¥)) By (4.9)
Set g=||T(¥)||+]1L°(¥)]|+1 and observe that from (4.4) follows that
VdeD near L(§), 2By C &(Tp(d)n 292 By)+22¢ (4.10)

Hence from (4.9) we deduce that for all k€K, c€C and every d€D near L(y)

¢BrmX qBXXsBLz(Q)CZ(ﬂ)+{O}x2qBXx{0} +2¢Bpmx {0} x{0}C
Z(ﬁ)—{O}xc_o(TD(d)ﬁ—Q—Zle)x {0}+2qBRmx%QX{O}C
2(3) - (T(e,d ) N 220B) + 2B nx =L @x {0}

Setting p=min(g,c) , ¥= —Q—Zl, Q:QqBRmX%QX{O} We obtain that for all k€K near
(T(¥),L(3),41(¥))
5BC2(3)- (T (k) N 7B)+Q
By Theorem 2.4 there exist A>0, lEeN(T(y)), peNp(L(y)) , pENK (A(y)) not all equal
to zero such that for every wEBy
AL(F) (0, Awt ' (7)0) +< T (3) s +<L'(5) *wyws+ < A F+p'(5) Fw>20
This yields that

oJ ,— —, _— by oJ - —\ - oJ ,— — L= -
AOGL GO+ (D) O GGG G0+ T (5) 1L (7) =0

Setting p:—/\%(ﬂ,i)—'pf we obtain ({.5), (4.6). But from ({.5) we also deduce that

A*peCy(Q1)* and, consequently, for all s<n—ﬁ1 , PE W§*(Q). Assume for a moment that

A=0, p=0 and ({.7) holds true. Then, by ({.5),
L'(y)*u € ImT'(y)*

and, therefore, L'(y) *u=0. From the injectivity of L'(y)* follows that u=0. This, ({.5)
and injectivity of T'(y)* yields =0, which is not possible. Hence A+||p||>0. Assume
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next that (4.7), (4.8) hold true. If A=0 then, by (4.5) , (4.6}, (A*+¢'(y))p € Im
(L(y)*+ T'(y)*) This implies that p=0 and, consequently, A+||p||=0. The obtained

contradiction ends the proof.
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