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FOREWORD

Formulae for differentiation with respect to the parameter of an integral over the set
given by an inclusion are proposed. Such formulae are useful for solving chance con-
strained optimization problems. Using these formulae one can compute the gradient (or
stochastic quasi-gradient) of the chance constraint and consequently apply gradient (or
stochastic quasi-gradient) algorithm for the optimization.
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DIFFERENTIATION FORMULA FOR
INTEGRALS OVER SETS GIVEN
BY INCLUSION

Stanislav Uryas’ev

1. INTRODUCTION

Let the function

F(zy= [ p(z,y)dy (1)
f(z,y)€eB

be defined on the Euclidean space R", where f: R* x R™ — R and p: R® X R™ — R are

some functions and B C R. To solve optimization problems containing the functions in

the form (1), a differentiation formula for the function (1) is needed. One of the sources of

such problems are chance constrained stochastic programming problems. For example, let

F(z) = P{f(z, ¢(w)) < 0} (2)

be a probability function, where ¢(w) is a random vector in the space R™. The random
vector ¢(w) has a probability density p(z, y) depending on a parameter z € R. The func-
tion (2) can be represented in the form (1), where B = {t:t < 0}.

Differentiation formulae for function (1) are described in the papers of E. Raik [5],
N. Roenko [6]. Special cases of probability functions (2) with normal and gamma distribu-

tions, have been investigated in the papers of A. Prékopa, T. Szantai [3], [4].

The gradient expression given in (5], [6] have the form of surface integrals, and are
inconvenient from the computational point of view since the measure of a surface in the

space R™ is equal to zero.

In the article of S. Uryas’ev [8] another type of formula was considered, where the
gradient is an integral over a volume. For some applications such formulae are more con-
venient, because stochastic quasi-gradient algorithms [1] can be used for the minimization
of function (1). In article (8] the formula for the gradient was proved under assumption

that the set

pu(z) ={y € R™: f(z, y) € B} (3)



1s bounded.

The boundedness of the set u(z;) is rather strict assumption. For example, if we con-
sider a linear function f(z, y) = z;y; + z3¥,, then for any nonempty set B C R the set
#(z) is not bounded. In the present paper we prove analogous results with the weakest as-

sumptions.

2. THE GRADIENT FORMULA FOR THE CASE WITH BOUNDED SET

The first result considers the case with bounded set u(z) N T(z) where

T(z)={y€ R™:p(z,y) #0} .
Let us denote V some bounded neighborhood of the point z; € R", cl the closure sign and
LT a transposed matrix (or a vector) L; let A(V) = (| p(=))n (U T(2));
zeV zeV
G=cl(V x A(V)).

The expression for the gradient of the function (1) is given in the following theorem.

THEOREM 1  Let:
1 the set G be bounded;

2 the function f: R™ x R™ — R have continuous partial deviatives f (z, y), fy(z, 9),

fry(2, 9), fyy(2, y) on an open neighborhood of the set G;

3 the function p: R™ x R™ — R have continuous partial derivatives p,(z, y), p,(z, y)

on an open neighborhood of the set G,

4 |[f(z, 9)| > v > 0 on the set G.

Then the function F(z), given by the formula (1) is differentiable at the point z, and

the gradient is equal to

Fizo) = (f )[Pz(fo» y) — Az, v) Vy]dy ) (4)
BlZo
where
A(z, 9) = p(zo, ¥)Ify (20 ¥)I™ *1o(20, ¥) (205 ¥) (5)

PROOF Let o > 0, define

T={zeR™:||z-y|[<o,yec( | T(2))} .
zeV
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Taking into account the definition of T and T(z) we have p(z,y) =0 for z € V,
y € u(z) N (R™\T). For this reason

F(z)= [ p(z,9)dy= [ p(z,9)dy
e w)nT

if z € V. Denote

def
X(AI: 2, a) = f(Io + A:L', z+ afz(xO’ Z)) - f(-To, Z) .

In the integral

F(zy + Az) = f p(zo + Az, y)dy (6)
wlzg+AZ)NT

make the change of variables
y = z + az, Az)f,(z, 2)
where the function a(z, Az) is given by the equation
x(Az, z,0) =0 . (7

The theorem will depend on the following three lemmas.

LEMMA 1 There ezists a neighborhood U of the point z, and a unique function
afz, Az) on the set A(U) x (U — zy) which satisfies the equation (7) and the condition
a(z, 0) = 0. The function a(z, Az) is continuously differentiable on A(U) x (U — zg).

PROOF Let us verify the conditions of the implicit function theorem (see, for example,
[2], p. 454). By virtue of condition 2 of the theorem the function x is continuous with
respect to the all variables and the partial derivatives xa,, X,, X, €Xist and are continu-
ous for sufficiently small Az, o, and for all 2 € A(V). The function x at the point
(0, 2z, 0) equals zero. The derivative x, does not equal zero at this point (see the condition

4 of our theorem) since
Xa(0, 2, 0) = ||£,(2o, "")H2 279>0.

All the conditions of the implicit function theorem are verified and the lemma is proved.

Below we use the following definitions: o(z, Az) = a(z, Az)f,(zy, z) where a(z, Az)

satisfies the equation (7); ap,(2) = z + p(z, Az);

h(zg+ Az) ={y€ R™:f(zo + Az,y) €B,ye T} ;
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hAz(IO) = {z € Rm:f(zO’ 7') € B, aAz(z) € T} .

LEMMA 2 The mapping ap,:hp (29) = h(zg + Az) is an injection if ||Az| 1s
sufficiently small.

PROOF First we show that if z € hy(z) then ap,(z) € h(zy + Az). Taking into ac-

count equation (7) and the definition of hp,(z,) we have

f(zg, 2) = f(zg + Az, z + ¢(z, Az)) € B

ap(2) €T
Consequently

f(zg + Az, ap.(2)) € B

ap-(2) €T
and ap,(2) € h(zg + Az).

With Lemma 1 and the condition 2 of our theorem it follows that the function

ap,(2) is differentiable on A(U). Let us now prove that two different points z and z + Az

from hp .(zg) can not be mapped by ap,(z) into the time point of the set h(zy + Az). We

divide this fact into two statements:

a) for arbitrary 6§ > O there exists € > 0 such that if ||Az|| > é§ and ||Az|| < € then

the inequality
leas(z + A2) — ap,(2)ll 2 [|Az]/2 (8)

holds;

b)  there exist § > 0 and € > 0 such that if ||Az|| < §, ||Az|| < € then inequality (8)
holds.

We start with the statement a). We have
laaz(z + 82) = ap,(2)|| = 1Az + o(z + Az, Az) — p(2, Az)|| 2
2 ||azll - lle(z + Az, Az) - (2, Az) (9)

Next, we evaluate the last term of the inequality. Expanding the function x(Az, z, a)

into a Teylor-series with respect to Az, a(z, Az) at the point (0, z, 0) we have

x(Az, z, oz, Az)) = x(0, 2, 0) + <xa (0Az, 2, 8a(z, Az)), Az> +
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+ <x,(0Az, z, 0a(z, Az))a(z, Az) =

= <f(zq + 0Az, 2 + 0p(2, Az)), Az> +

+ <f,(zg + 0Az, z + Op(2, Az)), f,(z, 2) > a(z, Az) =0 ,
where 0 < § < 1. With the notations £ = z5 + Az, £ = 2 + 0p(z, Az) we get

<f,(%, %), Az>

oz, Az) =— — (10)
<fz(zx z)’ fz(IO’ z)>
From the relation (10) and the condition 4 of the theorem we obtain
la(z, Az)| = O(||Az]]) (11)

for z € A(U) and sufficiently small Az. (This means there exists a constant C such that
ja(z, Az)| < C||Az|].) Conditions 1,2 of our theorem imply that the constant C does not
depend upon z € A(U). Relation (11) implies

lle(z, Az)[| = O(l|Az]]) . (12)
If ||Az|| > & then there exists € > O such that for ||Az|| < ¢

le(z + Az, Az)f| < [|Az]//4

lle(z, Az)|| < [|Az]l/4
and consequently

lp(z + Az, Az) - p(z, Az)|| < [|Az]l/2 (13)

Substitution of the last inequality in (9) gives (8).

Let us now prove the statement b). Denote by

o <fz(:0: z)’ Az> ~ ~
a=- , = Gf,(zg, 2) .

|1 £:(z0, 2)I2

From the condition 2 of the theorem and the relation (10) we get
a(z, Az) = a + o(||Az]|) , (14)
o(z, Az) = & + of[|Az]]) , (15)
where o(||Az||)/||Az|| = 0 if ||Az|| — 0. Next, we prove

.z, Az) = &, + o([|[Az]]) . (16)



To justify (16) it is sufficient to show that
a,(z, Az) = &, + o([|az])),i=1,....,m . (17)
We differentiate the identity x(Az, z, a(z, Az)) = 0 with respect to z and get
0 = x,(Az, z, a(z, Az)) = f,(zo + Az, z + p(z, Az)) +
+ <[f,(zp + Az, 2z + p(2, Az)), f,(z0, 2)>0,(2, Az) +
+ a(z, Az)f,,(zo, 2)[,(z + Az, z + o(2, AZ)) — f,(z0, 2) - (18)

Consequently, combining the Teylor-series expansion with the relations (14), (15), we ob-

tain
0= <fy2(20, 2), Dz> + <[, (20, 2), (2, AZ)> + | fo(20, 2)|*a, (2, Az) +
+ a(z, Az)<f,,(20, 2), fo(20, 2)> + o(||B2]]) =
= <[220, 2), B2> + 2<f, (20, 2), > + || [0, 2)|*; (2, Dz) + o(]|Az]))
and

<fy2(Z0, 2), Az> + 2<fz._z(1:0, 2), >
a,(z, Az) = - 2 + of||Aaz]])
[ £2(zo, 2)I

With

<frz(20, 2), Az> + 2<f, (20, 2), &>
‘ 1£:(=o, 2)11?

and the above we have the relation (17). Now
b, = (af,(20, 2)); = 4, f,(20, 2) + df,(20, 2)
and
|d| = O(]|az])), €]l = o([|a=]))
hence
161 = o(l[az]]) . (20)
With relations (16), (20) we have

lle.(z, Az)|| = O(||az]]) (21)



This implies
lle(z + Az, Az) — p(z, Az)|| = ||<p(z + vAz, Az), Az>|| <
< llp.(z + vaz, Az)||[|az]| < O(|az]l)|Aaz]

where 0 < v < 1. Thus for sufficiently small ||Az||, the inequality (13) holds, and conse-
quently inequality (8) holds. O

LEMMA 3 The mapping ap,:hp, — h(zy + Az) is a surjection for sufficiently small
[az].

PROOF Let us take some point y € h(zy + Az). We will prove that there exist a point

def
*eZ = A{z:f(zg,2) = flzo+ Az,y)} and a scalar a* >0 such that

y = 2" + o*f(zg, z*). It is not difficult to see that z* can be taken any point of the set
. def
Z* = argmin ||z — .
gmin|: — v

Indeed, if Z € Z* then the vector y — # should be collinear with the vector f,(z,, Z), other-

wise the set Z intersects with the interior of the set

{z:llz -yl < llz - 9li}

and #¢ Z*. Lemma 1 implies that the set Z* consists only of the one point z* and
y = ap (z*). Since y€ h(zq+ Az) then  f(zq, 2*) = f(zg + Az, y) € B and
y = ap,(2*) € T, consequently z* € hy,(z4). O

Taking into account Lemmas 2 and 3 we can change variables y = ap,(2) in the in-

tegral (6)

F(zg+ Az)= [ p(zo+ Az, y)dy = J p(zg + Az, y)dy =
h(zy+ Az) f(zo+ Az,y) EB,
yeT
= J p(zo + Az, ap,(2))Jdz =
f(zo+ Az, an,(2))€B,
GAI(Z)G T

= p(zo + Az, ap,(z))Jdz =
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where J is the Jacobian of the mapping ap,(z). Since ap,(z) = z + (2, Az) — z for
||Az|| — 0 and

p(z,y) =0 for zeV,y¢ |J T(z)

zeV
then
F(zy + Az) = ) p(zo + Az, ap.(2))Jdz =
I(ZO)Z)GB)
GA,(Z)E T
= f p(zg + Az, ap,(2))Jdz . (23)
f(zo,z)EB,
zeT

(yl)zl (yl)zm
(y2)zl (y2)zm
J =
(ym)zl (ym)zm
We have

(9:);, =1+ (pi(2 Az)),i=1,...,m
(y‘.)zj = (<p,-(z, AI))ZJ-) d 7{ ]) 1= 1;"'1m; ]= 1,...,m .

With (21) we obtain

J=1+ _zf:l (pi(z Ag)),, + O(|Az]?) (24)

Then with the above and (16)

J=1+ 3 (8, + o(lbz]) - (25)

R !
1=1

Substituting (25) into the relation (23) yields

Flzg+82)= [ pleg+Az,2+0(z,82)|1+ 33 (8, + o(l|Az])| Jdz =
p(zg)0 T i=1

= [ [p(zp, 2) + <py(z0, 2), Az> + <p,(zg, 2), $>]dz +
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_+_
S
)
N

e
>
NgE!

(8),dz + o(||Az]]) =

= [ [p(z0, 2) + <pi(z, 2), Az> + <p(zq, 2), V,>|dz + o(||Az|]) =

= f (p(zg, 2) + <p.(zq, 2), Az> — <A(zg, 2)V,, Az>|dz + o(||Az|]) .

Hz)N T
Thus
F(zp + Az) — F(zo) = [ <pg(zg, 2) — A(zq, 2)V,, Az>dz + o(||Az]]) .
plz)n T
The last relation implies
Fy(zo)= [ Ips(0, 2) — Ao, 2)V,]d2z .

H(z0)N T
Since p,(zq, z) — A(zg, 2) = 0for z ¢ T then

Fz(IO) = ([ [pz(:zO! z) - A(ZO’ z)vz]dz
HlZo

and this proves the theorem. O

3. THE GRADIENT FORMULA FOR THE CASE WITH UNBOUNDED
SET

Next we prove that with some additional assumptions the formula (4) is true

without the boundedness of the set u(z,) N T'(zg).

We use here the following designations: V is a bounded neighborhood of the point

2o € R™; A(V) = |J u(z); G=cl(V x A(V)); and B" ¢ R™ is the ball with center at
eV

the point O and radius r. We introduce the function p": R" x R™ — R. Outside the ball

B" the function p” coincides with p i.e.
p(z,y) =p"(z,y) for y¢ B, zeV, (26)

and for z € V and y inside the ball B" the function p"(z, y) can be set equal zero except
in the neighborhood of the boundary of the B". Define

F'(z)= [ p"(z,9)dy .
u(z)
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We introduced the function F’ to estimate the integral

[ p(z,y)dy .
u(z)\B”

If| [ p'(z, y)dy| is a small value then
p(z)nB"

Fi(z)=~ [ p(z,y)dy .
w(z)\B"

Let us define
Az, y) = p(z, YIS, (2, )|~ 2olz, 9)11(z, y) |
AT(z, y) = p"(z, ¥)|If,(z, VI7 2folz, 9)fH(z, ¥) .

We may now prove the following theorem.

THEOREM 2 Let:
1 the function f:R"™ x R™ — R have that continuous partial derivatives f,(z,y),

fy(z, 9), foy(2, 9), fyy(z, y) on an open neighborhood of the set G,
2 |lfy(z, y)Il > O on the set G;

3 the function p: R™ x R™ — R have continuous partial derivatives p,(z, y), py(z, y)

on an open neighborhood of the set G;

4  for each r > 0 the function p":R"™ x R™ — R have continuous partial derivatives

ri(z, ¥), py'(:c, y) on an open neighborhood of the set
cd(V x(A(V)n B")
and
p(z,9) =p"(z,y) for zeV,y¢ B ;
5  for eache > O there exist R > 0 and § > O such that if |Az|| < § and r > R then
|F"(zo + Az) = F'(zp)| < el|lAz] ;

6  for each r > 0 the integral

QS [ [pllzor ) - A(ze, )V, ]dy

u(z0)
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ezxists and |Q(r)| — O for r — + oo.

Then the function F(z), given by the formula (1) is differentiable at the point z, and

the gradient is equal to

Fo(zo) = [p2(z, ¥) — A(z, ¥)V,]dy .

1(zo)

PROOF Let us take some ¢ > 0. Applying the assumption 5 and 6 of the theorem we
see that there exists R > 0 and 6; > O such that if ||[Az|| < 6§ and r > R

|[F"(zo + Az) = F'(zo)| < ¢[|Az]|

and
|Q(r)| < ¢
Consequently
|F"(zg + Az) — F'(zy) — <Q(r), Az>| < 2¢||Az]] (27)

The function

F(z) - F'(z) = [ (p(z,9) - p"(z,¥))dy
u(z)

satisfies the conditions of Theorem 1. For this reason there exists 6, such that if

|Az|| < 6, then
|F(zo + Az) = F'(zo + Az) — F(z) + F'(z0) -

- < (f )[Pz(z, y) - Az, 9)V |dy - Q(r), Az>| < ¢]|Az]| . (28)
o

Let 6 = min (§;, §;,). i |Az|| < 6 then applying (28) and (27) we get

|P(zo + Az) — F(zo) = < [ [ps(z, ¥) = Alz, 9)V,]dy, Az>| <

K(z)
< |F(zg + Az) = F'(zg + Az) — F(zo) + F(z0) -
- < (f )[pz(x, y) — Az, y)V,]dy - Q(r), Az>| +
Kl ZTo

+ |F"(zg + Az) — F'(z5) — <Q(r), Az>| < 3¢||Az]|| .

Because ¢ > 0 was arbitrary the last inequality implies the statement of the theorem. [J
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4. LINEAR CASE

We consider the linear case in more detail. Let z € R™ and
F(z) = P{c < A(w)z < B} ,

where A(w) is a random k x n matrix; the vectors ¢, b belongs to R, P is a probability
measure; and the rows aj(w), 7 =1,...,k of the random matrix A(w) are independent and

have the probability density functions p/(a’), j = 1,..., k. Denote by

pi(z) = P{e; < <ad(w),z> < by = [ pi(af)d(el) .
q5<ﬁﬁ>§h

In the view of the above assumptions

Let us compute pj(z). With the formula (5) we get

Al
A(z, a?) = | | A" = lz]|"%p7(a?)a]zT ,
AP

<ML,V > = ||z)|7 H(<pl,(af), z>a] + pI(af)z,) .
Consequently

pi(z) = - ||z~ / [<pl;(a’), z>07 + p’(a)z]d(a?) .
¢;<<al,z>< b

In the view of the preceding expression (29) it is easy to calculate F,(z).

5. ON THE MINIMIZATION OF THE INTEGRAL

Let us consider the problem of minimizing the function (1)

in F
min F(z)

where X C R" is a convex closed set. To solve this problem one can use a gradient-based
method. Note that for the computation of the gradient by formula (4) it is necessary to
compute an n-dimentional integral. In order to avoid this, stochastic quasi-gradient algo-

rithms can be used (see for example [1] [9]). One of the most simple stochastic quasi-
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gradient algorithms has the form
2% = Ny(a* - 5,€)

where s is the number of the algorithm iteration; z° is the approximation of the ex-
tremum on the st iteration; Iy(+) is the orthoprojection operation on the convex set X;

p, > 0 is a step size; and £’ is a stochastic quasi-gradient i.e. the conditional expectation

M[fa/xo; an zl’ 61)"'118] = Fz(zs)

is equal to the gradient of the function F(z) at the point z°. In the case considered the

stochastic quasi-gradient can be computed by the formula
£ = (p,(2*, ¥°) — A(z,%, ¥°)V )P 1=, v*)E(y°) -
where y° is a sample of the probability vector y with density function p(z°, y) and

, 1, if f(z5,9°)€eB,
) =lo, it fiz*, 9 ¢ B.

Ruszczynski, A. and Syski, W. [7] have used an analogous method for the minimization of

the function
F(z) = P{z — n(w) € B}, z € R? ,

where P is a probability measure, n(w) € R? is a normally distributed random vector, and

B C R? is some closed bounded set.
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