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PREFACE 

Mathematical simulation of the dispersion and transformation 
processes undergone by the pollutants discharged into the atmos- 
phere is fundamental to the evaluation of alternative strategies 
for the control and planning of emissions. 

This paper is the first in a series in which mathematical 
modeling of air quality is discussed theoretically as well as 
in relation to application to real cases for both steady-state 
and time-dependent situations. It is expected that this series 
will contribute to rationalize and improve strategies for the 
protection of the atmospheric environment. 

The present paper introduces a new algorithm to compute 
ground level concentrations of air pollutants for steady-state 
conditions. The proposed method which is built on the classicai 
advection-diffusion continuity equation (named the K-model in this 
paper) improves the currently applied technique known as the 
Gaussian plume model. 



ABSTRACT 

A numerical algorithm to  compute steady-state ground level  
concentration from elevated sources by means of a  K-model which 
takes in to  account the s p a t i a l  v a r i a b i l i t y  of wind and 
d i f fus iv i ty  and neglects horizontal d i f fus ion i s  discussed. 
The boundary value problem to  be t reated,  a l so  for  a  point 
source, i s  always reduced to  a two dimensional one and it i s  
solved on an optimized gr id .  I n  t h i s  way the proposed method 
i s  made computationally comparable w i t h  the c l a s s i c a l  Gaussian 
plume model. 



A PRACTICAL NUMERICAL ALGORITHM TO 
COMPUTE STEADY-STATE GROUND LEVEL 
CONCENTRATION BY A K-MODEL 

E .  Runca 

1 . INTRODUCTION 

The m o s t  common way t o  compute  ground  l e v e l  c o n c e n t r a t i o n  

f rom a n  e l e v a t e d  p o i n t  s o u r c e  i s  b a s e d  o n  t h e  a p p l i c a t i o n  o f  t h e  

f o l l o w i n g  f o r m u l a  known a s  t h e  G a u s s i a n  plume model :  

I n  e q u z t i o n  ( 1 )  t h e  s o u r c e  i s  assumed t o  b e  l o c a t e d  i n  t h e  

o r i g i n  o f  t h e  r e f e r e n c e  f r a m e ;  t h e  x - a x i s  i s  c h o s e n  p a r a l l e l  t o  

t h e  wind d i r e c t i o n ;  h  i s  t h e  plume a x i s  ( i . e .  t h e  s t a c k  h e i g h t  

p l u s  t h e  plume r i s e ) ;  Q i s  t h e  e m i s s i o n  r a t e ;  i s  a r e p r e s e n -  

t a t i v e  v a l u e  o f  t h e  wind s p e e d  ( i n  g e n e r a l  it i s  t h e  v a l u e  o f  

t h e  wind s p e e d  a t  t h e  h e i g h t  o f  t h e  c h i m n e y ) ;  u and  u Z  are  t h e  
Y 

s t a n d a r d  d e v i a t i o n s  o f  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  i n  t h e  

y  and z  d i r e c t i o n s ,  r e s p e c t i v e l y .  

E q u a t i o n  ( 1 )  i s  o b t a i n e d  u n d e r  t h e  a s s u m p t i o n s  (see,  e . g .  

S e i n f e l d ,  1975)  t h a t  t h e  t u r b u l e n t  d i f f u s i o n  p r o c e s s  i s  s t a t i o n a r y  

and homogeneous; t h e  e m i s s i o n  r a t e  i s  c o n s t a n t ;  t h e  h o r i z o n t a l  

d i f f u s i o n  i s  n e g l i g i b l e  w i t h  r e s p e c t  t o  a d v e c t i o n ;  t h e  g round  



i s  a  p e r f e c t  r e f l e c t o r  and t h e  a tmosphere  i s  unbounded, i . e .  

no i n v e r s i o n  i s  a c t i n g  t o  s u p p r e s s  t h e  v e r t i c a l  d i f f u s i o n  of  t h e  

a i r b o r n e  m a t t e r ,  o r  a t  l e a s t ,  t h e  r a t i o  between t h e  mixing h e i g h t  

and t h e  plume a x i s  h e i g h t  i s  such t h a t  t h e  i n f l u e n c e  o f  t h e  i n v e r -  

s i o n  l a y e r  i s  f e l t  q u i t e  f a r  downwind from t h e  s o u r c e .  

The Gauss ian  plume model was i n i t i a l l y  proposed by S u t t o n  

( 1 9 3 2 ) ,  s i n c e  t h e n ,  i n  s p i t e  of  t h e  l i m i t i n g  assumpt ion  on which 

it  is  based ,  it h a s  been e x t e n s i v e l y  a p p l i e d  a l s o  t o  complex 

m u l t i p l e  s o u r c e  s i t u a t i o n s  (see e . g .  Turner  1964, Sh ieh  e t  a l .  

1972; Runca e t  a l .  1976) . 
Another way t o  model d i s p e r s i o n  o f  a i r  p o l l u t a n t s  i s  pro- 

v i d e d  by t h e  c l a s s i c a l  a d v e c t i o n - d i f f u s i o n  e q u a t i o n  which f o r  a  

p o i n t  s o u r c e  of c o n s t a n t  e m i s s i o n  r a t e  Q,  assuming s t e a d y - s t a t e ,  

wind h o r i z o n t a l l y  uni form,  n e g l i g i b l e  h o r i z o n t a l  d i f f u s i o n ,  and 

t h e  r e f e r e n c e  frame d e f i n e d  a s  f o r  e q u a t i o n  ( 1 )  t a k e s  t h e  form: 

ac - u ( z ) =  - a L~ a ( x f  + kz + ~ 6  ( x )  6 ( y )  6 (z -h)  Y 2~ 

where K and K Z  a r e  t h e  eddy d i f f u s i o n  c o e f f i c i e n t s  ( c rosswind  
Y 

u n i f o r m i t y  h a s  been assumed) i n  t h e  y  and z d i r e c t i o n s ,  r e s p e c -  

t i v e l y ,  and 6 ( 0 )  i s  t h e  D i r a c ' s  f u n c t i o n .  A s  f o r  e q u a t i o n  ( I )  

t h e  s p a t i a l  r e s o l u t i o n  o f  e q u a t i o n  ( 2 )  i s  l i m i t e d  by t h e  Lagran- 

g i a n  l e n g t h  s c a l e  of  t h e  a tmospher ic  t u r b u l e n c e .  However, s i n c e  

e q u a t i o n  ( 2 )  a l l o w s  t o  t a k e  i n t o  a c c o u n t  t h e  s p a t i a l  v a r i a t i o n  of 

wind and eddy d i f f u s i v i t y  it p r o v i d e s  a  model more f l e x i b l e  t h a n  

t h e  Gauss ian  one .  L i m i t a t i o n s  of  K-models have  been d i s c u s s e d ,  

among o t h e r s ,  by Lamb and S e i n f e l d  (1973) and C o r r s i n  (1974) . 
The Gauss ian  fo rmula  h a s  been g e n e r a l l y  p r e f e r r e d  t o  t h e  

K-model a s  i t  a v o i d s  t h e  c o s t s  and t h e  problems connec ted  w i t h  

t h e  u s e  o f  e q u a t i o n  ( 2 ) ;  s p e c i f i c a l l y  when t h e  e f f e c t s  of  d i f -  

f e r e n t  m e t e o r o l o g i c a l  c o n d i t i o n s  and d i f f e r e n t  s o u r c e  h e i g h t s  

o n  t h e  ground l e v e l  c o n c e n t r a t i o n  ( t o  which a i r  q u a l i t y  s t a n d a r d s  

a p p l y )  have t o  be  a n a l y z e d .  With t h e  G a u s s i a n  model,  such a n a l y -  

sis i s  c o m p u t a t i o n a l l y  v e r y  s i m p l e ,  w h i l e  t h e  a p p l i c a t i o n  o f  a  

K-model r e q u i r e s  ( t h e  a n a l y t i c a l  s o l u t i o n ,  b e i n g  i n g e n e r a l ,  n o t  

a v a i l a b l e )  t h e  numer ica l  i n t e g r a t i o n  of  e q u a t i o n  ( 2 )  o n  a  t r i d i -  

mensional  g r i d  f o r  each o n e  o f  t h e  c o n s i d e r e d  c a s e s .  Hence, it 



a p p e a r s  t h a t  i n  o r d e r  t o  make t h e  K-model a s  u s a b l e  a s  t h e  Gaus- 

s i a n  o n e  t h e  i n t e g r a t i o n  o f  e q u a t i o n  ( 2 )  h a s  t o  b e  made inexpen-  

s i v e  i n  t e r m s  o f  b o t h  programing and computer  t i m e .  

T h i s  p a p e r  p r e s e n t s  a  p r a c t i c a l  method t o  compute ground 

l e v e l  c o n c e n t r a t i o n  by a  K-model. F i r s t ,  t h e  n u m e r i c a l  a l g o r i t h m  

i s  d i c u s s e d  f o r  t h e  two dimensional c a s e  d e s c r i b i n g  d i s p e r s i o n  

from a  c r o s s w i n d  i n f i n i t e  l i n e  s o u r c e .  Then, t h e  p roposed  method 

i s  t e s t e d  f o r  a  s i t u a t i o n  h a v i n g  a n  a n a l y t i c a l  s o l u t i o n  and 

t h e r e a f t e r ,  it i s  a p p l i e d  t o  n e u t r a l  s t a b i l i t y  c o n d i t i o n s .  F i -  

r a l l y ,  e x t e n s i o n  o f  t h e  method t o  t h r e e  d i m e n s i o n s  i s  d i s c u s s e d .  

2. TWO-DIMENSIONAL MODEL 

Assuming f o r  t h e  moment t h a t  t h e  eddy d i f f u s i v i t y  i s  o n l y  a  

f u n c t i o n  o f  t h e  v e r t i c a l  c o o r d i n a t e ,  t h e  c o n c e n t r a t i o n  downwind 

from a  l i n e  s o u r c e  is  g i v e n  by t h e  s o l u t i o n  t o  t h e  f o l l o w i n g  

boundary  v a l u e  problem: 

To g e n e r a l i z e  r e s u l t s  g i v e n  by t h e  s o l u t i o n  t o  e q u a t i o n  ( 3 )  

and r e l a t e d  boundary  c o n d i t i o n s  ( 3 a )  - ( 3 c )  , x, z ,  C ,  U, and 
2 

K Z  have  been  e x p r e s s e d  i n  u n i t s  o f  H U ( H )  , H ,  Q , U ( H )  , and 
K Z  i H )  u ( H )  H 

K Z ( H ) ,  r e s p e c t i v e l y .  I n  t h i s  way t h e  s o u r c e  s t r e n g t h  Q (see 

e q u a t i o n  ( 3 ) ) i s  no rma l i zed  t o  one .  H i s  a s u i t a b l e  v e r t i c a l  

l e n g t h  s c a l e ,  h e r e a f t e r ,  t a k e n  a s t h e  h e i g h t  o f  t h e  p l a n e t a r y  

boundary l a y e r .  

For  t h e  boundary  v a l u e  problem ( 3 )  - ( 3 c )  , t h e  r e c i p r o c a l  

theorem (Smi th  1 9 5 7 )  g i v e s :  



where C (x ,O)  i s  t h e  ground c o n c e n t r a t i o n  due  t o  a  s o u r c e  of  h  
h e i g h t  h  and C ( x , h )  i s  t h e  c o n c e n t r a t i o n  a t  h e i g h t  h  due t o  a  

0 
ground l e v e l  s o u r c e .  

By v i r tue  of the a b e  equation, t h e  s o l u t i o n  t o  t h e  boundary v a l u e  

problem ( 3 )  - ( 3 c )  , w i t h  t h e  s o u r c e  l o c a t e d  a t  ground l e v e l  (h=O) , 
a l l o w s  one  t o  d e r i v e  t h e  c o n c e n t r a t i o n  a t  t h e  ground f o r  a. s o u r c e  

of  any h e i g h t .  Thus, a s  g e n e r a l l y  happens ,  i f  t h e  o b j e c t i v e  i s  

t h e  computa t ion  of  t h e  c o n c e n t r a t i o n  a t  ground l e v e l  a s  a  f u n c t i o n  

o f  t h e  s o u r c e  h e i g h t ,  e q u a t i o n  ( 3 )  needs  t o  b e  i n t e g r a t e d  f o r  a  

g i v e n  m e t e o r o l o g i c a l  c o n d i t i o n  o n l y  f o r  t h e  c a s e  h=O. T h i s  obv i -  

o u s l y  r e s u l t s  i n  q u i t e  s u b s t a n t i a l  s a v i n g  o f  computer t i m e  and 

poses  t h e  o n l y  problem o f  d e f i n i n g  a  numer ica l  a l g o r i t h m  t o  pro-  

v i d e  a c c u r a t e  s o l u t i o n  t o  e q u a t i o n  ( 3 )  f o r  t h e  c a s e  h=O. 

D e f i n i t i o n  of  t h i s  numer ica l  a l g o r i t h m  h a s  t o  d e a l  w i t h  t h e  

f o l l o w i n g  problems: ( a )  approx imat ion  of  t h e  & - f u n c t i o n  r e p r e -  

s e n t i n g  t h e  s o u r c e  t e r m  i n  e q u a t i o n  ( 3 )  and ( b )  approx imat ion  of  

t h e  boundary c o n d i t i o n  ( 3 b ) .  

Approximation of  t h e  6 - f u n c t i o n ,  a s  a l r e a d y  proposed by M e l l i  

and Runca ( 1 9 7 9 ) ,  c a n  b e  a c h i e v e d  by f i n d i n g  a n  approx imate  ana ly -  

t i c a l  s o l u t i o n  t o  t h e  boundary v a l u e  problem ( 3 ) - ( 3 c )  i n  a  r e g i o n  

c l o s e  t o  t h e  s o u r c e .  Such approximate  s o l u t i o n  i s  used t o  es t i -  

mate  t h e  c o n c e n t r a t i o n  p r o f i l e  i n  a  downwind s e c t i o n  ( l o c a t e d  a t  

a  s u i t a b l e  d i s t a n c e  x b  from t h e  s o u r c e )  which i s  t h e n  t a k e n  a s  

t h e  l e f t  boundary of  t h e  i n t e g r a t i o n  r e g i o n .  A p p l i c a t i o n  of  t h i s  

p rocedure  i s  d i s c u s s e d  f u r t h e r  l a t e r .  

More complex i n  some way i s  t h e  d e f i n i t i o n  of  t h e  upper boun- 

d a r y  of  t h e  i n t e g r a t i o n  r e g i o n .  L e t  us  c a l l  c a l l  zs t h e  h e i g h t  

of  t h e  upper  boundary and f o r  t h e  moment, l e t  u s  assume it con- 

s t a n t .  S i n c e  c o n d i t i o n  (3b)  h a s  t o  b e  a p p r o x i m a t e l y  v e r i f i e d  

a t  e v e r y  p o i n t  downwind from t h e  s o u r c e ,  z  i s  de te rmined  by t h e  s 
r i g h t  ex t reme  ( t h e  f a r t h e s t  downwind p o i n t )  of t h e  i n t e g r a t i o n  

r e g i o n ,  a s  t h i s  i s  t h e  p o i n t  a t  which p o l l u t a n t  p a r t i c l e s  have 

s p r e a d  t o  t h e  maximum h e i g h t .  A t  t h e  r i g h t  ex t reme ,  t h e  v e r t i c a l  

c o n c e n t r a t i o n  p r o f i l e  i s  q u i t e  smooth (assuming t h a t  t h i s  p o i n t  

i s  s u f f i c i e n t l y  f a r  from t h e  s o u r c e )  and c a n  be d e s c r i b e d  by a  

l i m i t e d  number of g r i d  p o i n t s  u n i f o r m l y  spaced .  Going backward 



t o w a r d s  t h e  s o u r c e ,  t h e  c o n c e n t r a t i o n  p r o f i l e  g e t s  s t e e p e r  

and p o l l u t i o n  i s  c o n f i n e d  t o  l a y e r s  c l o s e  t o  t h e  g round .  To 

d e s c r i b e  t h i s  s i t u a t i o n ,  b e i n g  z  c o n s t a n t ,  e i t h e r  t h e  number o f  
S 

g r l d  p o i n t s  h a s  t o  b e  i n c r e a s e d  i n  t h e  v e r t i c a l  s e c t i o n s  c l o s e  

t o  t h e  s o u r c e  o r  t h e  g r i d  p o i n t s  have  t o  b e  u n e v e n l y  s p a c e d  i n  

s u c h  a  way t o  have  more p o i n t s  c l o s e  t o  t h e  ground where t h e  

c o n c e n t r a t i o n  g r a d i e n t s  a r e  l a r g e r .  Both t h e s e  two a p p r o a c h e s  

d o  n o t  l o o k  c o n v e n i e n t .  The i n c r e a s e  o f  t h e  g r i d  p o i n t s  number 

means i n c r e a s e  o f  memory and computer  t i m e ,  t h e  d i s u n i f o r m  d i s t r i -  

b u t i o n  o f  g r i d  p o i n t s  c a n  c r e a t e  c l o s e  t o  t h e  s o u r c e  t o o  much 

l a r g e  d i f f e r e n c e s  i n  t h e  g r i d  s p a c i n g  and c o n s e q u e n t l y ,  p o s s i b l e  

r e d u c t i o n  o f  t h e  a c c u r a c y  o f  t h e  n u m e r i c a l  s o l u t i o n .  

From t h e  above  c o n s i d e r a t i o n s  it seems more a p p r o p r i a t e  

n o t  t o  keep  zs c o n s t a n t ,  b u t  t o  c o n s i d e r  i t  a  f u n c t i o n  o f  t h e  

downwind d i s t a n c e  from t h e  s o u r c e  by d e f i n i n g  it a s  t h e  l e v e l  

a t  which i n  e v e r y  s e c t i o n  t h e  c o n c e n t r a t i o n  becomes n e g l i g i b l e .  

With t h i s  c h o i c e ,  assuming t h a t  zs is  known and c o n s i d e r i n g ,  f o r  

t h e  s a k e  o f  s i m p l i c i t y ,  u n i f o r m  s p a c i n g ,  b o t h  i n  t h e  v e r t i c a l  and 

i n  t h e  h o r i z o n t a l ,  t h e  i n t e g r a t i o n  g r i d  a p p e a r s  a s  i n  F i g u r e  1 .  

U s e  o f  a n  u p p e r  boundary  f u n c t i o n  o f  x c l e a r l y  a l l o w s  c n e  t o  

d e s c r i b e  a c c u r a t e l y  t h e  c o n c e n t r a t i o n  p r o f i l e  i n  e v e r y  downwind 

s e c t i o n  w i t h  t h e  same number o f  p o i n t s .  T h i s  a p p r o a c h ,  a s  

F i g u r e  1  i l l u s t r a t e s ,  r e q u i r e s  t h a t  t h e  n u m e r i c a l  i n t e g r a t i o n  

b e  done  o n  a n  i r r e g u l a r  g r i d .  However, w e  w i l l  show below t h a t  

d u e  t o  t h e  t y p e  o f  t h e  problem d e s c r i b e d  b y  e q u a t i o n  ( 3 ) - ( 3 c ) ,  

a s t a n d a r d  f i n i t e  d i f f e r e n c e  scheme c a n  b e  a p p l i e d  t o  t h e  g r i d  

o f  F i g u r e  1 .  

3. NUMERICAL ALGORITHM 

C o n s i d e r i n g  t h e  p o s s i b i l i t y  of u s i n g  d i s u n i f o r m  g r i d  s p a c i n g ,  

b o t h  i n  t h e  h o r i z o n t a l  and i n  t h e  v e r t i c a l ,  t h e  Crank-Nicolson  

scheme (see e.9. Richtmyer  and  Morton1967)  h a s  b e e n  a p p l i e d  t o  

e q u a t i o n  ( 3 )  , y i e l d i n g  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n :  



and 

I n  e q u a t i o n  ( 4 )  Axi-l i s  t h e  h o r i z o n t a l  i n t e r v . a l  between 

p o i n t s  i -1 and i ,  hzk i s  t h e  v e r t i c a l  i n t e r v a l  between p o i n t s  2 

and k + l ,  and N i s  t h e  number o f  p o i n t s  i n  e v e r y  s e c t i o n .  

The immediate c o n s i d e r a t i o n  a r i s i n g  from t h e  a n a l y s i s  o f  

e q u a t i o n  ( 4 )  i s  t h a t ,  i n  o r d e r  t o  compute t h e  c o n c e n t r a t i o n  i n  
th 

t h e  it' s e c t i o n ,  t h e  c o n c e n t r a t i o n  v a l u e s  i n  t h e  i - 1  s e c t i o n  

have  t o  b e  known a t  t h e  same l e v e l s  of  t h e  g r i d  p o i n t s  of  t h e  

it' s e c t i o n .  T h i s  i s  o b v i o u s l y  n o t  t h e  c a s e  f o r  t h e  g r i d  re- 

p o r t e d  i n  F i g u r e  1  . Hawever, assuming t h a t  t h e  c o n c e n t r a t i o n  

i s  known a t  t h e  it- s e c t i o n ,  t h e  c o n c e n t r a t i o n  v a l u e s  a t  t h e  
t :I l e v e l s  c o r r e s p o n d i n g  t o  t h e  p o i n t s  o f  i s e c t i o n  c a n  b e  d e t e r -  

mined by a n  i n t e r p o l a t i o n  a l g o r i t h m .  Due t o  t h e  d e f i n i t i o n  o f  Zs 

t o  t h e  c o n c e n t r a t i o n  i n  t h e  p o i n t s  f a l l i n g  a t  o r  above zs i s  

a s s i g n e d  t h e  v a l u e  z e r o .  T h e s i t u a t i o n i s  i l l u s t r a t e d  i n F i g u r e  2 .  

I n  t h e  a p p l i c a t i o n  of  t h i s  a l g o r i t h m  t h e  c o n d i t i o n  t o  b e  

f u l f i l l e d  i n  e v e r y  s e c t i o n  is :  

lo 
The f i n i t e  d i f f e r e n c e  a n a l o g  t o  e q u a t i o n  ( 5 )  h a s  t h e  form: 

Equa t ion  ( 6 )  must n o t  be  v i o l a t e d  when t h e  p r o f i l e  c o n c e n t r a -  

t i o n  i n  t h e  it? s e c t i o n  i s  d e s c r i b e d  by t h e  i n t e r p o l a t e d  p o i n t s .  

T h i s  i m p l i e s  (see F i g u r e  2 )  t h a t  a c c u r a c y  i s  n o t  l o s t  when t h e  g r ' d  
- zs ( X i - l  s p a c i n g  i s  changed i n  i@l s e c t i o n  from t h e  v a l u e  (Az) i-l - 

3 
N- 1  

zs (x i )  
t o  t h e  v a l u e  ( A z ) ~  = 

N- 1 . I n  o t h e r  words,  t h e  number o f  g r i d  

p o i n t s  N must  chosen i n  such a  way t h a t  i n  t h e  it? s e c t i o n  t h e  t r u e  



c o n c e n t r a t i o n  p r o f i l e  c a n  b e  approximated  by a  p i e c e w i s e  l i n e a r  

f u n c t i o n  d e s c r i b e d  by N v a l u e s  d i s t r i b u t e d  once  on t h e  i n t e r v . a l  

C- Zs ( Xi- l ) and once  on t h e  i n t e r v a l  0-zs(Xi). Achievement 

o f  t h i s  c o n d i t i o n ,  g i v e n  N ,  depends  on Axi - and on 5 . S i n c e  
dx 

t h e  h i g h e s t  growth r a t e  o f  zs o c c u r s  c l o s e  t o  t h e  s o u r c e ,  s m a l l  

v a l u e s  o f  Ax a r e  r e q u i r e d  c l o s e  t o  t h e  s o u r c e .  Thus t h e  u s e  o f  

uni form h o r i z o n t a l  g r i d  spac ing  i s  n o t  v e r y  c o n v e n i e n t  as  it c a n  

r e q u i r e  a v e r y  l a r g e  number o f  p o i n t s  t o  d e s c r i b e  t h e  i n t e g r a t i o n  

r e g i o n .  An h o r i z o n t a l  g r i d  s p a c i n g  i n c r e a s i n g  w i t h  t h e  d i s t a n c e  

from t h e  s o u r c e  i s  t h e n  more s u i t a b l e ,  as it w i l l  be shown l a t e r  

t o  t h e  a p p l i c a t i o n  o f  t h e  above d e s c r i b e d  numer ica l  p rocedure .  

C o n s i d e r i n g  t h a t  t h e  l a r g e s t  c o n c e n t r a t i o n  g r a d i e n t  o c c u r s  

a t  t h e  ground,  it seems c o n v e n i e n t  t o  u s e ,  a l s o  i n  t h e  v e r t i c a l ,  

n o t  a un i fo rm g r i d  s p a c i n g ;  s p e c i f i c a l l y  a v e r t i c a l  g r i d  s i z e  

i n c r e a s i n g  w i t h  t h e  d i s t a n c e  from t h e  ground.  However, i n  t h e  

tes ts  performed,  a v a r i a b l e  v e r t i c a l  g r i d  s p a c i n g  d i d  n o t  g i v e  

t h e  same i n c r e a s e  i n  a c c u r a c y  l i k e  t h e  u s e  o f  v a r i a b l e  h o r i z o n t a l  

g r i d  s p a c i n g .  The improvement due  t o  a more a p p r o p r i a t e  d i s t r i -  

b u t i o n  o f  t h e  p o i n t s  i n  t h e  v e r t i c a l  w a s  p robab ly  c o u n t e r b a l a n c e d  

by t h e  d e c r e a s e  o f  t h e  o r d e r  o f  t h e  t r u n c a t i o n  e r r o r  o f  t h e  

Crank-Nicolson scheme from hz2 t o  Az, which o c c u r s  when d i s u n i -  

form s p a c i n g  i s  used .  

Up t o  now t h e  c h o i c e  o f  N a n d i t s  r e l a t i o n  w i t h  zs h a s  n o t  

been e x p l a i n e d .  A n a l y s i s  o f  e q u a t i o n  ( 4 )  i n d i c a t e s  t h a t  concen- 

t r a t i o n  i n  t h e  ith s e c t i o n  depends  o n l y  on t h e  i59 s e c t i o n .  Thus,  

t h e  " k e y - s e c t i o n "  i n  t h e  a p p l i c a t i o n  o f  t h i s  a l g o r i t h m  i s  t h e  one  

a t  x  = xb. Assuming t h a t  zs i s  known, N must  be such t h a t  t h e  

c o n c e n t r a t i o n  p r o f i l e  c a n  b e  d e s c r i b e d  by a p i e c e w i s e  l i n e a r  

f u n c t i o n  i n  t h i s  s e c t i o n .  

E s t i m a t i o n  o f  t h e  c o n c e n t r a t i o n  p r o f i l e  a t  x  = x b  i m p l i e s  

t h e  approx imat ion  o f  t h e  s o u r c e  t e r m  o f  e q u a t i o n  ( 3 ) .  T h i s  i s  

d i s c u s s e d  below. 

3 .1  Source  t e r m  approx imat ion  

The s i m p l e s t  way t o  approx imate  t h e  s o u r c e  t e r m  i s  t h e  

rep lacement  o f  t h e  6 - f u n c t i o n  w i t h  a  s t e p  f u n c t i o n  i n  such  a way 

t h a t  e q u a t i o n  ( 6 )  i s  s a t i s f i e d .  T h i s  approach f o r  a  s o u r c e  



l o c a t e d  a t  g round  i n t r o d u c e s  v e r y  l a r g e  errors a s  t h e  wind s p e e d  

i s  z e r o  a t  t h e  s o u r c e  l e v e l .  I n  a d d i t i o n ,  t h e  r e p r e s e n t a t i o n  

o f  t h e  & - f u n c t i o n  by  a  s t e p  f u n c t i o n  i m p l i e s  t h a t  some d i f f u s i o n  

o f  t h e  p o l l u t a n t  m a t t e r  h a s  o c c u r r e d .  Thus t h e  s t e p  f u n c t i o n  

h a s  t o  b e  l o c a t e d  a t  some u n d e f i n e d  downwind d i s t a n c e .  T o  g i v e  

a b e t t e r  r e p r e s e n t a t i o n  o f  t h e  & - f u n c t i o n  t e r m  o f  e q u a t i o n C 3 ) ,  

t h e  method p roposed  by  M e l l i  and Runca ( 1  979)  c a n  b e  u s e d .  

T h i s  method is  b a s e d  on  t h e  c o n c e p t  t h a t  i n  t h e  r e g i o n  

c l o s e  t o  t h e  s o u r c e  d i f f u s i o n  o f  p o l l u t a n t s  d e p e n d s  s u b s t a n -  

t i a l l y  o n  wind and  d i f f u s i v i t y  v a l u e s  close t o  t h e  s o u r c e .  

T h i s  s u g g e s t s  t o  r e p l a c e  i n  e q u a t i o n  ( 3 )  t h e  wind a n d  d i f f u s i v i t y  

w i t h  a p p r o x i m a t i n g  f u n c t i o n s  which  m a i n t a i n i n g  t h e  b a s i c  c h a r a c -  

t e r i s t i c s  o f  t h e  wind and  d i f f u s i v i t y  c l o s e  t o  t h e  s o u r c e  

a l l o w  a t  t h e  same t i m e  t h e  d e r i v a t i o n o f  a n  a n a l y t i c a l  s o l u t i o n  t o  

e q u a t i o n  ( 3 ) .  Such a n a l y t i c a l  s o l u t i o n  c a n  t h e n  b e  assumed 

a s  a n  a p p r o x i m a t i o n  o f  t h e  t r u e  c o n c e n t r a t i o n  d i s t r i b u t i o n  

i n  t h e  r e g i o n  c l o s e  t o  t h e  s o u r c e  and  u s e d  t o  compute  t h e  

c o n c e n t r a t i o n  p r o f i l e  a t  x = xb. The a n a l y t i c a l  s o l u t i o n  a t  

x  = x  i s  t h e n  a p p r o x i m a t e d  by a p i e c e w i s e  l i n e a r  f u n c t i o n  o v e r  
b  

N p o i n t s  c h o s e n  i n  s u c h  a way t h a t  e q u a t i o n  ( 6 )  i s  s a t i s f i e d .  

The q u o t e  z ( x  ) i s  t h e  o n e  a t  which  c o n c e n t r a t i o n  i s  a p p r o x i -  s b  
m a t e l y  z e r o .  Computa t ion  o f  z  i s  d i s c u s s e d  below.  

S 

3 . 2  D e f i n i t i o n  o f  t h e  u p p e r  -. boundary  

Once z ( x  ) i s  d e f i n e d  by t a k i n g  it a s  t h e  l e v e l  a t  which  
s b  

t h e  c o n c e n t r a t i o n  i s  a p p r o x i m a t e l y  z e r o ,  t h e  r a t i o  Y = CZs/Cz,O 

i s  known a t  s e c t i o n  x  = xb. The p r o f i l e  zs  c a n  t h e n  b e  

computed u n d e r  t h e  a s s u m p t i o n  t h a t  Y b e  t h e  same i n  e v e r y  

s e c t i o n .  Computa t ion  o f  z i s  o b v i o u s l y  t r i v i a l  s h o u l d  t h e  
s 

problem ( 3 )  - ( 3 c )  have  a n  a n a l y t i c a l  s o l u t i o n .  I n  t h e  g e n e r a l  

c a s e  z h a s  t o  b e  d e t e r m i n e d  by means o f  some a p p r o x i m a t e  s o l u t i o n  
S 

which g u a r a n t e e s  a n  o v e r e s t i m a t e  o f  it, a s  it is shown i n  t h e  

example  r e p o r t e d  below.  

V e r i f i c a t i o n  o f  t h e  method i n  a  c a s e  f o r  which  t h e  boundary  

v a l u e  problem ( 3 ) - ( 3 c )  h a s  a n  a n a l y t i c a l  s o l u t i o n  as w e l l  a s  

a p p l i c a t i o n  t o  a s i t u a t i o n  r e p r e s e n t a t i v e  o f  n e u t r a l  a tmos-  

p h e r i c  s t a b i l i t y  i s  now d i s c u s s e d .  



4 .  VERIFICATION AND APPLICATION 

a For  wind and d i f f u s i v i t y  e x p r e s s e d  by U = z  and  

KZ = z B ,  r e s p e c t i v e l y ,  t h e  s o l u t i o n  t o  t h e  boundary  v a l u e  

problem ( 3 )  - ( 3 c ) ,  w i t h  h  = 0 ,  i s  (see Smi th  1957)  : 

S 

c , (x ,  2 )  = a-B+2 [+] e x p  [- 2  I ' ( s )  a-B+2) x (a-B+2) x  

where s = ( a + l ) / ( a - B + 2 )  and a-f3+2>O . 

D e f i n i n g  zs a s  t h e  h e i g h t  a t  which C o ( x ,  z  s ) = y C o  ( x . 0 )  

e q u a t i o n  ( 7 )  g i v e s :  

1 a-B+2 = [(a-B+212 x  l o g  -1 
S Y 

With t h e  above  d e f i n e d  zs,  f i r s t ,  e q u a t i o n  ( 3 )  h a s  b e e n  i n t e -  

g r a t e d  i n  t h e  r e c t a n g u l a r  r e g i o n  ( 0  I x  I 0 .15 ,  0  I z  I z  (x=0 .15)?  
S 

by d i s t r i b u t i n g  u n i f o r m l y  M p o i n t s  i n  t h e  h o r i z o n t a l  and  N 

p o i n t s  i n  t h e  v e r t i c a l .  S u c c e s s i v e l y  i t  h a s  been  i n t e g r a t e d  o v e r  

t h e  same number o f  p o i n t s  a l l o w i n g  zs t o  change  w i t h  x  a c c o r d i n g  

t o  e q u a t i o n  ( 8 ) .  I n  t h i s  c o m p u t a t i o n  Az c h a n g e s  w i t h  x  and i s  

k e p t  u n i f o r m  i n  e v e r y  v e r t i c a l  s e c t i o n  (see F i g u r e  1 ) .  F i n a l l y ,  

equar ' .on ( 3 )  h a s  been  i n t e g r a t e d  o v e r  t h e  same number o f  p o i n t s  

by t a k i n g  z s  f u n c t i o n  of x and by u s i n g  b o t h  i n  t h e  h o r i z n n t a l  

and i n  t h e  v e r t i c a l  a  v a r i a b l e  g r i d  s p a c i n g .  

The c o m p u t a t i o n s  u t i l i z e d  f o r  f i g u r e s  3 and 4 ,  which w i l l  

be i l l u s t r a t e d  below, r e f e r  t o  a = 0.15 and  B = 1  and were done  

w i t h  M = 151 and N = 121. E q u a t i o n  ( 7 )  p r o v i d e d  t h e  c o n c e n t r a -  

t i o n  p r o f i l e  a t  x = x  which was t a k e n  e q u a l  t o  Ax,. I n  d e f i n -  b  
i n g  t h e  geometry  o f  t h e  i n t e g r a t i o n  g r i d  N mus t  b e  c h o s e n  i n  s u c h  

a  way t h a t  t h e  c o n s t a n t  f l u x  c o n d i t i o n  ( e q u a t i o n  ( 6 ) )  i s  v e r i f i e d  

also L.7 ?.he c o n c e n t r a t i ~ n p r o f i l e  o b t a i n e d  a f t e r  t h e  a p p l i c a t i o n  

o f  :he i n t e r p o l a t i o n  p r o c e d u r e . *  T h i s  i m p l i e s  t h a t  N mus t  b e  
-.-..-- 

* R e s c a l i n g  o f  t h e  c o n c e n t r a t i o n  v a l u e s ,  i n  o r d e r  t o  v e r i f y  

e q u a t i o n  ( 6 ) ,  i s  o n l y  a l l o w e d  a t  x  = x b  ' 



s u f f i c i e n t l y  l a r g e .  I n  t h e  t e s t s  pe r fo rmed ,  e q u a t i o n  ( 6 )  was 

a lways  a c c u r a t e l y  approx ima ted  a t  7 2 1  p o i n t s .  S a t i s f a c t o r y  

a p p r o x i m a t i o n  was a l s o  a c h i e v e d  a t  80 p o i n t s .  However, r e s u l t s  

h e r e  a r e  r e p o r t e d  f o r  N = 1 2 1  i n  o r d e r  t o  show t h a t  even  i n  

t h e  c a s e  o f  a  r e l a t i v e l y  r e f i n e d  un i fo rm g r i d  a n  uppe r  v a r i a b l e  

boundary  p r o d u c e s  a r e m a r k a b l e  i n c r e a s e  i n  t h e  a c c u r a c y  o f  t h e  

n u m e r i c a l  s o l u t i o n .  Such a n  i n c r e a s e  is  more pronounced w i t h  

c o u r s e  g r i d s .  

F i g u r e  3 d i s p l a y s  t h e  p e r c e n t  e r r o r  computed i n  e v e r y  

v e r t i c a l  s e c t i o n  by compar i son  w i t h  t h e  a n a l y t i c a l  s o l u t i o n  

( e q u a t i o n  ( 7 ) )  a t  t h e  p o i n t  where t h e  maximum a b s o l u t e  e r r o r  

was found.  The e r r o r  i s  r e p o r t e d  b o t h  f o r  zs = c o n s t  and  

z  = f  ( x )  a s  g i v e n  b y  e q u a t i o n  ( 8 )  w i t h  Y = U s e  o f  zs  
S 

f u n c t i o n  o f  x  r e d u c e s  t h e  e r r o r  o f  o n e  o r d e r  o f  magn i tude .  

F u r t h e r  r e d u c t i o n  o f  t h e  e r r o r  i s  a c h i e v e d  by t a k i n g  Ax = f ( x )  

and  Az = f ( z )  a s  shown i n  F i g u r e  4 .  The p l o t s  o f  F i g u r e  4 

w e r e  o b t a i n e d  b y  d e f i n i n g  b o t h  Axl and Az i , l  e q u a l  t o  o n e - t e n t h  

o f  t h e i r  r e s p e c t i v e  v a l u e s  c o r r e s p o n d i n g  t o  t h e  u n i f o r m  g r i d  

s p a c i n g  d i s t r i b u t i o n .  The s u c c e s s i v e  v a l u e s  o f  Ax and Azi were 

t h e n  i n c r e a s e d  i n  such  a way t o  r e a c h  w i t h  150 and 120 i n t e r v a l s  

r e s p e c t i v e l y  t h e  h o r i z o n t a l  c o o r d i n a t e  x  = 0.15 and  t h e  v e r t i c a l  

c o o r d i n a t e  z i  = zs (x. ) . The p l o t  o f  F i g u r e  4 i n d i c a t e s  t h a t  t h e  
1 

a c c u r a c y  o f  t h e  r e s u l t s  depends  s t r o n g l y  o n  t h e  geomet ry  o f  t h e  

g r i d .  However, t h i s  p o i n t  i s  h e r e  n o t  f u r t h e r  i n v e s t i g a t e d .  

More r e l e v a n t  i s  t h e  a p p l i c a t i o n  o f  t h e  p roposed  a l g o r i t h m  t o  

t h e  g e n e r a l  c a s e  i n  which  t h e  a n a l y t i c a l  s o l u t i o n  t o  t h e  

boundary  v a l u e  problem ( 3 )  - ( 3 c )  i s  unknown. T h i s  i s  d e s c r i b e d  

i n  t h e  f o l l o w i n g  w i t h  r e f e r e n c e  t o  d i s p e r s i o n  i n  a n e u t r a l  

a tmosphe re .  

Both t h e o r e t i c a l  (see, e . g .  S h i r ,  1973; Wyngaard e t  a l ,  

1974) and e x p e r i m e n t a l  work ( R o b i n s ,  1 9 7 8 )  h a v e  shown t h a t  t h e  

n e u t r a l  v e r t i c a l  eddy d i f f u s i v i t y  p r o f i l e  c a n  b e  r e p r e s e n t e d  

by a n  e x p o n e n t i a l  l a w ,  w h i c h ,  f o l l o w i n g  S h i r  and S h i e h  (1974)  

c a n  b e  e x p r e s s e d  i n  n o r m a l i z e d  u n i t s  by t h e  f u n c t i o n :  



I n  e q u a t i o n  ( 9 )  p i s  a  d i m e n s i o n l e s s  pa ramete r  ( a p p r o x i m a t e l y  

e q u a l  t o  4 f o r  n e u t r a l  c o n d i t i o n s )  whose r e c i p r o c a l  g i v e s  t h e  

f r a c t i o n  o f  t h e  h e i g h t  o f  t h e  p l a n e t a r y  boundary l a y e r  a t  

which t h e  maximum v a l u e  o f  K Z  o c c u r s .  

With U = za and K Z  g i v e n  by r e l a t i o n  ( 9 )  e q u a t i o n  ( 3 )  

t a k e s  t h e  form: 

m ac - 'z a b e  ax az 
- z 1  a z + 6 ( x )  6 (1) 

S t r a i g h t f o r w a r d  a n a l y s i s  o f  e q u a t i o n  ( 10) shows t h a t  t h e  

c o n c e n t r a t i o n  c l o s e  t o  t h e  s o u r c e  c a n  b e  approximated  by t h e  

s o l u t i o n  t o  t h e  e q u a t i o n :  

o b t a i n e d  by r e p l a c i n g  i n  e q u a t i o n  (10)  t h e  v e r t i c a l  eddy 

d i f f u s i v i t y  p r o f i l e  w i t h  i t s  t a n g e n t  i n  t h e  o r i g i n .  Consider-  

i n g  t h e  s c a l i n g  f a c t o r  e P  and n o t i c i n g  t h a t  B = 1  t h e  s o l u t i o n  

t o  e q u a t i o n  ( 1 1 )  i s  d e r i v e d  from e q u a t i o n  ( 7 )  i n  t h e  form: 

Equa t ion  ( 12) p r o v i d e s  t h e  r e q u i r e d  approx imat ion  o f  t h e  

c o n c e n t r a t i o n  p r o f i l e  a t  x = xb. I n  t h i s  way no a r b i t r a r y  

approx imat ion  o f  t h e  s o u r c e  t e r m  h a s  t o  b e  done f o r  t h e  a p p l i -  

c a t i o n  o f  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n  ( 4 )  . 
Equa t ion  (12)  can  b e  a l s o  used t o  p r o v i d e  t h e  e s t i m a t i o n  

o f  t h e  upper boundary zs .  T h i s  stems immedia te ly  from t h e  

comparison o f  e q u a t i o n  ( 1 0 )  w i t h  ( 1  1 )  . Being K .  = z  e x p ( p )  
Z .  

g r e a t e r  t h a n  K Z  = z exp [-z (p-1 ) 1 a t  any l e v e l ,  e q u a t i o n  (1  1  ) 

d e s c r i b e s  a  p r o c e s s  i n  which t h e  m a t e r i a l  d i f f u s e s  f a s t e r ,  and 

t h e r e f o r e  t o  h i g h e r  l e v e l s ,  t h a n  i n  t h e  s i t u a t i o n  d e s c r i b e d  

by e q u a t i o n  ( 10) . Hence e q u a t i o n  ( 12) g u a r a n t e e s  an  o v e r -  

e s t i m a t e  o f  zs .  



I t  i s  expec ted  t h a t ,  i n  t h e  m a j o r i t y  o f  t h e  c a s e s ,  i t  

s h o u l d  be p o s s i b l e ,  by p roceed ing  i n  a way s i m i l a r  t o  t h e  

example d i s c u s s e d  above,  t o  d e t e r m i n e  f o r  t h e  boundary v a l u e  

problem ( 3 )  - ( 3 c )  b o t h  a n  approx imat ion  o f  t h e  c o n c e n t r a t i o n  

i n  t h e  r e g i o n  c l o s e  t o  t h e  s o u r c e  and a n  estimate o f  t h e  

upper  boundary z S ( x )  o f  t h e  i n t e g r a t i o n  r e g i o n .  With t h i s  

assumpt ion  t h e  method a c q u i r e s  a g e n e r a l  a p p l i c a b i l i t y .  Its 

c o m p u t a t i o n a l  e f f i c i e n c y  is  a p p a r e n t  i n  a  m u l t i p l e  s o u r c e  

s i t u a t i o n .  I n  f a c t ,  s a i d  ( x  h  ) t h e  l o c a t i o n  and t h e  e f f e c t i v e  
k ,  k  

h e i g h t  o f  t h e  kth-source,  r e s p e c t i v e l y ,  t h e  c o n c e n t r a t i o n  a t  

t h e  ground due  t o  N=SOUrCeS i s  s imply  g i v e n ,  f o r  a g iven  
b 

m e t e o r o l o g i c a l  cond i t ion ,  by: 

h  ) = 0 f o r  ( X  - xk) 5 0 .  w i t h  C O ( x  - x k r  

I n  e q u a t i o n  ( 1 3 )  t h e  concentration Co i s  t h e  m a t r i x  g i v e n  

b y  t h e  numer ica l  i n t e g r a t i o n  o f  e q u a t i o n  ( 3 )  w i t h  h  = 0 .  S imple  

i n t e r p o l a t i o n  p r o c e d u r e s  a r e  used f o r  t h e  ( x  - h  ) l o c a t i o n s  Xk' k  
which do n o t  f o l l o w  i n  t h e  p o i n t s  of  t h e  g r i d .  

S i n c e  t h e  r e c i p r o c a l  theorem proved by Smith (1957)  d o e s  

n o t  depend on t h e  f u n c t i o n a l  form o f  t h e  d i f f u s i o n  c o e f f i c i e n t s  

t h e  proposed method and t h e  r e l a t e d  e q u a t i o n  (13)  ho ld  a l s o  f o r  

d i f f u s i v i t y  p r o f i l e s  which are a f u n c t i o n  o f  t h e  downwind 

d i s t a n c e  from t h e  s o u r c e .  However, f o r  t h e  s a k e  o f  complete-  

n e s s ,  we r e c a l l  t h a t  i f  t h e  d i f f u s i v i t y  p r o f i l e  c a n  be e x p r e s s e d  

a s  : 

t h e  d e f i n i t i o n  o f  t h e  new v a r i a b l e  (see a l s o  Csanady, 1973) : 



X 

5 -  1 f ( x '  ) a x '  
0 

r e d u c e s  t h e  problem t o  t h e  o n e  d e s c r i b e d  by e q u a t i o n  ( 3 )  - ( 3 c )  , 
i n  which  x  and K, a r e  r e s p e c t i v e l y  r e p l a c e d  by 5 and 9 ( z ) .  

5.  THREE-DIMENSIONAL MODEL 

E x t e n s i o n  o f  t h e  p roposed  method t o  t h e  t h r e e  d i m e n s i o n a l  

s i t u a t i o n  d e s c r i b e d  by e q u a t i o n  ( 2 )  w i t h  boundary  c o n d i t i o n s  

s i m i l a r  t o  t h e  o n e s  g i v e n  by t h e  r e l a t i o n s  ( 3 a )  - ( 3 c )  h a s  no 

s p e c i f i c  l i m i t a t i o n .  The e q u i v a l e n t  o f  e q u a t i o n  ( 1  3)  is: 

However, t w o  d i f f i c u l t i e s  a r i s e .  The f i r s t  o n e  c o n c e r n s  t h e  

l o s s  o f  c o m p u t a t i o n a l  e f f i c i e n c y  w i t h  r e s p e c t  t o  t h e  two 

d i m e n s i o n a l  c a s e .  The s e c o n d  one  d e r i v e s  f rom t h e  f a c t  t h a t  

f o r  e q u a t i o n  ( 2 ) ,  even  i n  t h e  c a s e  o f  U, K and  KZ e x p r e s s e d  
Y 

by power l aw  o f  t h e  v e r t i c a l  c o o r d i n a t e ,  a n  a n a l y t i c a l  s o l u t i o n  

is  g e n e r a l l y  n o t  a v a i l a b l e ,  t h u s  making p r o b l e m a t i c  b o t h  t h e  

a p p r o x i m a t i o n  of t h e  s o u r c e  t e r m  and t h e  e s t i m a t i o n  o f  z s .  

Both t h e  problems ment ioned  above  c a n  b e  s o l v e d  i f  it is  

assumed t h a t  t h e  c o n c e n t r a t i o n  p r o f i l e  i n  t h e  y  d i r e c t i o n  i s  

g a u s s i a n .  T h i s  a s sumpt ion  which was p roposed  by Smi th  (1957)  

( s e e  a i s o  Demuth a n d B e r g e r  1977) i s  s u g g e s t e d  by t h e  way i n  which y  

v a r i a t i o n s  a p p e a r  i n  e q u a t i o n  ( 2 ) .  T h e r e  a r e  a l s o  e x p e r i m e n t a l  

e v i d e n c e s  t h a t  t h e  c r o s s w i n d  c o n c e n t r a t i o n  d i s t r i b u t i o n  i s  

a p p r o x i m a t e l y  G a u s s i a n .  On t h i s  b a s i s  t h e  s o l u t i o n  t o  

e q u a t i o n  ( 2 )  f o r  a g round  l e v e l  s o u r c e  c a n  b e  assumed t o  have  

t h e  form: 



Defining t h e  fo l lowing  momentums of t h e  c o n c e n t r a t i o n  

d i s t r i b u t i o n :  

= I Cody and C O 2  = I y 2 ~ O d y  

it i s  immediately seen  t h a t  Coo I x ( x ,  z )  i s  t h e  s o l u t i o n  

t o  t h e  two dimensional  boundary-value problem ( 3) - ( 3c) whi le  

Use o f  equa t ion  ( 1 7 )  reduces  t h e  t r i -d imens iona l  problem 

t o  t h e  two dimensional  one.  Equation ( 1 6 )  can be r ep l aced  by 

t h e  most convenien t  exp res s ion :  

However, use o f  equa t ion  ( 19) imp l i e s  t h e  knowledge o f  

o ( x ,  z )  which i s  given by equa t ion  (18)  . Hence, C 0 2  has  t o  be 
Y 

determined; t h i s  i nvo lves  t h e  s o l u t i o n  o f  t h e  fo l lowing  boundary 

va lue  problem: 



I n  d e r i v i n g  e q u a t i o n  ( 2 0 )  u s e  h a s  b e e n  made o f  t h e  D i r a c ' s  

f u n c t i o n  p r o p e r t y :  

The s o l u t i o n  o f  e q u a t i o n  ( 2 0 )  w i t h  t h e  r e l a t e d  boundary  

c o n d i t i o n s ' p r e s e n t s  no d i f f i c u l t y .  The same g r i d  a d o p t e d  f o r  

comput ing  C3.n and a  mod i f i ed  e q u a t i o n  ( 4 )  t o  t a k e  i n t o  a c c o u n t  

t h e  f o r c i n g  t e r m  ( 2 ~  C 1 c a n  b e  used  t o  i n t e g r a t e  t h e  boundary  y  0 9  
v a l u e  problem ( 2 0 )  - ( 2 0 ~ )  . L a r g e  e r r o r s  o c c u r  a t  t h e  uppe r  

boundary  z where b o t h  Coo and Cr)2 go t o  z e r o .  The e v a l u a t i o n  
S 

o f  a c a n n o t  t h e r e f o r e  b e  e x t e n d e d  up t o  zs; t h e  c o m p u t a t i o n  Y 
must  t e r m i n a t e  few g r i d  p o i n t s  be low z s .  

N i t h  t h e  above  f o r m u l a t i o n  t h e  t r i - d i m e n s i o n a l  case i s  

reduced  t o  t h e  s o l u t i o n  o f  two b i - d i m e n s i o n a l  p r o b l e m s .  F o r  

t h e  s a k e  o f  c o m p l e t e n e s s ,  i t  must  be  added t h a t  f o r  t h e  s p e c i a l  

c a s e  o f  l a t e r a l  d i f f u s i v i t y  h a v i n g  t h e  form 

e q u a t i o n  ( 2 0 )  h a s  t h e  s i m p l e  s o l u t i o n  



Thus, f o r  t hose  c i rcumstances  i n  which equa t ion  ( 2  1 ) holds  

t h e  t r i -d imens iona l  problem is  computa t iona l ly  e q u i v a l e n t  t o  

t h e  bi-dimensional  one.  

CONCLUSION 

Use o f  t he  r e c i p r o c a l  theorem proved by Smith (1957) and t h e  

d e f i n i t i o n  o f  a  s imple  f i n i t e  d i f f e r e n c e  a l g o r i t h m  have made 

p o s s i b l e  t h e  computation o f  s t e a d y - s t a t e  ground l e v e l  con- 

c e n t r a t i o n  downwind of  bo th  s i n g l e  and m u l t i p l e  sou rce  s i t u a -  

t i o n s  by a  K-model wi thout  any l o s s  of computat ional  e f f i c i e n c y  

i n  comparison w i t h  t h e  c l a s s i c a l  Gaussian plume model. 

The proposed method r e q u i r e s  a l s o  i n  a  p o i n t  source  s i t u a -  

t i o n  t h e  s o l u t i o n  o f  on ly  bi-dimensional  boundary va lue  problems. 

I t  can t h e r e f o r e  be programmed on a  very smal l  computer and i s  

s u i t a b l e  t o  i n t e r a c t i v e  languages ,  i n  t h i s  way provid ing  t h e  

u se r  wi th  t h e  c a p a b i l i t y  t o  ana lyze  i n  a  very s t r a i g h t f o r w a r d  

manner c o n c e n t r a t i o n  p r o f i l e s  due t o  d i f f e r e n t  sou rce  d i s t r i -  

b u t i o n s  a s  w e l l  a s  e f f e c t s  o f  g r i d  geometry and parameters  

on t h e  s o l u t i o n .  

I t  i s  w e l l  known t h a t  K-theory prov ides  o n l y  an approxi-  

mate d e s c r i p t i o n  o f  t h e  p roces ses  which a f f e c t  a tmospher ic  

d i f f u s i o n .  For t hose  s i t u a t i o n s  i n  which K-theory can  be 

app l i ed  t h e  proposed method can r e p l a c e  t h e  Gaussian plume 

model. A t  more o r  l e s s  t h e  same c o s t  it provides  t h e  u s e r  

wi th  t h e  p o s s i b i l i t y  t o  ana lyze  t h e  e f f e c t  on t h e  s t e a d y - s t a t e  

ground l e v e l  c o n c e n t r a t i o n  o f  wind and d i f f u s i v i  t y  s p a t i a l  

v a r i a b i l i t y ,  both i n  s i n g l e  and m u l t i p l e  sou rce  s i t u a t i o n s .  
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SOU 

F i g u r e  1  - I n t e g r a t i o n  g r i d  geometry w i t h  b o t h  h o r i z o n t a l  and 
v e r t i c a l  uni form s p a c i n g .  2 i s  t h e  l e v e l  a t  which 

S t h e  c o n c e n t r a t i o n  becomes n e g l i g i b l e  (i. e .  a v e r y  
s m a l l  f r a c t i o n  o f  t h e  ground l e v e l  c o n c e n t r a t i o n )  ; 
x i s  t h e  l o c a t i o n  o f  t h e  s e c t i o n  where t h e  v e r t i c a l  b 
c o n c e n t r a t i o n  p r o f i l e  i s  d e t e r m i n e d  a n a l y t i c a l l y .  

F i g u r e  2 - I l l u s t r a t i o n  o f  t h e  a p p l i c a t i o n  o f  t h e  f i n i t e  
d i f f e r e n c e  e q u a t i o n  ( 4 )  (see t e x t )  t o  t h e  g r i d  o f  
F i g u r e  1 .  ) i n d i c a t e s  t h e  p o i n t s  o f  s e c t i o n  (1-1) 
c o r r e s p o n d i n g  t o  t h e  p o i n t s  o f  s e c t i o n  i. A t  t h e s e  
p o i n t s  t h e  c o n c e n t r a t i o n  is e s t i m a t e d  by a l i n e a r  
i n t e r p o l a t i o n .  



F i g u r e  3 - Comparison o f  a n a l y t i c a l  and numer ica l  s o l u t i o n .  
The p l o t s  r e p r e s e n t  t h e  p e r  c e n t  e r r o r  r e c o r d e d  i n  
e v e r y  v e r t i c a l  s e c t i o n  i n  t h e  l o c a t i o n  where t h e  
maximum a b s o l u t e  e r r o r  o c c u r r e d .  The s o l i d  l i n e  
r e f e r s  t o  a c o n s t a n t  upper  boundary,  t h e  dashed o n e  
t o  a n  upper boundary f u n c t i o n  o f  t h e  downwind 
d i s t a n c e  (i. e.  t o  a  g r i d  geometry a s  i n  F i g u r e  1 )  . 

F i g u r e  4 Comparison o f  a n a l y t i c a l  and numer ica l  s o l u t i o n .  
The p l o t s  r e p r e s e n t  t h e  p e r  c e n t  e r r o r  a s  d e f i n e d  
i n  F i g u r e  3  f o r  a n  upper  boundary f u n c t i o n  o f  t h e  
downwind d i s t a n c e .  The d i f f e r e n t  l i n e s  r e f e r  t o  : 
---- A x .  and A z  uni form {same a s  i n  F i q u r e  3) ; -.-.- Ax un i fo rm and A z = f ( z ) ;  - * - - " -  Ax=f(x)  and 
Az uni form;  Ax=f(x)  and A z = f ( z ) .  


