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Preface

The paper presents the mathematical part of a joint research on an endogenous growth
theory and alternative approaches performed by Gernot Hutschenreiter (the Austrian In-
stitute of Economic Research, WIFO), Yuri Kaniovski (the project on Systems Analysis of
Technological and Economic Dynamics) and Arkadii Kryazhimskii (the Dynamic Systems
project). A substantial part of the research is presented in Hutschenreiter, et. al., 1995,
together with relevant references, an entire explanation of all variables and parameters,
and economic interpretations of the results, whose formal justification is the goal of the
present paper.
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An Endogenous Growth Model for
Technological Leading-Following:
an Asymptotical Analysis

Arkadit Kryazhimskii

1 Model. Result Formulations

1.1 Equation of technological leading-following

We deal with a differential equation for technological leading-following (suggested in
Hutschenreiter, et. al., 1995,)

al(t) = ghnh() (1.1)
RBt) = [BmB(t) +1(nB(t)snA(t) — — (1.2)
B(1)],
1l —«o
1) = - (1.3)

In (1.2) we set [p]+ = max{p,0}. The equation generalizes the brand proliferation model
due to Grossman and Helpman, 1991. It is intended to model the economic development
of a large country A, a technological leader, and a smaller country B, a technological
follower. Variables n“(t) and n®(t) stand for the knowledge stocks which originate at
time ¢ in countries A and B respectively, and variable vB(#) stands for the value at t of
the representative firm in country B. It is assumed that country B “taps” a part of the
knowledge stock accumulated in country A. The varying coefficient y(n2(¢)) in (1.2) is
responsible for the rate of “tapping”. Function v(nB) is defined on [0, 00). It is assumed
to be continuously differentiable, strictly increasing, and satisfying the conditions

7(0)=0, 0<~(nP)<1.

Coefficients g4, cB, p, 8, a are positive constants, and o < 1. One has
_ LA LB
gt =(1- 0)7 —ap, F= o (1.4)

where L# and L® are exogenous labor supplies in countries A and B respectively. Coef-
ficient « is related to the elasticity of substitution, €, by ¢ = 1/(1 — ), p is the discount
rate, and 1/a stands for the amount of labor needed to develop a unit of new product. In
what follows, time ¢ varies from zero to infinity.

1.2 Goals. Outline of results

As it is seen from (1.1),
nA(t) = expl(g i (1.5)
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where ng = n4(0). Our goal is to compare nB(t) with n“(¢) at large ¢. Namely, we shall

be interested in finding an asypmptotics for the ratio

r(t) = (D) (1.6)

as t grows to infinity. The three asymptotics are radically different:

tlim r(t) =Too =0 (1.7)
tlirn r(t) =re = 00 (1.8)
tlirglo () =Too, 0<7Te <00. (1.9)

Relation (1.7) implies that in the long run the knowledge stock of the follower asymp-
totically vanishes in comparison to that of the leader. Relation (1.8) reflects, conversely,
the situation where the follower’s knowledge stock grows so rapidly that in the long run
the knowledge stock of the leader vanishes in comparison to it. In case of (1.9) we have
approximately the same rates of growth for the knowledge stocks of the leader and the
follower.
Relations (1.7) — (1.9) can also be interpreted in terms of 7(¢), the follower’s time lag
defined through
nP(t) = n(t — 7(t)) = ng exp(§*(t — (1)) - (1.10)

If one of the relations (1.7) — (1.9) takes place, then exp(—g*7(¢)) — re as t — oo, and
there exists the limit
lim 7(¢) = Teo -

t—oo
In case of (1.7) we have 7o, = o0, that is, the follower’s lag grows to infinity. In case of
(1.8) it holds that 7o, = —o0, that is, the follower overtakes the leader, and the leader’s
lag grows infinitly. In case of (1.9) the limit 7, is bounded, and we have

1
Too = —g—Aln Too - (1.11)

Our main result states the following. For every solution to equation (1.1) — (1.3)
starting at a state with positive coordinates the ratio r(¢) has a limit ro, (thus r(¢) cannot
move periodically or chaotically). For the limit r.,, which depends on a solution, only
three values are admissible. We compute these values explicitly. The largest is either oo,
or positive; the smallest is zero; the intermediate one is positive and bounded. We call
the corresponding asymptotics upper, lower and intermediate. We prove that the upper
and lower asymptotics are feasible, that is, each of them is realized by some solutions.
The feasibility of the intermediate asymptotics is proved under an extra constraint on the
parameters (see below (1.13)).

As justified in Hutschenreiter et. al., 1995, the intermediate asymptotics is of special
interest. Further economic arguments lead to the following question: can r(¢) correspond-
ing to the intermediate asymptotics be strictly increasing? A sharper setting: can such
r(t) starting at 7(0) < 1 end up with ro, > 17 In the first case the follower steadily
approaches the leader. In the second case the follower overtakes the leader starting at a
lagged position. Under appropriate constraints on the parameters, we provide positive
answers to the above questions. (The second one is provided under stricter constraints.)

The accurate result formulations are given in the next subsection. Sections 2, 3, 4 and
5 contain the proofs.




In some episodes, we shall use the following inequalities:

i +p

F+p < (1.12)
1l -«
l—«
B
ac’ < 1.13
§A+P ( )
o> gt (1.14)

Referring to (1.4) rewrite these inequalities in other notations. We have that (1.12) is
equivalent to

L? < L*, (1.15)
(1.13) is equivalent to
LA LB
a(——+p>——<1 (1.16)
a a
and (1.14) is equivalent to
L5,
— >3 (1.17)

Inequality (1.14) being rewritten as
Frp>gt+p
is in a sense complementary to (1.12); we shall utilize its equivalent form

1l -«
P +p

(c® +p) +a>1. (1.18)

1.3 Result formulations

In what follows, the term solution (to (1.1) — (1.3)) means a solution (n?(t),nB(t), vB(¢))
to equation (1.1) — (1.3) defined on the half-interval [0, c0) and starting at positive values

Let (nA(t),nP(¢),vP(t)) be an arbitrary solution. Let ratio r(t) be defined by (1.6),
and time lag 7(t) be defined by (1.10). Let, finally,

Yoo = n}laimoo'y(nB) . (1.19)

The next Proposition presents our main result. (Below, for better coordination with

Hutschenreiter, et. al, 1995, values depending on ¢? and, sometimes, g* are doubled by
their expressions computed through (1.4).)

Proposition 1.1 For an arbitrary solution (n”(t),n®(t),vB(t)), one and only one of the
following three cases takes place:

the lower asymptotics:
nB(t) = const for large t

lim v®(t) = —co

t—o0

lim 7(t) = re =

t—o0




Jim T(t) = Too = 0 ;

the upper asymptotics:

tlim nB(t) = 0o
tlim vB(t) = 0
T 00, g* <P =1Fa
imr(t) =re = 54 G4 _
t—oo 'yooég—fj = "}/oo(ng_'qLT/a, gA > CB = LB/G

. N s ] oo g* <P =1LFa
tl.r?oT()_T"o_ —é%lnroo gA>cB=LBJa

the intermediate asymptotics:

lim n®(t) = oo

t—oo
tlimvB(t)=0
1l -« 1
lim n® (t)v®(t) = =
Pl (£)o™(t) A +p LAla+p
cB(1 - a) 1
li 1) = Too = Yoo O = Yo —
AR =T = e G (B 0wy DAL
. 1
tll'l’gloT(t)ZToo =—§—Aln Too -

Remark 1.1 In the case of the intermediate asymptotics the denominator in the expres-
sion for 7, is necessarily positive; consequently inequality (1.12) is satisfied. Therefore,
if (1.12) is violated, then there is no solution having the intermediate asymptotics.

Remark 1.2 The labels for the above three asymptotics, lower, upper and intermediate,
are motivated by the fact that the limit ro, of r(¢) for the intermediate asymptotics lies,
as one can easily verify, between zero (that is, the limit of r(¢) for the lower asymptotics)
and the limit 7., for the upper asymptotics.

Proposition 1.2 For each of the two asymptotics, lower and upper, there exists a solution
having this asymptotics.

Let us give sufficient conditions for a solution to have the lower or upper asymptotics.
Introduce the two curves where the right hand sides of equations (1.2) and (1.3) vanish.
Call them, respectively, the nB- barrier and the vB- barrier. As one can easily see, the

equations for the n®- and v?- barriers are, respectively,
’UB — ,un(’I’LB,’I’LA), ’UB - ,uv(nB)
where o
B A
A(nB. nA) = 1.20
© (’I’L n ) CB(’I’LB-F")/(TLB)(STLA) ( )
l -«
B
) = (1.21)




We shall write

pnlt] = 1a(nB(2), (1)) (1.22)
polt] = m(n(0)) (1.23)
Take a t* > 0 such that
4y(nB)éng exp(gith) > 1. (1.24)
Clearly, one can put
4 = |~ =pin(a(n)ong) N

in particular t4 = 0 if nd and nf are large enough, namely
dy(nB)éndg* > 1. (1.25)
Proposition 1.3 If for a certain to > t4 it holds that
v5(to) < pnlte], P(to) < finlto]
then (n(t),nB(t),vB(t)) has the lower asymptotics.
Proposition 1.4 If for a certain to > 0 it holds that

vB(tO) 2 ,uu[tO] )
then (nA(t),nB(t),vB(t)) has the upper asymptotics.

Let us pass to the intermediate asymptotics. Referring to Remark 1.1, we list (1.12)
among conditions sufficient for the feasibility of the intermediate asymptotics.

Proposition 1.5 If (1.12), (1.13) (or, equivalently, (1.15), (1.16)) are satisfied, then
there erists a solution with the intermediate asymptotics.

As justified in Hutschenreiter, et. al, 1995, the intermediate asymptotics is of pri-
mary interest from an economic point of view. In particular, the follower’s trajectories
(nB(t),vB(t)) corresponding to the intermediate asymptotics satisfy the so called perfect-
foresight condition (see Grossman and Helpman, 1991), whereas those corresponding to
the lower and upper asymptotics do not satisfy this condition. The existence of a solution
with the intermediate asymptotics and r(t) strictly increasing is the next issue in our
analysis. Below, we formulate sufficient existence conditions.

Introduce

Condition 1.1 For every time interval [t,, ;] of nonzero length and every solution (n*(t),
nB(t), vB(t)) such that vB(t) satisfies p,[t] < vB(t) < p,[t] (¢t € [ti,t2]), the product
nB(t)vB(t) is nonconstant on [t;,1,].

Condition 1.2 For every interval [p;, p2] of nonzero length with p; > 0 one cannot find
any positive o, [ such that

v (p) = op~?

for all p € [p1, pa-




Remark 1.3 Here are two examples of v(p) satisfying Condition 1.2:
7(p) =1 — exp(—p)

v(p) = %arctg(p) :

Proposition 1.6 Condition 1.2 implies Condition 1.1.

Let us call a solution (n?(t),nB(t),v2(t)) catching up if r(t) (1.6) is stricly increasing,
and overtaking if it is catching up, and

r(0) <1 <re= tlirglo r(t) .

Proposition 1.7 Let one of Conditions 1.1, 1.2 and inequalities (1.12), (1.13), (1.18)
(or, equivalently, (1.15), (1.16), (1.17)) be satisfied. Then

(1) there exists a catching up solution with the intermediate asymptotics;

(1) if (see Proposition 1.1)

Bl -a) B 1
T n) —(F - = LAE 1

rm:'yooé( >1,

then there exists an overtaking solution with the intermediate asymptotics.
A criterion of the intermediate asymptotics is as follows.

Proposition 1.8 A solution (n?(t),n®(t),vB(t)) has the intermediate asymptotics if and
only if there exists a tg > 0 such that

palt] < 0B (2) < o]
for all t > t,.

The next characterizations specifying Propositions 1.5 and 1.7 are given in terms of
variables

Set

and introduce

l -«
g = gA-{—p (126)
l -«
x, =
p
Obviously,
Te < Ty . (1.27)




Proposition 1.9 Let inequalities (1.12), (1.13) be true. Let & > 0 and v5~ > 0 satisfy

(cP 4 p)ze + Poyebo—1<0 (1.28)
min {45§A7 (%) % : o € [:175,:1:1,]} >1. (1.29)
Yo Yo

Then there exists an z¢ € [T¢,Ty) such that solution (n”(t),nB(t),vB(t)) with the initial
state
_ &

n*(0) = o=, nP(0)= 5=, vP(0)=1+¢"
Vg Vo

has the intermediate asymptotics.
Remark 1.4 Inequality (1.28) is satisfied for £, close to zero, since, as follows from (1.26)
and (1.12),

l—a
B+ = (P + <1.
(¢” + p)ze = (c p)§A+p

If & > 0 is fixed, (1.29) is satisfied for sufficiently small v®~. It is seen from the relations

T
’7<—BO_) Z’Y<—$B€_) — Yoo >0 as vf"—»O
Vo v

0

¢o

- — 00 as v(}f — 0
Yo

Figure 1 schematically illustrates Proposition 1.9. The upper curve symbolizes the set of
initial pairs (zo,&o) corresponding to solutions with the intermediate asymptotics (v~ is
fixed); this curve lies between z¢ and z,. The bold curves ended by arrows show corre-
sponding solutions in coordinates (z(t),£(t)). They converge to (z¢,z¢/r). Condition
(1.28) is reflected in the fact that the curve for (zo,&o) lies on the left of {*; condition

(1.29) is illustrated by the fact that z lies above the curve y(z/vd~) = ¢/¢.

Proposition 1.10 Let one of Conditions 1.1, 1.2, and inequalities (1.12), (1.13), (1.18)
(or, equivalently, (1.15), (1.16), (1.17)) be satisfied. For every nf~ > 0 there exist a
o > 0 and an xo € (0,z¢) such that solution (n?(t),nB(t),vB(t)) with the initial state

n'*w):viTi, nB(0) = 22 4B(0) = vt (1.30)

- B-ys
v(1)3+ _@ ’YB(TLOB_) §o (1.31)

c’ng

is catching up and has the intermediate asymptotics (an additional characterization of
(20, &0) is that a — Py (nB7)8&, is positive and sufficiently small).

Moreover, if
cB(1 - a)

(G4 +p) = (B +p)(1—-0)

Teo = Yool > 1

and 5
z¢y(ng )8 <1 (1.32)
o ’ '

then &y and z¢ can be selected so that the above solution is overtaking.




(x5,€,)

Xg [7 & 3

Figure 1: A schematic illustration of Proposition 1.9. The upper curve represents the set of
initial points (zq,&g) on the (z,£)-plane corresponding to solutions with the intermediate
asymptotics.




(x-&,)

xé/rw g

q:

Figure 2: A schematic illustration of Proposition 1.10. Point (z¢,&o) on the {(z,¢)-plane
corresponds to a catching up solution with the intermediate asymptotics.




Figure 3: A schematic representation of the nB- and vB-barriers and the separation of the

nB—, vB-plane into domains which lead to the lower, intermediate and upper asymptotics.
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Remark 1.5. The existence of nJ~ > 0 satisfying (1.32) follows from the fact that 4(0) =
0.

Figure 2 illustrates Proposition 1.10. The upper curve symbolizes relation (1.31) (with
nP~ expressed through z as in (1.30)) between the components of pairs (xo,&) corre-
sponding to catching up solutions with the intermediate asymptotics; v@* is fixed. The
lower curve illustrates the relation a — cBy(nf~)6¢, = 0 (see the additional characteriza-
tion of (zg,&o)). The two curves cross under z¢ and on the right of z¢/r.,. An initial point
(z0,&0) lies on the first curve, slightly below the point of crossing. The bold curve ended
by the arrow shows a corresponding solution in coordinates (z(t),£(t)). It converges to
(z¢,z¢/ro) moving North-West, which implies that r(t) = nB(t)/n4(t) = z(t)/&(t) is
strictly increasing.

Propositions 1.9 and 1.10 imply obviously Propositions 1.5 and 1.7, respectively.
Therefore, we shall prove Propositions 1.9 and 1.10 only.

The paper is organized as follows. In section 2 we prove Propositions 1.3, 1.4 provid-
ing suflicient conditions for the lower and upper asymptotics, and establish the important
fact that for an arbitrary solution (n4(t),nB(t),vB(t)) either one of these sufficient condi-
tions is satisfied, or vP(t) stays between the barriers, that is, the condition of Proposition
1.8 holds true. In section 3 we consider an arbitrary solution satisfying the condition of
Proposition 1.8 and prove that it has the intermediate asymptotics. This proves Propo-
sition 1.8 and completes the proof of the main Proposition 1.1. In section 4 we prove
Proposition 1.9 on the feasibility of the intermediate asymptotics; as it was said above,
this proves Proposition 1.5, too. In section 5, Proposition 1.10 on the existence of catching
up and overtaking solutions having the intermediate asymptotics is justified (thus proving
Proposition 1.7); the proof of Proposition 1.6 finalizes the analysis.

Thus, sections 4 and 5 are devoted to the existence statements, whereas the main
qualitative results are concentrated in sections 2 and 3. These results are illustrated
schematically on Figure 3 for a fixed n2. The Figure shows the borders between domains
of (nB,v®) starting different asymptotics. The bold lines with arrows illustrate behaviors
of (nB(t),vP(¢)). In accordance with Proposition 1.3 the lower asymptotics starts below
the nB-barrier u,; (nB(t),vB(t)) goes vertically down. By Proposition 1.4 the upper
asymptotics starts above the vB-barrier u,; both nB(¢) and vB(t) go to infinity. We do

not exclude that some points (n2, v®) above u,, (not above u,) start the lower asymptotics,

and some points (nZ,vZ) below p, or u, start the upper asymptotics; the corrsponding

trajectories are sketched out on the Figure. Points (nZ,vf) starting the intermediate

asymptotics lie either between the barriers y, and yn, or (we do not exclude this) below
the barriers. Point (n®(t),v®(t)) with the intermediate asymptotics enters the corridor
between the barriers from below, or starts in this corridor, and stays there forever.

2 Upper and Lower Asymptotics
2.1 Elementary properties of solutions and barriers
Note first that, as follows from equation (1.2),
n®(t) is nondecreasing . (2.1)
The next properties of u,[t] and pu,[t] (see (1.22), (1.23)) are obvious:

pn[t] is strictly decreasing (2.2)
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pnlt] 20 (2.3)
pnft] > 0 as t— oo (2.4)
to[t] 1s nonincreasing . (2.5)

The properties follow from (1.5) and (2.1).
The signs of the derivatives nP(t), and ©B(t) are determined by a position of v2(t)
with respect to p,[t] and w,[t], respectively. Namely,

APt =0 if vB(t) < pat] (2.6)
aB(t) = B(nB(t) + v(nB(2))énA(t)) — vBa(t) >0 if vP(t) > palt] (2.7)
pB(t) <0 if vB(t) < wlt] (2.8)
B(t) >0 if vB(t) > p[t] (2.9)
oB(t) =0 if vB(t) = wlt]. (2.10)
From (2.6) and (1.21) follows:
fft] =0 if wB(t) < uaft] . (2.11)

Properties (2.2) and (2.4) of function u,[t] are supplemented by the following:

% >0 if >4, vP(t) < uaft]. (2.12)
Indeed, let us compute d?u,[t]/dt?. By (1.22), (1.20)
A 10
falt] = g3(t)
where o
g(t) = nP(t) + 7(nP(2))sn"(t)
Hence
& o [t] o d*(t) i)\’
t? Tm dr Y (Tﬂ)
9 SN2 d’g(t)
= 20 [4(g(t)) T ] . (2.13)
We have

g(8) = AP (B[ + 4 (nP (£))8n" ()] + 7 (nP (1)) 804 (t) .
By (2.6) nB(t) = 0; therefore
g(t) = 7(n® ()8 (2) -
The next differentiation with the usage of nB(¢) = 0 provides

2 2nA
T PO
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Substituting in (2.13) and using (1.5), we get

: o 2,4
dgtz[t] D 472("'3“))5%“(0)-v(nB(t»é%
B g%)”("B(f))é [4y(n®(1))6c**ng? exp(25t) — c**ng exp(g*?)]
- gitﬂ("'g(t”&“n& exp(g )[4y (n®(t))n exp(git) — 1] |

Since nB(t) is nondecreasing (see (2.1)), ¥(r®(t)) is nondecreasing too; hence for ¢ > t4
the last square bracket, in view of (1.24), is positive, and we obtain (2.12).

2.2 The three initial cases
Fix a
to>0.

We shall consider separately the three positions of v®(ty) with respect to the n®- and
vB-barriers. These are:

VB (to) > ] (2.14)
vP(to) < palt], 0P (t0) < pafto] (2.15)
/‘n[tO] < vB(tO) < /‘v[tO] . (2'16)
Note that the above cases do not overlap, and one of them holds true. We denote
B
c
c= g_A (2.17)

2.3 Case 1 (above the vP-barrier). Absolute asymptotics

Consider case (2.14). Here and in the next subsection we assume that inequality (2.14)
is satisfied strictly, 1.e.

UB(to) > /I,U[to] . (218)

Let us show the “absolute” asymptotics
vB(t) 5 00 as t— o0 (2.19)
nB(t) 00 as t— oo. (2.20)

We start with (2.19). ;From equation (1.3) for vB(t) and the fact that n®(t) is non-
decreasing (see (2.1), we get

08 (t) 2 po®(¢) — piolte] ;

also (2.18) implies that

pvP(to) — ppalto] = pv®(to) — ppufto] > to -

Hence

where




We have
vP (1) = (v5(to) — pu[to]) exp(p(t — to)) + po[to] -
Since

vB(t) 20 as t— o0,

we get (2.19).

Let us prove (2.20). From (2.19) and (2.5) we deduce that for all sufficiently large ¢
the first inequality in (2.7) is satisfied. Hence the second inequality in (2.7) is true for
all large t. For all large ¢ the right hand side of this inequality is greater than a positive
¢; this follows easily from (2.19) and the fact that nB(¢) and n“(¢) are nondecreasing.
Therefore

AP(t)>e>0
for all large t. This obviously yields (2.20).

2.4 Case 1 (above the v®-barrier). Relative asymptotics

Basing on (2.19), (2.20), we shall find an asymptotics for the ratio r(t) (1.6). Recall that
inequality (2.18) is assumed. Note first that by (2.20) and by the definition of v, (see
(1.19)) it holds that

A(nB(t) = Yoo as t— oo (2.21)

Let v(n?) be the inverse to n(t), that is,

1

v(n?) = —In n?  (nf <n? < 0).
g
Denote
n?[n?] = nF(v(n"))
B[, A
4 _ non?]
r[n ] = n—A .
Obviously
tlilg r(t) = lim rln?] . (2.22)

Let us find the limit. Differentiate n®[n4]. Introducing
v=rv(n?),

using equation (1.1) and inequality (2.7) (we showed above that it is satisfied for all large
t), we obtain that for all sufficiently large n*

nB(v

nB'[n

— »,005] + aln? (2.23)
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where

oln”] = g—A(7(" [n"]) = 70 )6 — FAnAvB ()
By (1.5) and (2.19)
0>0[nt -0 as n? - 0. (2.24)

Treating (2.23) as a linear differential equation for n®[n#] and integrating it from an
arbitrary n4 > nf to an arbitrary n? > n# we get

By A B " dn
n®[n?] = n]exp c/A; +

-

7006/n exp (c/n é71) dn, + /n exp (c/n d_n) o[n.)dn.
na ne N nd n., N

nA
= nBexp (c In —A) +
n

*

TI.A nA nA nA
7005/ exp (c In —) dn., +/ exp (c In —) o[n.]dn.
ng Ty ng Ty

B nA ¢ 4 nA 1 4 nA 1
= n, (E) + Yeo0(n™) /n:‘ —gdn*—{—(n ) /n:‘ n—ia[n*]dn*.

Here we use notation (2.17) and set n? = nB[n#]. Specify the second and the third terms
on the right. For the second term we have

{ Yeob () [(n )76 = (n2)1 ], e # 1

7oo5n‘41n%:—, c=1

n4

1
Aye —
b)) o =

N

For the third term, using the inequality from (2.24), we get

S| —nAce[nA] 1 [(nA)l—c_(nA)l—c] e 1
> AC/ JE— N . > *1l—c * )
ozt [ vl 2 { D
where
e[nd] = sup{| o[n?] | : n? > n4}.
Note that convergence (2.24) implies
e[nf] —0 as nf—oo. (2.25)

Dividing n®[n4] by n#, we arrive at the following estimates:

TI.A 1—c
oo SR P
T[TL ] — ANc(pnAN1—c + n4
A T\ binss, .
TLA 1—c
r[nA] S nB N (Y06 — e[nf])llc [1 - %;%;g] , ¢#1
~ (nd)e(nA)t-e (Yoob — e[nZ])in%, c=1

Hence

b b 1 — (el 1
limsupr[n?] < lim By +{ L 1—CA[ (n4) “]’ c#

nA—oo nA oo (n*A)C(nA)l_C '7005}[12—;4, c=1
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1

= Yoo
I—-c
: § — e[nA]) L [1 — (mer= 1
liminfr[n? > lim A—n*A— (e7e0 C[n*])l—g[ (n%) ‘C] c#
nt—oo nA—oco (TL* )C(n )l—c (’)/006 — C[Rf])ln:—/\, c=1
1
= § — eln? ,
(ree = )

Letting n4 — oo and referring to convergence (2.24), we obtain:

. A _ 0o, Czl
n'lginoor[n ] N { ')’oo(sL c<1

1—¢?

or, in the initial notations (see (2.22), (2.17)),

>1
lim r(t) = { > €=

t—o0

(2.26)

~A
70051%0 = 70055—,4%, c<1

Relations (2.26), (2.19), (2.20) show that for the case where (2.18) is satisfied the
statement of Proposition 1.4 is true.

2.5 Case 1 (at the vB-barrier)

In this subsection we consider the case where inequality (2.14) turns into the equality, i.e.
VP (t6) = polto] (2.27)

thus we complete the analysis of case (2.14). We reduce the situation to that considered in
the previous two subsections, and thus show that asymptotics (2.26), (2.19), (2.20) takes
place. This — together with the observation given in the last paragraph of subsection 2.4
— complete the proof of Proposition 1.4.

Like in subsection 2.3, we get

vB() 2 0B (1) = (o8 — molta]) expl(pt) + ualto]

Hence, due to (2.27),
V(1) > ulte]. (2.28)

Since p,[t] is nonincreasing (see (2.5)), we have
VB) > mlt] (1> 1) (2.29)

It is sufficient to show that for a certain ¢y > ¢o, the inequality (2.29) is satisfied strictly.
In this case we repeat the argument of the previous two subsections starting with

UB(tl) >ty [tl.]

instead of (2.18), and arrive at (2.26).
Let us suppose, to the contrary, that (2.29) is untrue, that is,

vP(t) = wlt] (t>t) . (2.30)
(From convergence (2.4), inequalities (2.28) and the inequality u,[to] > 0, we deduce that

vP(t) 2 pofto] > palt]
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for all ¢ greater than a sufficiently large t.. Hence by (2.7) nB(t) is strictly increasing
after t.. Therefore, as it is seen from (1.23), (1.21), p,[t] is strictly decreasing after ¢..
Now (2.28) and (2.5) imply that for ¢ > ¢,

vB(t) 2 plto] > pat]

contradicting the assumption (2.30). The contradiction completes the proof.

2.6 Case 2 (below the nP-barrier). Divergence

Let us pass to case (2.15). In this subsection we assume that
to > th (2.31)

and the velocity of vB(t) at ¢ = to is no greater than that of p,[t] ( vZ(t) “diverges” from
inlt] at t = tg), that is,

08 (to) = p(v®(to) — ofto]) < falto] - (2.32)
We shall prove that
Bt < ] (2 k) (2.33)
vB(t) < waft] (t>to) (2.34)
V() < il (2 t) (2.35)
lim v®(t) = —o0 (2.36)

Note that (2.33) yields by (2.6) that
nB(t) = const (¢t > to) ;
combining this with (1.5), we arrive at the lower asymptotics

lim r(t) = 0 . (2.37)

t—oo

This proves Proposition 1.3.
Let us prove (2.33) and (2.35). Introduce

" =sup{t >ty : vV2(1) — pa[r] S v(to) — palte] forall T € [to,1] } . (2.38)

By (2.15) and (2.11)
po(t] = const =d (to <t <t).

Hence (see also the second inequality in (2.15))

vB(t) = (vP(to) — pulto]) exp(p(t — to)) + pvlto]
= (v%(to) — d)exp(p(t — to)) +d
< VP(to) Sd=pt] (o<t <tr). (2.39)

Therefore, in order to prove (2.33), (2.35), it is sufficient to show that

t" =00 .

17




Suppose, to the contrary, that

Note that (2.39) implies

oP(t) = p(v®(to) — d) exp(p(t — to))

IA A

and by (2.12)
finlt] > finlto] (to <t < t7)

yielding (see (2.32) and (2.15))
0P (t) < palt] (to <t < t7) . (2.40)

Hence
vB(t) < pa(t) (to <t <t +¢)

for a sufficiently small positive €, which contradicts to the definition of t*. The contradic-
tion completes the proof of (2.33), (2.35). Repeating the above proof of (2.40) for t* = co,
we obtain (2.34) and (2.36).

2.7 Case 2 (below the n®-barrier). Convergence

Continuing the analysis of the previous subsection, we study case (2.15) under the as-
sumption (2.31). Here, instead of (2.32), we assume the opposite inequality, that is,

58(to) = p(v(to) — ulta]) > fonlto] (2.41)
(implying “convergence” of vB(t) to p,[t] at t = o). Introduce
t* =sup{ t >ty :v2(7) < pa[7], vB(7) < po[r] for all 7 € [to,1] } .
Like in (2.39) we state that
V(1) = (v%(te) — d)exp(p(t — to)) +d (to < ¢ < 1)
polt] = const =d  (to <t < t¥).
In view of the second inequality in (2.15), vP(t) is decreasing on [to, *), and
0B (t) = p(vB(t) —d) <oB(to) <0 (to <t < t?).

On the other hand
tlirglo fn(t) =0

(indeed, (2.12) implies the existence of the above limit, (2.2) shows that it is nonpositive,
and (2.4) proves that in cannot be strictly negative). Hence, if t* = oo, then there exists
a t} > to such that we have (2.15), (2.32) (see subsection 2.6) with ¢, replaced by ¢}. As
it is shown in subsection 2.6, in this case the lower asymptotics (2.37) takes place. Let

t" <oo.
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Then either
V() = It (2.42)

or

VB (%) = pa[t] . (2.43)

If (2.42) is satisfied, then we have case (2.14) with to replaced by t*; consequently, the
conclusion of subsection 2.5 is true, that is, the asymptotics (2.26) takes place.
If (2.42) is untrue, (2.43) is satisfied, and we have

0P () = palt] < p[t] -

If

0B (1) < [t
then we again have the case considered in subsection 2.6 (with to replaced by t.), and the
lower asymptotics (2.37) takes place. If

B(t") > fia[t"]
then evidently
vB(t) > ualt] ("<t <t +e)

for a small positive ¢, and we have case (2.16) with ¢y replaced by a t§ € (t*,¢* +¢). This
case is considered in the next subsection.

2.8 Case 3 (between the barriers)

Let us consider case (2.16). With no loss of generality assume (2.31).
There are the only three possibilities, that is,

palt] < 0B() < paft] (to <t <ty), vP(th) = mwlti] (2.44)
palt] < vB (1) < wolt] (to <t < ty), vB(t1) = palti] (2.45)
walt] < vB(t) < pft] (¢ >to) - (2.46)

If (2.44) holds, then we have case (2.14) with ¢, replaced by ¢, and the conclusion of
subsection 2.5 is true, that is, the asymptotics (2.26) takes place. If (2.45) holds, then
obviously

05 (th) < funlti]
and we have (2.15), (2.32) (see subsection 2.6) with t, replaced by t;; by the state-
ment of subsection 2.6 the asymptotics (2.37) takes place. In case of (2.46), where v2(t)
stays in the corridor between the nB- and vB-barriers starting from ¢ = to, we shall call
(n(t),nB(t),vB(t)) an intermediate trajectory.

2.9 Summary: upper and lower asymptotics, and intermedi-
ate trajectories

Let us sum up the results obtained in this section. In subsections 2.3 — 2.5 it was stated
that in case of (2.14) (n(t),nB(t), vB(t)) has the upper asymptotics (see Proposition 1.1).
In subsection 2.8 it was stated that in case of (2.16) there are the only three outcomes,
that is,
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(i) (nA(t),nB(t),vB(t)) has the lower asymptotics;
(ii) (nA(t),nB(t),vB(t)) has the upper asymptotics;
(iii) (n?(t),nB(t),vB(¢)) is an intermediate trajectory.

The same three outcomes are the only admissible ones in case of (2.15); this was shown
in subsection 2.6, 2.7 (in subsection 2.7 we refer to case (2.16) considered in subsection
2.8).

So far as for a solution (n?(t),nB(2),vB(¢)) one and only one of cases (2.14), (2.15),
(2.16) may occur, one and only one of situations (i), (ii), (iii) takes place. Therefore, in
order to complete the proof of Proposition 1.1, it is now sufficient to show that in situation
(iii) (n?(t),nB(¢),v®(t)) has the intermediate asymptotics. In other words, one should
prove Proposition 1.8. This is our goal in the next section.

Recall that Propositions 1.3 and 1.4 characterizing some of the solutions having the
lower and upper asymptotics were proved, respectively, in subsection 2.6 and subsections
2.4, 2.5.

3 Intermediate Asymptotics

3.1 Introductory comments

As it was said in subsection 2.9, the goal of the present section is to complete the proof of
Proposition 1.1 by proving Proposition 1.8. In fact only the sufficiency conjecture of this
Proposition (stating that an intermediate trajectory has the intermediate asymptotics)
should be justified. The necessity conjecture follows from what was said in subsection 2.9.
Indeed, if a solution (n4(t),n®(¢),v?(?)) has the intermediate asymptotics, it has neither
the lower, nor the upper asymptotics (it is easily seen from the characterization of these
asymptotics given in Proposition 1.1); in other words, cases (i) and (ii) of subsection 2.9
cannot take place. Consequently (iii) takes place yielding that (n4(t),nB(t),v5(t)) is an
intermediate trajectory.

Thus, in this section (n“(t), nB(t),vB(¢)) is an intermediate trajectory, or, equivalently,
(2.46) is satisfied. We shall prove that it has the intermediate asymptotics.

3.2 New variables

Along with variables nA(t), nB(t), vB(t) introduce

2(t) = nP(t)0B(1), E(t) = nA(pP(1) - (3.1)

Note that B(t) 0
r(t) = A (1) = Z@ . (3.2)

Multiply (1.2) by v5(¢) and (1.3) by n®(¢) and add; we get an equation for z(t):

(1) = aP@)BE) +nB)oP (1)
= PnP)wB(t) + Ly(nB(1)nA(1)vP(t) — a 4+ pnP(1)0P(t) — 1+ o (3.3)

or

#(t) = (B + p)a(t) + Py(nB(1)8E(t) — 1. (3.4)
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A transformation of (1.3) leads to an equation for £(t):

) = ()Pt +nt (1)o7 (1)

1—
= g (0) + et (007(0) - g (V)
or )
o {oa —
0= (o +0- "% . 35)
The criterion (2.46) for an intermediate trajectory is obviously equivalent to
To(t) < z(t) <z, (t21o) (3.6)
where ! ]
7o = pulth®(0) = (1) = — = (3.7)
— B(yy _ acnf(t)
el = el ) = e oA D) (-8
So far as for vB(t) = p,[t] we have nB(t) = 0, the differentiation of z,(t) provides
Ea(t) = jin [t () + palt]nP(2) = fin[t]n® (1) <0 (3.9)

(we have also used (2.2)). Note that since the left hand side of (3.6) is positive (see (3.8)),
(3.1) implies that

VB(1) >0, £(1)>0 (t>to). (3.10)

Come back to the characterization of the intermediate asymptotics given in Proposition

1.1. To complete the proof of Proposition 1.9, it is sufficient to establish the convergences

] -«

tlirglo:r(t)::rgz P (3.11)
. cBévo(l — a
0= = G (e 1)
note that (3.11) and (3.16) imply the equality
tlin; vB(t) =0
mentioned in Proposition 1.1. Also observe that
Ty > Tg - (3.13)

Thus, in what follows (z(t),£(t)) satisfies (3.1), (3.4), (3.5), (3.6). We shall also refer
to the monotonicity conditions for £(¢) obviously following from (3.5) and the definition
of x¢ (1.26). Namely, we have

£t) >0 if z(t) > ze (3.14)

£t) <0 if z(t) < z¢ . (3.15)
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3.3 Absolute asymptotics

In this subsection we state that
lim n®(t) = co (3.16)

t—oo

thus proving the first convergence in the characterization of the intermediate asymptotics
given in Proposition 1.1.
Suppose, to the contrary, that

lim nB(t) = n?f < 0o . (3.17)

t—o0

Note that since n®(¢) is nondecreasing (see (2.1)),

nBt) <nf (t>1t).

Hence (see (1.21), (1.23))

([ (3.18)
P B = T T '
Suppose that
vB(t) < fos (3.19)

for some t, > t,.

By (1.3) and (3.18)

Consequently
V(1) < vB(1) (3.20)
where
07 (t) = p(vl(t) = pu), v (to) = v (to)
We have
v2(t) = (v(to) — pa) exp(p(t — to) + pix -

In view of (3.19)

tlim vB(t) = —0 .
Hence and by (3.20)
Jim vB(t) = —oc0 .

So far as p,[t] is bounded (see (2.4)), there is a t; > ¢, such that

vP(th) < palt]

which contradicts the assumption (2.46). The contradiction proves (3.16) under the con-
dition that (3.19) holds for some t. > to.
To complete the proof, it remains to show that the latter holds indeed. Assume the
contrary, that is,
V(1) > pow (8> to).

In view of (2.46) we have

polt] 2 0P (t) 2 poe (t 2 to).
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By (3.17)
lim gy [t] = prox -

t—00

Consequently
lim vB(t) = prp. -

t—00

This together with (3.1) and the inequality g, > 0, imply that
tlim £(t) = oo .
Hence in view of (3.4) we get

lim z(t) = oo .

t—00

On the other hand, (3.17) and (3.1) lead to

lim z(t) = n*B,uu,, < 00 .

t—o0

The obtained contradiction finalizes the proof of equality (3.16).

3.4 Specification of monotonicity conditions. 1

In this and the next two subsections we shall specify the monotonicity criteria (3.14),
(3.15) for the variable £(t). Namely we shall prove that z(¢) can cross the critical level x¢
only once, and only from above.

Thus, in this and the next two subsection we assume that z(t) crosses z¢. Denote by
t; the smallest time ¢ (no smaller than t¢) such that z(t) = z¢. So, we have

z(ty) = z¢ . (3.21)
In this subsection we state an auxilliary property of z(¢). Namely, we assume
i(t) > 0 (3.22)

and prove that
r(t) > z(ty) =z (T 2>1) (3.23)

and for some positive € and o* it holds that
) > z(t)+a*=ze+a" (>t +¢). (3.24)
Differentiating (3.4) at t = t;, we get

d2$(t1)
dt?

= (B +p)i(ty)

+ cBoy (nP(t1)nB (8)E(ty)
+ Poy(nB(tr))E(t) .

The first term on the right is nonnegative in view of (3.22). The second term is positive,
since y(n?) is strictly increasing (subsection 1.1) and nP(¢;) > 0; the latter follows from
(2.46) and (2.7) (with t = t;). The third term is zero, since, as follows from (3.14), (3.15)
and (3.21), we have £(t;) = 0. Thus

d2x(t1)
dt?

>0.
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Consequently, by (3.22)
.T(t)>0 (t1<tSt1+6)

for a certain positive . This together with (3.21) imply
z(t)>ze (hi<t<ti+te). (3.25)
Let
O<a* <z(ti+e€) —ae .

Taking into account (3.25), note that in order to prove (3.23) and (3.24), it is sufficient
to show that
z(t)>ze+a” (t>t+e€).

Suppose, to the contrary, that there is a t; > ?; + € such that
Il?(tg) = T¢ + a*

and obtain a contradiction. The supposition implies that there exists a t. € [t1,%2] such
that
CE(t) > Te = .’L‘(tl) (tl <t< t,.) (326)

and
z(t.) < 0.

Using (3.22) and (3.4) we deduce

0> @(t) —a(t) = (¥ +p)(a(t.) — z(tr))
+ Boy(nB(t.

t
— Boy(nP(t, (3.27)

The first term on the right is positive in view of (3.26). Since n?(#) is increasing,

¥(nP(t) 2 v(nf (1)) .

By (3.26) and (3.14),

£(t.) > €(t) .
Hence the difference of the last two terms on the right hand side of (3.27) is positive.
Therefore the right hand side of (3.27) is positive, which is in fact not the case (see the
left hand side of (3.27)). The contradiction completes the proof.

Copying the above argument, we establish the following more general statement. Let
for an arbitrary (not necessarily intermediate) solution (n4(t),nB(t),v2(t)), variables (t),
£(t) satisfy

z(17) 2 ¢

and (see (3.4))
H]) = (2 + p)a(t]) + PP (E))6EE) ~1 2 0 .
Then for some positive ¢ and a* it holds that
2(t) > 2(t) +a" (t2E+6).

This statement will be used in subsection 4.6, 4.7.
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3.5 Crossing the critical level from the right
In this subsection, we establish that in fact the inequality (3.22) does not hold. That

means that z(t) crosses the critical level z, the first time only from above.
Assume, to the contrary, that (3.22) takes place. Prove that
lim z(t) = o0 ; (3.28)

t—o0

this contradicts the assumption (3.6) (the contradiction shows that (3.22) is not possible).
According to subsection 3.4 (3.22) implies (3.24). Hence by (3.5)

£t) 2 8(t) (t=2ti+e)

where ]
b=ghdp———
g +r e tar
note that by the definition of z, (see (1.26))
b>0.

Then we have

£) 2&(t) (t2tite

where

1) = Ba(t), Eltite)=E(t+e).
In accordance with (3.10), (1 + €) > 0; consequently

tlim £(t) = 00
Therefore
tlim £(t) = o0

Hence, for all sufficiently large ¢, the right hand side of (3.4) is no smaller than (c? +
p)z(t) + 1. Then by the theorem of comparison

z(t) > z.(t) (t>t.)
where ¢, is sufficiently large, and
B(t) = (P 4 p)e(D) + 1, auft) = a(t) .
So far as

lim z.(t) = 0

t—o00

we have the desired equality (3.28). The proof is completed.
In a similar way, we prove the following more general statement: relations

ty > to, z(t2) >xe, () >0

imply (3.28) and, consequently, are not possible for an intermediate trajectory (n“(t), n2(t), vB(t)).
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3.6 Specification of monotonicity conditions. 2

In the previous subsection we stated that (3.22) is not possible. Therefore we have
&(ty) <0 . (3.29)

Let us show that
z(t)y<ze (t>t). (3.30)

Indeed, we evidently have either (3.30), or
z(t) <ze (b <t<ty), z(t:) =z¢.

The latter implies
z(tz) — z(t)

1m
t—12-0 tg —

>0.

2(tg) =

This is not possible by the last statement of subsection 3.5. Thus (3.30) holds.

3.7 Classification of monotonicity intervals

The results of subsections 3.4 — 3.6 lead to a classification of monotonicity intervals for
£(t). Namely, one and only one of the following three outcomes is admissible:

z(t) >z (t>1p) (3.31)
z(t) >z (to<t<ty), z(t)<ze (t>t) (3.32)
z(t) <ze (t>1o) . (3.33)
Indeed let
z(to) > e .

Then we have either (3.31), or (3.29), where ¢, is the time of the first crossing of z, by
z(t). In case of (3.29), due to the statement of subsection 3.6, (3.30) is fulfilled. The
latter is evidently equivalent to (3.32). Let

x(to) < z¢ .
Then we have either (3.33), or
(t) <ze (o<t <ty), z(tz)=ze .

If the latter holds, then

ooy z(t2) — (1)
i(t2) = tiltrgrlO ty —t

>0;

this is not possible by the last statement of subsection 3.5. The proof is completed.
Combining the above classification with the monotonicity criteria (3.14), (3.15), we
obtain the following:

in case of (3.31) : Et)>0 (t>to) (3.34)
in case of (3.32) : EB)>0 (to<t<ty), £t)<0 (t>t)  (3.35)
in case of (3.33) : §(t) <0 (t>t). (3.36)
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3.8 ¢-Boundedness
Note that £(¢) is bounded, namely

0<{(t)<a"<oo (t>tg). (3.37)
Indeed, from equation (3.5) for £(t) follows
E&(t) >0.

Hence, if (3.37) is violated, then
lim €(t) = oo ;

t—00

the latter yields, like in subsection 3.5, the limit equality (3.28) which is not possible by
(3.6). The contradiction proves (3.37).

3.9 2z-Limit. 1

In this and the next two subsections we employ the previously obtained results for proving
the equality (3.11) (see also (1.26)). As it was noted in the last paragraph of subsection
3.2, this equality provides one of the characterizations of the intermediate asymptotics.

According to the classification of subsection 3.7, one of cases (3.31), (3.32), (3.33)
takes place. In this subsection we prove (3.11) for case (3.31). Suppose that (3.11) is
violated. Then (3.31) implies that

z(t;)) >z + B8, B>0, ti—>o00. (3.38)

Equation (3.4), assumption (3.31) and the lower bound in (3.37) yield that #(¢) is bounded
from below, that is,
(t) > b= (B +p)ze—1 (t>t).

This and (3.38) imply that
.’I?(t) Z .’1?5-+—ﬂ/2 (t,’ StSti+6)

for a sufficiently small positive €. Then by equation (3.5)

{(t) = (CA—Fp—lxz—t;l) E(t) > IE(t) (to<t<ti+¢)
where -
= e

(the inequality follows from the expression (1.26) for z¢). So far as by (3.34) £(t) is
increasing, we have

0 2 0 gttt d)
E(t) > [€(to) =const >0 (¢ € [ti,ti +¢]) .
Hence
fm £(t) = oo

which is not possible due to (3.37). The contradiction proves (3.11).
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3.10 z-Limit. 2

Let one of cases (3.32), (3.33) take place. To justify (3.11) (see the next subsection) we
need the following statement:

£(t) > a.>0 (t>1). (3.39)
Prove this statement. Suppose that (3.39) is untrue. Then by (3.35), (3.36)
Jim £(2) =0 (3.40)
We shall show that the latter yields that
1
li l) = . 3.41
im0 =5, (3.41)

Note that the right hand side of (3.41) is greater than z¢ (1.26); this follows from (1.12).
Therefore (3.41) contradicts (3.32) and (3.33). The contradiction proves (3.39).

Thus, in the rest of this subsection we concentrate on stating (3.41). Suppose that
(3.41) is violated. Let, first,

z(t;) >

cB+p+U’ o>0, ti—o00. (3.42)
Then by (3.4) and (3.37)

t

2(t) > expl(c®+ )t~ t)alt) — [ exp((c® + p)(t = ))dr

t

= exp((c? +p)(t — 1)) (m(t") : )+ 1

T B4p) Btp’

Referring to (3.42), we see that
lim z(t) = o0

t—o0
which contradicts (3.6). Thus (3.42) is not possible. Suppose that
1
x(t¢)<cB+p—U, o>0, t;—>o00. (3.43)

Due to (3.40), (3.37), for a large i, we have
(t) = Poy(nPO)E) < o2 (> 1)
Fix such . Then by (3.4)
z(t) = exp((c? + p)(t —t:))z(t:) —
/tf exp((cB + p)(t — T)dT + /tt exp((cB + p)(t — T)r(7)dr

t

IA

exp((cB +p)(t —t))x(ti) + /t't exp(c® + p)(t —7)(=1+c/2)dr

1—0/2 1
cB+p cB+p

= exp(P +p)(t —t,) (m(ti)

The expression in brackets is, as follows from (3.43), no greater than —(c/2)(c® + p).
Consequently,
lim z(¢) = —o0

[Amded
contradicting to (3.6). The contradiction shows that (3.43) is not possible. Convergence
(3.41) is stated, and the proof of (3.39) is completed.
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3.11 z-Limit. 3

Prove (3.11) for cases (3.32) and (3.33). Suppose that (3.11) is untrue. Then (3.32) and
(3.33) imply that
z(ti) <ze—B, B>0, ti—o00. (3.44)

Using (3.4), (3.6) and (3.37), we get
(t) < b= (B + p)ry, + Péya™—1.
Hence, in view of (3.44),
z(t) <z —B/2 (tLi<t<ti+te

for a certain positive e. Then by (3.5)

€1 = (g/‘ +p- 1;(;') 61 <IE(t) (L<t<tite)
where I —o
=" +p—-———— <0}
g +pr I5_5/2<0,

the inequality is seen from the expression (1.26) for z¢. Consequently,

£(ti +€) < gé(ts)
where
q =exp(—le) < 1

Hence fixing k, we get 4
E(ti+e) <g*E(te) = 0.

We have obtained a contradiction to property (3.39) stated in the previous subsection.
The proof of (3.11) is completed.

3.12 £-Limit
In this subsection we make use of (3.11) for stating that

_1-(F+ o)z
lim £(¢) = o o

(3.45)

Note that the above expression for £, is derived by formal letting the right hand side of
equation (3.4) for z(¢) be equal to zero “at infinity”, that is,

(B 4 p)ze + Pyl —1=10.
Substituting the expression (1.26) for z¢, we specify &, as
@2+ p) = (P +p)(1 —a)
(9% + p)cBbveo '

Prove (3.45). According to subsection 3.7 (see (3.34) — (3.36)), £(¢) is monotonical at
large times. Hence there is the limit

foo = lim £(1) .

t—o0

foo:

(3.46)
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By (3.37)
0<{. <.

Combining this with (3.11), observing equation (3.4) for z(t¢), and taking into account
convergence (3.16), we conclude that

lim 2(t) = (P 4+ p)ze + PéYocboo — 1 = T0 .

t—o0

If 2, > € >0, then
&(t) > €/2

for all sufficiently large ¢; consequently

tlim z(t) = o0
which contradicts (3.6). Similiarly, we arrive at a contradiction assuming &, < 0. There-
fore
Too =0

yielding (3.45).

3.13 Intermediate asymptotics for intermediate trajectory

Limits (3.11) and (3.45) provide the desired asymptotics of ratio r(¢) (1.6) for an interme-
diate trajectory (n?(t),nP(t),v®(t)) (characterized by (2.46)). Namely, we have (3.12).
Indeed, using, sequentially, (1.6), (3.2), (3.11) and (3.45), we obtain:

lim r(t) = i B(t—l' — =
Amrt) = lim o5y = im ey T e
l-o
§44p
l—(cB+p)ﬁ1
cFéyeo

Péye(1 — )
@ +p) = (P +p)(1—a)

Proposition 1.8 is proved. In accordance with the summary given in subsection 2.9, the
proof of Proposition 1.1 is completed.
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4 Existence of Intermediate Trajectories

4.1 Introductory comments

In this section we shall prove Proposition 1.9 (on the feasibility of the intermediate asymp-
totics subject to condition (1.13)); this will prove Proposition 1.7, too.

Like in section 3, we use variables z(t), £(¢) (3.1). Recall that in subsection 3.2 it was
noted that the fact that a solution (n?(t), n®(t),vB(t)) to (1.1) - (1.3) is an intermediate
trajectory is equivalent to inequalities (3.6). Therefore, our goal is to prove that under
conditions of Proposition 1.9 there exists a solution (n4(t),n?(t),v?(t)) (whose initial
state is specified in this Proposition) satisfying (3.6).

Note that equation (3.4) for z(¢) and equation (3.5) for £(¢), as well as the monotonicity
criteria (3.14), (3.15) remain true provided z(t) > z,(t) (recall the notation [-]4 in (1.2)).
We shall use these facts in our analysis.
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In this section the inequality (1.13) is assumed to be satisfied. Note that this inequality

yields that
Te > zo(t)

(see (1.26), (3.8)).

4.2 A nonexistence domain

We start with specifying positions

zo =(0), & =¢(0)

(1.1)

preventing z(t) to satisfy (3.6). In this subsection we point out pairs (zo, ) such that
corresponding z(t) breaks (3.6) by crossing z,(t). Namely, we shall state now that if

th=0

Zo S T¢
and

(c® + p)zo+ Pbrebo — 1< 0,
then
#t)< =B, B>0 (0<t<tyn)
z(t) < zo(t) (t>t1n)

where

tin=1nf{r >0 : z(t) < z,(t)} .
Let us assume (4.3), (4.4), and prove (4.5). By (4.4) and (3.4) we have
£(0) < 0.
Hence for certain positive fy and €
z(t) < Bo (0<t<e).

Due to (4.3)
z(e) < ze—0o, o= poc.

Referring to (3.15), we conclude that
£(e) <bo—«
for a certain positive . Let
Fmsup{ T2 e € Sbo—r/2(c<t<T) ).

Then by (3.4)
t(t) < bz(t)+ o0 (e<t<tr)
where
b=cP + p
o =sup{ Boy(nP(t)E(t) -1 : e<t <t ).
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By (4.4), (4.8), and the definition of t* we have

ba(e)+0 < (P + p)ro+ P8v(lo — £/2)
<

— P800 /2
= -1 <0. (4.11)
From (4.10) follows
2(t) < exp(b(t—e)) +/exp (b(t = 7))odr
= eXP(b(t—f))<$(f)+g>—% (e<t<t).

Using again (4.10), and taking into account (4.11), we get
(1) < exp(bt ~ )(ba(0) + o) < B (cSt<t).
This in combination with (4.7) gives
i(t)< -8, (0<t<t) (4.12)

where
f = min{fo, A1} .
Thus, in order to reach (4.5), it is sufficient to show that

" =00 .

Suppose, to the contrary, that
" <oo.

Then, as follows from the definition of #*, for an arbitrary v > 0 there is a t. € [t*,¢* + v
such that

£(t.) >0 . (4.13)
For v sufficiently small (4.3) and (4.12) imply

r(ty) < e .

By (3.15) this contradicts (4.13). The contradiction completes the proof of (4.5).
Let us prove (4.6). Obviously, we have

i(tl,n) S xn(tl,n)
This, due to the fact that n®(¢;,) = 0, implies that
i)B(tl,n) _<_ /lv(tl,n)-

Now recall (4.2) and make use of the statement of subsection 2.6 putting to = t1,. Thus
we straightforwardly obtain (4.6).
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4.3 Lower bound trajectory
Fix a { > 0 satisfying

(B 4 p)ze + Pyl —1 <0 (4.14)
(i.e. (4.4) with z¢g = z¢). Consider a solution

(n(1),n® (1), 05 (1)) = (n~(8), " (1), 07 (1))
to (1.1) — (1.3) such that z(t), {(t) defined by (3.1) satisfy
z(0) =z &(0) =&

For these variables we use the notations

z(t)==2(t), £(t)=£7(1).

By z; (t) we denote x,(t) (see (3.8)) corresponding to the above solution (n(t), nB(t), vB(2)).
Assumption (4.14) means that conditions (4.3) and (4.4) of the previous subsection are
satisfied. Therefore (4.5), (4.6) hold; using the above notations rewrite these properties
as

™ (t) crosses z¢ and z, (t) (4.13)

z(t) < z¢ after crossing z¢ and before crossing z,(t)
z (t) < zn(t) after crossing x,(t) .
The last two properties and (1.27) imply that

7 (t) < z¢ after crossing z¢ . (4.16)

In this section we shall call 7 (t) the lower bound trajectory (for intermediate trajectories).

4.4 Specification of parameters

Specify

so as to ensure

th=0
(see (1.24)) for all solutions (n?(t),nB(t),vB(t)) with initial states
, § T -
nt(0) =nf = 5=, nP(0) =0 = nflao = 5=, vP(0) =F (4.17)
0 0

where z varies in the interval [z¢, z,]. More precisely, assume vg ~ to satisfy
485" y(nglwol)ng > 1 (w0 € g, 2.]) (4.18)

(recall that z, > =z¢; see (3.13)). This property will allow us to apply the result of
subsection 2.6 to a solution with a particular initial state (4.17).

As it was noticed in subsection 1.3, property (4.18) takes place for a sufficiently small
vP~, since, as follows from (4.17), we have

T T
7(”5}[10]):7(1}%) 27(1}%) — Yo >0 as vf—»[]

0 0
¢o
nézTaoo as w2 0.
v
0
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4.5 Definition of a trajectory

In this subsection we define a particular solution (n#(t),nB(t),v®(t)); in the next subsec-
tions it will be proved that this solution is an intermediate trajectory.

Come back to solution (n4~(t),n?=(t),v8~(t)), defined in subsection 4.3. In accor-
dance with notations (3.1), we have

2™(0) = 2 = nP-(0)0B~(0), £_(0) = o = n*~(0)0"~(0) .
For every
Zo € [CCE,.’L‘U]

there exists the single

ng = ng[zo] € [ze/vy ", u/vy ]

such that
zo = nd[zo]v®~(0) .

Solution (nA(t),nB(t),vE(t)) to (1.1) - (1.3) determined by the initial conditions (4.17)
will be said to correspond to xo; making it explicit that variables z(t), £(¢) (3.1) determined
by the above solution depend on o, we shall write

Obviously
z(t|ze) =a (1) . (4.19)

Note also that
(0| z,) > 0. (4.20)

Indeed, for the solution (n4(t),nB(t),vB(t)) corresponding to z, by (3.3) we have
2(0) = 28 (0)v2(0) + nP(0)95(0)
where z(t) = z(t | z,,). By (2.7), (1.27)
nB(0)>0;

(3.7), (3.1) imply

hence by (2.10)

92(0) = 0
These relations yield (4.20).
According to (4.15), (4.16)
7 (t) = z(t | z¢) crosses z¢ and z, (1) (4.21)
7 (t) = z(t | x¢) < ¢ after crossing z¢ . (4.22)
We supplement these conditions by
max{s~(t) : 0<t <4t} <0; ¢ is the time of first crossing z¢ . (4.23)

The latter holds automatically by the statement of subsection 4.2, as long as {; = 0.
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Introduce the set X of all g € [z¢,z,] such that

z(t) = z(t | zo)

satisfyies the similar conditions, that is,

z(t) crosses x¢ and z,(t) (4.24)
z(t) < x¢ after crossing ¢ (4.25)
max{z(t) : 0 <t <t} <0; ¢t isthe time of first crossing z¢ . (4.26)

;From the definition (4.19) of z7(¢) and (4.21), (4.22), (4.23) follows

T¢ e X N
From (4.20) we get
T, € X .
Therefore for
T, =sup X (4.27)
we have
T, € [T, 20) - (4.28)

From now on, let solution (n4(t),nB(t),v®(¢)) correspond to to z,. In what follows
r(t) =z(t| z.) . (4.29)

In the next subsections we shall show that (n“(t),n2(t),v5(t)) is an intermediate tra-
jectory, or, equivalently (see subsection 3.2), z(t) satisfies inequalities (3.6) with ¢, = 0.
This will prove Proposition 1.9.

4.6 Monotonicity before crossing z;

The proof comprises several statements. In this subsection the following is established:
either
x(t) is strictly decreasing on [0,00) and does not cross z¢ , (4.30)

or z(t) satisies (4.26).
Assume that the statement is untrue. Then there is a ¢t; > 0 such that

2(t) > ¢ (4.31)

z(ty) > 0.
Then by the last statement of subsection 3.4

z(ti +€) > 2(ty) + o (4.32)
for some positive €, o*. By the definition of z, (see (4.27)) there exists a sequence
To; = T, — 0, z0; € X . (4.33)

Hence

zi(t) = a(t | a0i) — (1) (4.34)
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uniformly on [0,#; + €]. Take 7 so large that
zi(th) <z(th)+ /2.

As follows from the definition of X (see (4.25) and (4.26) where x(t) is replaced by ;(t)),
it holds that

zi(ti+¢) < max{zi(t1), ze}
max{z(t;) + a* /2, z¢}
() + a*/2

x(t; +¢)— a*/4

A IA

IN

(we have also utilized (4.31), (4.32)); this contradicts to (4.34). The contradiction com-
pletes the proof.
If (4.30) takes place, then in accordance with (4.29), (4.28),

e < z(t) < 2y

and in view of (1.27), we have the desired inequality (3.6) (with to = 0). Thus, in what
follows we shall study the case where z(t) crosses z¢, and (4.26) is satisfied.

4.7 Staying under z; after crossing

Let us show that if z(t¢) = z¢ (t¢ > 0), then
z(t) <z (t>1). (4.35)
By the last assumption of the previous subsection, (4.26) is fulfilled. Hence
z(v) < z¢ (4.36)
for all v > t, sufficiently close to t;. Take a v satisfying
e <v<iete

with an arbitrarily small . Define z;(¢) likein the previous subsection (see (4.33), (4.34)).
Note that convergence (4.34) is uniform at every bounded interval. In view of (4.36), for
large ¢

zi(v) < x¢ ;

Then by the definition of X (replace in (4.25) z(t) by zi(1))
z;(t) <z (t2v).
This together with (4.34) give
z(t)<ze (t2v).
Since v is arbitrarily close to t¢, we conclude that
z(t) <ze (E>1) . (4.37)
Now to prove (4.35) it is sufficient to verify that there does not exist a ¢ > #; such that

CL‘(t) = T¢ -
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Suppose that such a t exists; let ¢; be the minimum of all such t. We have
.”!Z(t) < xg (tf <t < tl)

z(ty) = z¢ .

Hence, as one can easily see,
z(t;) > 0.

Observing the last two relations and exploiting the last statement of subsection 3.4, we
derive that
r(t)y>ze+a™ (E>t+e)

for some positive €, a*. This contradicts to (4.37). The proof is completed by contradic-
tion.

4.8 Staying under z,(t) after crossing

State the following. If z(t) crosses z,(t) at time ¢, > 0, then
z(t) < za(t) (t>tn). (4.38)

So far as
z(t) > za(t) (0<t<ty), z(ts) = za(tn),

we have by (3.8), (3.1)

UB(t) > palt] (0 <t <tn), l’B(tn) = fin[tn] -
Hence conditions (2.15), (2.32) of subsection 2.6 are satisfied for ¢ty = ¢, (recall that in
subsection 4.4 we guaranteed that 4 = 0 ). By the statement of subsection 2.6 inequality
(2.34) holds with to = t,. Multiplying it by n®(t), we get (4.38) (see (3.1), (3.8)).
4.9 Staying between barriers

This subsection finalizes the proof. Namely, we shall show that inequalities (3.6) (with
to = 0) hold.

Suppose, to the contrary, that (3.6) (to = 0) is violated. Property (4.26) (subsection
4.6), the statement of subsection 4.7, and the inequality z(0) = z. < z, (4.28) imply

ity <z, (t>0).
Then as follows from the relations
z(0) = z. > x¢ > 2,(0)

(see (4.28) and (4.1)) we have
z(t.) = z,(ts)

for a certain ¢, > 0. Obtain a contradiction. Namely, state that
T.t+e€e X (4.39)

for all sufficiently small positive e. This indeed contradicts to the definition of z. (see

(4.27)). Let
z(t)=2(t|z.+€), €>0.
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From (4.26) follows that for small €, z(t) crosses z¢, and
max{Z.(t) : 0<t<te} <0; ¢teeisthe time of first crossing ¢ . (4.40)
The statement of subsection 4.8 yields that
z(tn+1) < zu(tn + 1)
(recall that z(t) crosses z,(t) at t,). Hence for small ¢, we have
Te(tn +1) <zpe(tn+1);

here and in what follows z,,(t) is the analogue of z,,(¢) for the solution (n#(t), n3(t), vE(¢))
corresponding to z. + ¢, that is, z,(t) is given by (3.8) where n“(t), nB(¢) are replaced
by nA(t), nB(t). Thus z.(t) crosses z,.(t), and, consequently, z:

r(t) crosses x; and ,.(t) . (4.41)

Moreover, for the time ¢, . of the first crossing with =, (t), we obviously have
Te(bne) = Tneltne), tne <tnt1. (4.42)
From (4.40), (4.26) follows that for small €, ¢ is arbitrarily close to t¢, and
B() S —B<0, H)<—F (I1-t|<0)

where 3 > 0 and o > 0 do not depend on e¢. Combining this with (4.35), (4.42), we obtain

T(t) <ze (tee <t <tn) (4.43)
for small e. From here we deduce, like in subsection 4.8 (replacing z(t) by z(t)), that

Te(t) < Tne(t) (8> tne) -
This together with (4.43) yield that

ze(t) < x¢ after crossing z¢ . (4.44)

We see that (4.41), (4.44), (4.40) prove (4.39). The desired contradiction is obtained. The

inequalities (3.6) characterizing an intermediate trajectory are proved.

5 Existence of Catching Up and Overtaking Inter-
mediate Trajectories

5.1 Introductory comments

In this section we justify Propositions 1.7 and 1.10, which provide conditions sufficient for
a solution (n?(t),nB(t),vB(¢)) to have the intermediate asymptotics (that is, to satisfy
(3.6)) and, simultaneously, be catching up or overtaking. Recall that in subsection 1.3
we called a solution catching up if the corresponding ratio r(t) is strictly increasing, and
overtaking if it is catching up and r(t) grows from r(0) < 1 to 7o > 1. As it was noted
in subsection 1.3, Proposition 1.10 implies Proposition 1.7. Therefore we shall prove
Proposition 1.10 only.
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Principally, we follow the logic of section 4. However the requirement that r(t) in-
creases implies some modifications. The main modification consists in setting (in sub-
section 5.5) the initial value z, for the variable z(t) corresponding to an intermediate
trajectory to be not greater (like in subsection 4.5) but smaller than the critical value z.
This analytic pattern requires Condition 1.1 (not needed in section 4), which claims that
z(t) cannot be constant at any interval.

Thus, in this section the condtions of Proposition 1.10 are assumed to hold. Namely
we assume inequalities (1.13), (1.18) and (everywhere with the exception of subsection
5.9) Condition 1.1. Using notations (3.1) we rewrite this Condition in the following
equivalent form: for every time interval [¢;,¢5] of nonzero length such that solution
(n(t),nB(t),vB(t)) is such that z(¢) (3.1) satisfies z,(t) < z(t) < z, for t € [t1,1q],
the function z(t) cannot be constant on [t,¢;]. We shall utilize this in subsection 5.6. In
subsection 5.9 we shall show that this condition is fulfilled if Condition 1.2 holds (thus
proving Proposition 1.6).

5.2 A nonexistence domain

We start with specifying positions

To = x(O), o = 5(0)

preventing z(t) to satisfy (3.6) with ¢g = 0. In this subsection we point out pairs (zg, )
such that the corresponding z(¢) breaks (3.6) by crossing z,. Namely, we shall state now
that if

Tg 2 T (5.1)
and
(P 4+ p)zo + Boy(nBYeo —1> 0, (5.2)
then
() > 6, B>0 (0<t<t,) (5.3)
z(t) >z, (t>1t1,) (5.4)
where

ty=1nf{r >0 : z(t) > z,} .
Note that (5.3) implies obviously

As long as

or, equivalently, (see (3.7), (3.1))

'UB(tl,u) = Uy,

we have the case considered in subsections 2.3, 2.4 (with ¢y replaced by t;,). As it was
proved in subsection 2.3, (2.19), (2.20) hold. Hence z(t) crosses z,. Consequently (3.6)
is violated.

Let us assume (5.1), (5.2) and prove (5.3). By (5.2) and (3.4) we have

#(0) > 0.
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Hence for some positive 3y and €
z(t)> B0 (0<t<e). (5.5)
In accordance with (5.1)
z(e) > ze + €1, € = Poe. (5.6)
Referring to (3.14), we conclude that
£(e) > &o+ & (5.7)
for a certain positive k. Let
t"=sup{7>¢€: {(t)>&+K/2(e<t<T)}.
Then by (3.4)
#(t) > be(t)+o (e<t<t?) (5.8)

where
b=cP 4+ p

o =inf{ Béy(nB(t))E(lt) -1 : e<t <t}
By (5.2), (5.6) and the definition of t* we have
ox(e)+o 2 (7 4 p)ro+ T ()6 — 5/2)
> Péyer/2
= p>0. (5.9)
From (5.8) follows

2(t) > exp(b(t_e))x(e)+/jexp(b(t—7))adr

— exp(bt—€) <a:(e) + 3) ~2 (i<,

Using again (5.8), and taking into account (5.9), we get
() > exp(b(t —€))(bz(e) + o) > B (e <t <t").
This in combination with (5.5) gives
t(t)>p4 (0<t<t) (5.10)
where
B =min{By, 1} .

Thus, in order to reach (5.3), it is sufficient to show that

" =o00.
Suppose, to the contrary, that

" < o0 .

Then, as follows from the definition of ¢*, for an arbitrary v > 0 there is a ¢, € [t*,t* + v]
such that

£(t.) <0 . (5.11)
If v is sufficiently small, then, as follows from (5.1) and (5.10),
z(t.) > z¢ .

This together with (3.14) contradict to (5.11). The contradiction completes the proof of
(5.3).
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5.3 Upper bound trajectory
Fix a éoo > 0 and a nd, > 0 satisfying
(B8t < @ (5.12)

(B + p)ze + BEy(nB)o —1>0 forall nf > ng,, & > foo (5.13)

(see (5.2) where zo = z¢ ). Such oo and nd, exist due to assumption (1.18); the latter
shows that it is sufficient to take £oo and nd) so that

inf{cBy(nB)6€o + & > ooy Mg > nE) = cBy(ngo) 600

is smaller than a being sufficiently close to it. In what follows &, > oo (see (5.12)) is
determined by
By(nB )¢, = a . (5.14)

Consider the solution
(n?(1),nB (1), vB(t)) = (n** (1), n®* (1), 07* (1))

to (1.1) - (1.3) with the initial state

3
ntH0) = ngt =
Vo
WEHO) = g = g
o
vBH0) = Bt >0
where
50 € [60075**) . (515)

Particular values for £, and v5 ¥ will be specified in the next subsection. For the variables
x(t), £(t) (3.1) corresponding to this solution we shall write z*(¢), £¥(¢). According to the
previous subsection, (5.3), (5.4) hold; using the above notations, rewrite these properties
as

z¥(0) =z, 27(0) >0, z*(t)crossesz, . (5.16)

The latter implies that the above solution is not an intermediate trajectory. Let us call
it the upper bound trajectory.

5.4 Specification of parameters

Fix an nZ~ > 0. Recall that by the definition of nd*

nBrvB* =z, (5.17)
We set 5 . B
oot = 2= e ) (5.18)
cBng

Note that the fact that & < £u. (see (5.14), (5.15)) implies that vy ¥ > 0. We let & (5.15)
be sufficiently close to é... Observe that as £ approaches &.. from below, vt (5.18)
approaches zero. Assume o to be so close to &, that

z —
nS* = U—B% > max{n§~,n{} . (5.19)
0
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Note that (5.18) implies

vt = = 1[0 = “ 5.20
V)= 0 = (520
(see (1.20)). Indeed transform (5.18) as follows:
cP(ng o5t + (ng7)8&) = @
08t = avy’! .
° CB(%B vo * +7(ng ~)8o)
Dividing the right hand side through v3*, we get (5.20).
Introduce the solution
(n(£),nP(8),v5 (1)) = (n"= (2),n" (1), 0P (1))
with the initial state
n=(0) = nft = f'% (5.21)
0
5-(0) = nf"
() = - =af*

Call it the lower bound trajectory. For the corresponding variables z(t), £(t) defined by
(3.1) we shall write z7(t), £~ (t).

Let us show that choosing &, sufficiently close to &,. (5.14), we can ensure that for the
lower bound trajectory (nA(t),nB(t),vB(t)) = (n4=(t),nB~(t),vB=(¢)) it holds that

27(0) < f,[0] . (5.22)

It will be important for us that (5.20) and (5.22) (together with the equality n®=(0) = 0
guaranteed by (5.20)) imply

z7(0) = 2,(0), 27(0) < ££,[0]n®~(0) < 0 (5.23)

for the lower bound trajectory (n(t),n®(t),vB(t)) = (nA(t),nB=(¢), v~ (1)) (see (2.2)).
We justify (5.22) as follows. As it was stated in subsection 2.1,

il = — ay(n®(t))én"(t)
cB(nB(t) + 4(nP(1))6nA(1))?
ay(n®(t))8g"n (1)
cB(nB(t) +y(nB(t ))5n"( )

Hence by (1.3)

.8, R o — n é
§P(0) — jonl0] = pu* — pp = p2 A0 N (5.24)
cBng
-« a’r(no )65 n{~
Po — — — .
ng~  B(nd™ +y(nf7)éng )2
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We have

1 -« av(no )6g"ng~
bPo = -~
Com P () )’
1 -« agh
2 B— B S
no (ng~ +7(n5 ")éng ™)
I agAvB+
ng}_ CB(”OB Yo ot + ’Y(no )6&o)
> 1 ;-a B ag”v(}f’+
To ( ng )6
_l-a ag? o —cBy(nd)6g
ng~  (ng )8 cBngm

The left hand side of (5.24) takes the form

g4 — By(nB- 0& l —«
.B _ .n 0] = B+ 1 ag a—c 7(77’0 ) 0 ]
v (0) © [ ] PYy ( + ’7(71(?_)650 B, B-— B-

cBng ng

If & is sufficiently close to .., or a — cBy(nf™)8¢; is sufficiently small, then the first
term on the right is arbitrarily small, and we have (5.22). Namely, it is sufficient to let
£o satisfy

1— B
0 < a—cPy(nB)ég < (d=a)” (5.25)
p
Note that equality (5.17) has the equivalent form
50— Py(nB )6k _
0 CBTLOB_
(see (5.18)), or
nB+ _ CEECBTL(?
0 - B B- N
a — cPy(ng ")k
hence in order to satisfy (5.19) it is sufficient to require
B- B
0<a—cPynB)ee < max{ng Bnoo} (5.26)
.TEC Ng

In what follows, (5.18) (equivalent to (5.20)) is assumed, and & is specified as above (see
(5.25), (5.26)).

Thus we specified & and v8™* so that for the lower bound trajectory (n4(t), nB(t),vB(t)) =
(nA=(t),nB=(t),vB=(t)) we have the relations (5.23).

5.5 Definition of a trajectory

In this subsection we define a particular solution (n#(t),n®(t), v?(t)); in the next subsec-
tions it will be proved that this solution is an intermediate trajectory with r(¢) strictly
increasing (that is, (n”(¢),n®(t),vB(t)) is catching up).

Come back to the upper bound trajectory (n4(t),nB(t),vB(t)) = (n4*(t),nB*(2),vB*(2)).
In accordance with the notations (3.1), we have

£ (0) = z¢ = nPH(0)0PH(0),  £4(0) = & = n*(0)uPH(0) .
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Let

25 = ng vdt =nB0BH0) .

For every
zo € [2g, T¢]

there exists the single

n8 = nBlzo] € [nf=,nl*] = [z [0+, ae /0] (5.27)

such that
Ty = nés[:ro]vés’L .

Solution (nA(t),nB(t),vB(t)) determined by the initial conditions

A _ A+ B_ %o B _ B+
n (0) =Ng , Ng = UB+’ Vg =Yg
0

will be said to correspond to zo; making it explicit that variables z(t), £(t) (3.1) determined
by the above solution depend on zq, we shall write

z(t) = z(t [ zo), £(t) =£(t ] o) -

Obviously
z(t | ze) =2t (t), z(t|z5)=2z2"(). (5.28)

In view of (5.16), for zo < z, sufficiently close to z we have
z(t| zo) crosses z¢ (5.29)

a(t | xo) is strictly increasing on [0,%¢); t¢ is the time of first crossing z . (5.30)

Consider the set X of all g € [zg,z¢] such that z(t) = z(t | o) satisfyies the similar
conditions:
z(t) crosses z¢ (5.31)

z(t) is strictly increasing on [0, {¢); ¢ is the time of first crossing ¢ . (5.32)
;From (5.28), (5.29), (5.30) follows that for 2 < z¢ sufficiently close to z¢, we have
x9 € X ;

From (5.28), (5.23) follows
zg = 2,(0) € X

where z,(t) corresponds to z(t) = ¢ (t) = z(t | x5 ). Therefore for

z, =inf X (5.33)
it holds that
T, € (25,2¢) C (2,(0),z¢) . (5.34)
Here and in the sequel we set
z(t) = z(t | z.) (5.35)

and assume (n4(t),n?(t),vB(¢)) to correspond to z,. The ratio r(t) is as usual defined

by (1.6).
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5.6 Monotonicity before crossing z;

In this subsection the following is established: either
z(t) is strictly increasing on [0, 00) and does not cross x¢ (5.36)

or z(t) satisies (5.32).
Assume that the statement is untrue. Then there are ¢t > t; > 0 such that either

z(ty) < x(ty) < z¢ (5.37)

or
z(t) =b=const <z¢ on [ty,ty] . (5.38)

By assumption (see subsection 5.1) (5.38) is not the case. Thus (5.37) holds. By definition
(5.33) of z., there exists a sequence

Toi — Ty + 0, To; € X. (539)

Hence

zi(t) = z(t | zo;) — z(t) (5.40)

uniformly on [0,¢; + €] with a certain € > 0. For large i, ¢, is smaller than the time of the
first crossing of z¢ by ;(t). So far as z;(¢) is increasing on [0, 3], we get a contradiction

with (5.37).

5.7  Strict monotonicity in a neighborhood of z
Let us prove that if z(¢¢) = ¢ for a certain t; > 0, then
z(tg) > 0. (5.41)

Suppose that (5.41) is untrue, and obtain a contradiction. Observe that from (5.32)
follows

z(te) >0 .
Hence
z(te) =0 . (5.42)
Note also that in view of (3.14), (3.15)
E(te) = 0.
The differentiation of z(¢) with the usage of (3.4) gives
d . . : . :
Tblte) = (P +)ilte) + < (nP (1)) ()6E(1) + P (nB(1))6(1)
= P (nP(t))RP (te)8E () .
Since

z(te) = z¢ € (zn(te), )
(which follows from (1.13)), we have nB(t;) > 0. Hence

d
d—t.’l?(tg) >0.
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Consequently

d.

ax(t) >0
for all t > t; — ¢ with certain positive e. Note that in view of z, < x¢ (see (5.34)), t¢ > 0.
With no loss of generality assume t; — e > 0. By (5.32)

:i?(tg - 6) >0;
therefore
:E(tg) >0.
We obtained a contradiction with (5.42). Thus (5.41) is proved.

5.8 Staying between barriers

This subsection finalizes the proof of Proposition 1.10. Let us obtain the first statement
of the Proposition. Namely, verify that inequalities (3.6) with ¢, = 0 hold, and r(t) is
strictly increasing.
Show that (3.6) is true with t, = 0. Prove first that the upper bound in (3.6) holds,
that is,
z(t)<z, (t>0). (5.43)

So far as z, > z¢ (see (3.13)) and z(0) = z. < z¢ (see (5.34)) it is sufficient to show that
z(t) does not cross z¢, i.e.
z(t)<ze (t>0). (5.44)

Suppose, to the contrary, that z(¢) crosses z¢ at some time t;. Then, as it was stated in
subsections 5.6 and 5.7, (5.32) and (5.41) hold. Let

z(t)=2z(t|z.—€), €>0.
From (5.32) and (5.41) follows easily that for small e,
z(t) crosses z¢
and
z(t) is strictly increasing on [0,%¢.]; t¢. is the time of first crossing z¢ . (5.45)

Therefore
T, — €E X

for all sufficiently small positive e. This contradicts to the definition (5.33) of z.. Thus
z(t) does not cross z, (and consequently (5.43) holds). This fact and the statement of
subsection 5.6 imply that (5.36) takes place. From (5.34) and

z(0) = z. > z,(0)

(see (5.34)) follows that
z(t) > z,(0) (t>0).

Since z,(t) is decreasing (see (3.9)), we have
z(t) > z,(t) (t>0). (5.46)
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From (5.44), (5.46) and (3.13)) we get
to(t) <zt)<ze <z, (t>0) (5.47)

implying (3.6). Thus, (n“(¢),nB(¢),vE(¢)) is an intermediate trajectory.
Prove that (n?(t), nB(t),vB(t)) is catching up. From (5.47) and (3.15) we deduce that
£(¢) is strictly decreasing. This together with (5.36) yield that

nf(t) _ z(t)

=250 = &

is strictly increasing.
Finally, pass to the second statement of Proposition 1.10 providing a condition suffi-
cient for (n4(t),nB(t),vB(t)) to be overtaking. If & is such that
Z¢

6_0 <1, (548)

then z -
r(0)==< 2 <1,

b b

If, moreover, for the limit of r(t) corresponding to the intermediate asymptotics we have

Bl - a)
g4+ p) = (F+p)(1-a)

roo:'yoo6( > 1,

then the above trajectory is overtaking, that is, r(¢) grows from a value smaller than 1 to
a value bigger than 1. Let us assume that

zecPy(nd)é

<1 (5.49)
84

(see (1.32)). Then (5.48) can be reached by choosing &, sufficiently close to ¢.. (5.14)
(recall that the latter was assumed in subsection 5.4) Indeed, if ; is sufficiently close to

£.x, then cB'y(ng_)(S{,.,. is arbitrarily close to a; hence the difference

1 Bqy(ng)s

£o a
is arbitrarily small, and the left hand sides of (5.48) and (5.49) are arbitrarily close to
each other; thus inequality (5.48) is satisfied. To satisfy (5.48) as outlined above with

keeping conditions (5.25), (5.26) imposed on & in subsection 5.4 we move £, if necessary,
closer to ... The proof of Proposition 1.10 is completed.

5.9 Proof of Proposition 1.6

Prove Proposition 1.6. Suppose that Condition 1.2 is fulfilled, that is, for any interval
[p1, p2] of nonzero length with p; > 0 there do not exist positive constants o, 8 such that

v (p) = op~?

for all p € [p1,p2]. Let us show that Condition 1.1 (in the equivalent formulation of
subsection 5.1) is true. Consider an arbitrary solution (n“(t),n®(t),vB(t)) to (1.1) -
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(1.3) such that for z(t), £(t) (3.1) it holds that z, < z(¢) < z, for t € [t;,¢,] with

t2 > t; > 0. Prove that z(f) cannot be constant on [t,1,].
Assume that

z(t)nB(t)vB(t) = b= const (¢ € [t1,15])
and obtain a contradiction. From (1.2), (1.3) and (5.50) we get

iP (1) = PP (1) + 1 (nP (1)) (1) — Tn” (1)

B () = —dov®(1)
where l—a

b

d():p—

Thus
vB(t) = vf’ exp(—do(t — t1)) ;

here and in what follows vf = vB(#;), t € [t1,15]. By (5.50)

nB(t) = %exp(do(t —t)).

Substituting this and
n(t) = n{ exp(g”(t — 1))
where nt = n(t1) (see (1.1)) in (5.51), we get
lob a\ b
(vLB exp(do(t — 1)) = (cB - —) —g exp(do(t — 1)) +

b/ vy

(5.50)

(5.51)

. (%expwo(t . m))) nf exp(d*(t — 1))

Hence

b gAty) (dob
7(73 exp<—dot1>exp<do<t>) - et (—‘; — B
1

éng v

i)

b
—5 exp(—dot1) exp((d — )
1

or in simpler natations

7 (dy exp(dot)) = dy exp((do — g*)t)

where
b
dl = —B exp(‘_dot])
(]
_ exp(g?t1) [ dob B Q b
R . )

The differentiation results in

7 (dy exp(dot))dy do exp(dot) = dy(do — g™) exp((d —
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or

, dy(do — g4
3y expldot)) = BT gt
140
do(dy — ) )
=-ﬂ§7ilﬁwﬂmwm%mﬂ”” (5.52)
1¢0

Introduce the new variable
p = diexp(dot) ;
note that
P € [p1, p2] = [diexp(dot1), ds exp(dotz)] -
Rewrite (5.52) as
¥ (p) = ap™®
where » »
da(do — g )d?*‘/do g

T T didy =
This holds for all p € [p1,p2], which contradics the initial assumption.
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